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PREFACE 


In the author’?:- book "Theory Elasticity” the Reformation 


of bodies ah three dimensions of vhich are o' the same order of 
magnitude vas considered. 1 he present book discusses only 
those problem-; in vhich one dimension of a body Che thickness 
of a plate or shell; can be considered as small in comparison vrith 


the other dimension.-;. 


Tnere are many engineering structures in v/hieh plates and 
shells are used extensively, Notable examples include the steel 
plates of ship hulls submitted to the action of v/ater p re-sure, 
concrete and reinforced concrete slabs under the action of lateral 
loading, domes and thin-valled tanks and containers of various 
shapes submitted f/. the action of internal or external pressure. 
A variety of problems concerning the bending of circular plates 
or of conical and spherical shells is encountered in the design of 
boilers, locomotive engines and steam turbines. Particularly 
at the present time thin-v, -ailed structures are finding a v/ide 
application in the modem development of airplane structures. 


In all cases in vhich one dimension of a body is 


small in com- 


parison vrith the others, the problem of finding stresses: arid 
deflections; can be simplified and various approximate methods 
of analysis have been developed. This book is occupied prin- 
cipally vrith the discussion of such methods. 

The book is; vrif.ten principally for engineers engaged in the 
design of thin vailed structures. With specific applications, in 
viev, discussion of the general theory of plates is limited f.o a 
minimum, most of the space being devoted to the investigation 
o: particular problems. The treatment of the-e problems is not 
limited to the development of a general solution, but in many 
case- complete numerical calculations arc carried out and pre- 
sented in the form of tables containing the value- of the deflec- 
tions and stresses for various proportions of plates arid for various 
load conditions. 


of 


The preliminary knowledge of mathematics and strength 
materials that is taken for granted is that usually covered by 


v 
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our schools of engineering. Where additional mathematical 
equipment is necessary, it is given in the book with appropriate 
explanations. To simplify the reading of the book, the portions 
which, although of practical importance, are such that they can 
be omitted during a first reading are put in small type. The 
reader may return to the study of such topics after finishing the 
more essential portions. 

Numerous references to papers treating problems on bending 
of plates and shells are given in the book. These references 
may be of interest to engineers who wish to study some special 
problems in more detail. They give also a picture of the modern 
development of the theory of plates and shells and may be of 
use to graduate students who are planning to take their work in 
this field. 

In writing this volume the author made free use of his earlier 
Russian text dealing with plates and shells. 1 * The numerical 
tables for laterally loaded plates were taken, in many cases, 
from the books by J. G. Boobnov 5 and by B. G. Galerkin. 3 
In the preparation of the chapters on thin shells, the author 
consulted often the recent work on this subject by W. Fliiggc.' 4 

In the preparation of the manuscript, the author was helped 
by his former pupils, Dr. Stewart. Way, Dr. Mikl6s Holtfnyi, 
and Dr. Elmer Bergman, and he takes this opportunity to thank 
them for the reading of portions of the manuscript and for various 
valuable suggestions which they have made. He also expresses 
thanks to Mr. Walter Vineenti, his present student at Stanford, 
for help in the final preparation of tin* manuscript, for the pre- 
paration of the figures and for the reading of proofs. The author 
wishes here also to express appreciation to the University of 
Michigan and to Stanford University for financial assistance 
in the preparation of tables, diagrams and figures. 


Stanford Uxiveksjtv, 
.4 ugu.il, 1910. 


S. Tl.MOSHK.VKO. 


1 “Theory of Elasticity,” vol. 2. 1910. St. Petersburg 

5 “Theory of Structure of Strips,” 1911. St. Petersburg. 

3 “Elastic Thin Plates,” 1933, Moscow. 

4 “Statik und Dynmnik der Sclmlen," 193-1. Berlin. 
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AV, A%. A'-, 
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Radii of curvature of !i shell in (lie font! of a surface of revolu- 
tion in meridional plane mid in the normal plane perpondic- 
ular to meridian, respectively 

Changes of curvature of a shell in meridional plane and in the 
plane perpendicular to meridian, respectively 
Twist of a shell 

Membrane forces per unit length of principal normal sections 
of a shell 

Heading moments in a shell per unit length of meridional 
section and a section perpendicular to meridian, respectively 
Changes of curvature of a cylindrical shell in axial plane, and 
in a plane perpendicular to the axis respectively 
Membrane forces per unit length of axial section and a section 
perpendicular to the axis <>f a cylindrical shell 
Bending moments per unit length of axial section and a sec- 
tion perpendicular to the axis of a cylindrical shell, respectively 
Twisting moment jvr unit length of an axial section of a 
cylindrical shell 

Shearing foreis- parallel to g-axis per unit length of an axin’ 
section and a section perpendicular to the axt* of a cylindrical 
shell, respectively 



THEORY OF PLATES AND 
SHELLS 

CHAPTER I 

BENDING OF LONG RECTANGULAR PLATES 
TO A CYLINDRICAL SURFACE 

1. Differential Equation for Cylindrical Bending of Plates. — 
We shall begin the theory of bending of plates with the simple 
problem of the bending of a long rectangular plate that is sub- 
jected to a transverse load that does not vary along the length of 
the plate. The deflected sur- 
face of a portion of such a plate 
at a considerable distance 
from the ends 1 can be as- 
sumed cylindrical, with the 
axis of the cylinder parallel to 
the length of the plate. We 
can therefore restrict ourselves 
to the investigation of the bending of an elemental strip cut from 
the plate by two planes perpendicular to the length of the plate 
and a unit distance (say 1 in.) apart. The deflection of this strip 
is given by a differential equation which is similar to the deflection 
equation of a bent beam. 

To obtain the equation for the deflection, we consider a plate 
of uniform thickness, equal to h, and take the ay-plane as the 
middle plane of the plate before loading, i.c., as the plane midway 
between the faces of the plate. Let the y - axis coincide with one of 
the longitudinal edges of the plate and let the positive direction 
of the z-axis be downward, as shown in Fig. 1. Then if the width 
of the plate is denoted by Z, the elemental strip may be considered 

l The relation between the length and the width of a plate in order that 
the maximum stress may approximate that in an infinitely long plate is 
discussed later; see pp. 130 and 13G. 

1 
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as a bar of rectangular cross section which has a length of / and 
a depth of h. In calculating the bending stresses in such a bar 
we assume, as in the ordinary theory of beams, that cross sections 
of the bar remain plane during bending so that they undergo 

only a rotation with respect to their 
neutral axes. If no normal forces are 
applied to the end sections of the bar, 
the neutral surface of the bar coincides 
with the middle surface of the plate, 
and the unit elongation of a fiber par- 
allel to the X-axis is proportional to its 
distances from the middlesurface. The 
curvature of the deflection curve can be 
taken equal to ~d : ir/dx-, where tr, the 
deflection of the bar in the r-direction, 
is assumed to be small compared with 
the length of the bar I. The unit elongation t r of a fiber at a 
distance ~ from the middle surface (Fig. 2) is then —z d'-w/dx’-. 

Making use of Hooke’s law, the unit elongations r- and t v in 
terms of the normal stresses a- and c v acting on the element shown 
shaded in Fig. 2 a are 



(b) 
Fw. 2. 


(r — 


c~ 

E 



— Zi — Zh 
' J ~ E E 



( 1 ) 


where E is the modulus of elasticity of the material and v is 
Poisson’s ratio. The lateral strain in the y-direction must be 
zero in order to maintain continuity in the plate during bending, 
from which it follows from the second of equations (1) that 
<r„ = vc *4 Substituting this value in the first of equations (1), 
we obtain 


and 


(1 — 
is “ E 

Et z __ Ez d i w 
1 - r- ~ dx r 


( 2 ) 


If the plate is submitted to the action of tensile or compressive 
forces acting in the x-direction and uniformly distributed along 
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the longitudinal sides of the plate-, the corresponding direct stress 
m( , ? t added to the stress f2; due to heading- 

Having the expression for bending stress c--, we obtain by 
integration the bending moment in the elemental strip: 


3 / = 



f2 £ 2 '- dh/:,_ £A : dhr 

- p=dx- 12(1 - J'V 


Introducing the notation 


Eh * 

12(1 - w; 


= D, 


( 3 ) 


v;e represent the equation for the deflection curve of the elemental 
strip in the following form: 



- 3 /, 


' 4 ) 


in which the quantity D. taking the place o? the quantity El in 
the case of beams, is called tht: flexural rigi'lily of a plate. It is 
seen that the calculation of deflections of the plate reduces, to the 
integration of Eq. (4; which has the same form as the differential 
equation for deflection of beams. If there is only a lateral load 
acting on the plate, and the edges are free to approach each other 
as deflection occurs., the expression for the bending moment 3/ 
can be readily derived, and the deflection curve will be obtained 
by integrating Eq. (4). In practice the problem is more com- 
plicated. since the plate is usually attached to the boundary, and 
its edges are not free to move. Such a method of support, sets 
up tensile reactions along the edges as soon as deflection takes 
place. These reactions depend on the magnitude of deflection 
and affect the magnitude of bending moment 3/ entering in 
Eq. (4 ). The problem reduces to the investigation of bending 
of an elemental strip submitted to the action of lateral load and 
of an axial force the magnitude of which depends on the deflec- 
tion of the strip. 1 In the following we consider this problem for 


1 In rich a form the problem was first discussed by I. G. Boohnov; see the 
English translation of his work in 7V*n*. JW. A'crcf ,-treA., vol. 44, p. 15, 
Wfl, and hi* “Theory of Structure of Ships,” vol. 2. p. 545, Si. Petersburg, 
ltd 4. See ako the paper by Stewart Way presented at the National 
Meeting of Applied Mechanics, A.S.M.E., New Haven, June, 1932; from this 
are taken the curves used in Arts. 2 and 3. 
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a particular case of uniform load acting on the plate and for 
various conditions along the edges. 

2. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Simply Supported Edges. — Let us consider a uni- 
formly loaded long rectangular plate the longitudinal edges of 
which arc free to rotate hut cannot move toward each other 
during bending. An elemental strip out. out from this plate, as 
shown in Fig. 1, is in the condition of a uniformly loaded bar 
submitted to the action of an axial force ,S' (Fig. 3), the magnitude 
of which is such as to prevent the cnd« of the bar from moving 



along the j-axis. Denoting by q the intensity of the uniform 
load, the bending moment at any cross section of the strip is 


1 / = 1/1 s - (>J ~ 
‘ u •) O 


Substituting in Kq. (1), we obtain 

<l-ir _ Sir _ i jls r/r 1 

tlx' 1 77 21) * 21) 

Introducing the notation 


the general solution of Kq. («) can be written in the following 
form: 


. , 2a.r 


to = C, si h -t Cs cosh 2, ! r -1- - !’% - (fr) 

1 ( Su -1) Su-l) IGu'I) 

1 he constants of iut gration C t and C- will be determined from the 
conditions at the ends. Since the deflections of the strip at the 
ends are zero, we have 


w = 0 for 


■r = 0 and for 


r « l 



bending or Lore- rectangular plates 


o 


Substituting for vr its expression (h). we- obtain from these- two 


conditions : 


r. = hr! 1 ~ 2 " 

W'PD sinh 2e 


IGubD 1 


and the expression. <o} for deflection ir becomes 


C~‘ (\ — CCrdl 2a- _. 

= WdD\ sinh 2’..; 


2 ax , . 2-tr 


inh= r +cos*- r - I 


. elk* ciV- 
* Sa-ZJ Su 3 £* 


S'lbstittitinz 


cosh 2a = cosh 1 « ~r sinh 1 u, sinh 2a = 2 sinh u co=h it. 
cosh 1 1 : = I — sinh 1 u. 


we can represent this expression in a simpler form: 



Thus, defections of the elemental strip depend upon the quantity 
u. which, as we see from Eq. (o).is a function of the axial force S. 
This force, so far. is unknown and can be determined from the 
condition that the ends of the strip fFix. 3j do not move alone the 
x-axis. Hence the extension of the strip produced by the forces S 
is equal to the difference between the length o? the arc along the 
defection curve and the chord length l. This diff erence for 
small defections can be represented by the formula 1 



1 S=e author's “Strength of Materials." vol. I. p. 3S, 1930. 
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In calculating the extension of the strip produced by the 
forces S, we assume that lateral strain of the strip in the y-direc- 
tion is prevented and use Eq. (2). Then 


X 




(d) 


Substituting expression (G) for w and performing the integration, 
we obtain the following equation for calculating <$': 

5(1 — J’ : )7 _ '/’!'( » tanh v j 1 tanh 5 n _ _5 L _1 Y 

u\o. r )6 u' ~ ' 256 i i c 250» c .3Sl»y ’ 


or substituting S = iu-D/l 1 , from Eq. (5), and the expression 
for D, from Eq. (3), we finally obtain the equation 


E-h s _ 135 tanh u , 27 tanh 5 » 
(T ~ T(T ~'» r ~ 10 u" 


135 , 1) 

10a* ‘ Sm«' 


(S) 


For a given material, a given ratio h/l. and a given load q the 
left side of this equation can be readily calculated, and the value 
of u satisfying the equation can be found by trial-and-error 
method. To simplify this solution, the curves shown in Fig. -1 
can be used. The abscissas of these curves represent the values 
of n; and the ordinates, the quantities logic (10‘\/fV), where V n 
denotes the numerical value of the right side of Eq. (S). \/f ’ e is 

used because it is more easily calculated from the plate constants 
and load; and the factor 1() ! is introduced to make the logarithms 
positive. In each particular case we begin with calculation of 

l'h l 

the square root, of the left side of Eq. (S), equal to 

which gives us yTY The quantity logi„ (10‘\/7^) then gives 
the ordinate which must be taken in Fig. •}, and the corresponding 
value of « can be readily obtained from the curve. Having «, the 
value of the axial force S is obtained from Eq. (5). 

In calculating stresses we observe that the total stress at any 
cross section of the strip consists of a bending stress propor- 
tional to the bending moment and a tensile stress of magnitude 
S/h which is constant along the length of the strip. The maxi- 
mum stress occurs at the middle of the strip where the bending 



C urve C jo Log IQ'^VUo u i 

Curve B Logl0 4 VX) o 

Curve A Logl0 4 Vu7 
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Substituting expression (6) for w, we obtain 


where 


il/.™,. = |->o(w), 

O) 

, 1 — scch « 

(0 

to = ^ 

2 



The values of i/'o arc given by curves in Fig. 5. It is seen that 
these values diminish rapidly with increase of u, and for larger 
u the maximum bending moment is several times smaller than the 
moment ql ~/ 8 which would be obtained if there were no tensile 
reactions at the ends of the strip. 

The direct tensile stress o\ and the maximum bending stress 
o’; arc now readily expressed in terms of it, q and the plate con- 
stants as follows: 


_ .S' 4i r-D Eu- fhY 

" h Id - ’ 



( 10 ) 

(11) 


The maximum stress in the plate is then 


0 V* t. — C \ f C 

To show how the curves in Figs. -1 and 5 can be used in cal- 
culating maximum stress, let us lake a numerical example and 
assume that a long rectangular steel plate f>0 in. wide and in. 
thick carries a uniformly distributed load q = 20 lb. per square 
inch. We start, with computation of ■%/ T \ : 


,, ^-<rVV)‘ = 

Then, from tables, 


,10 • 10 e 1 

- 0.3=)2l) HP 


- 0.01 CIS. 


log id (10VT ) ~ 2.217. 

From the curve A in Fig. -1 \s«- tind u - 8.705, and from Fig. 5 
we obtain v 0 = 0.1320. 

Now, computing stresses by using I\qs. (10) and (11), we find 


Cl 

<r» 


30 


10 B • 3.795= 1 

j-q-, = 1 o.S.fO lb. per square inch, 
10,030 lb. per square inch, 


3(1 - 0.3=) 

2 • 20 • 10* • 0.1320 

= <7i + = 35,70!) lb. per square inch 









10 


THEORY OF PLATES AND SHELLS 


In calculating the maximum deflection wo substitute x — 1/2 
in Eq. (6) of the deflection curve. In this manner wo obtain 

«W = 3 ||^/o(«), (121 

where 

soch u — 1 + 

/o(l() = ^ 

21 

To simplify calculations the values of /p(») are given by the 
curve in Fig. 5. If there were no tensile reactions at the ends of 
the strip, the maximum deflection would be hql'/'SSlD. The 
effect of the tensile reactions is given by the factor /e(«) which 
diminishes rapidly with increasing u. 

Using Fig. 5 in the numerical example previously discus.-ed. 
we find that for u — 3.705 the value of / P ( it) is 0.145. Substi- 
tuting this value in Eq. (12), we obtain 

j/W = 4.74 • 0.145 = O.08S in. 

It is seen from Eq. (S) that the tensile parameter u depends, 
for a given material of the plate, upon the intensity of the load 
q and the ratio l/h of width to thickness of the plate. From 
Eqs. (10) and (11) we see that the stresses <s\ and <7- are also 
functions of u, q and l/h. Therefore, the maximum stress in 
the plate depends only on the local q and the ratio l/h. This 
means that we can plot a set of curves giving maximum stress 
in terms of q. each curve in the set corresponding to a particular 
value of l/h. Such curves are given in Fig. G. It is seen that 
because of the presence of tensile forces S. which increase with 
the load, the maximum stress is not proportional to the load q\ 
and for large values of q this stress does not vary much with the 
thickness of the plate. By taking the curve marked l/h ~ 100 
and assuming q — 20 lb. per square inch, we obtain from the 
curve the value av.*„. calculated before in the numerical example. 

3. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Built-m Edges.— -We assume that the longitudinal 
edges of the plate are fixed in such a manner that they cannot 



Irt's\?\ In U>. iw 

#.i * 


lending of long rectangular plates 1 1 

zrjiscs:. T skins an 'lemental .-.rip of un.it width in the same 
manner a? before (Fig. 1;. and denoting by 3/- the bonding 
moment nor unit length acting on the- longitudinal edges of the 


piate, the iorees acting on the strip trill bo as shown in Fig. 7. 
The bending moment at any cross section of the strin is 
ir _d ouri 

2"' 2 ‘ ^ c " 

Substituting this expression in Eq. (4j we obtain 

— - *L- = ?* = -F , . 

d x- D 2D 2D D' ^ a) 

The general solution of this equation, using notation (5), will be 
represented in the follo-.ring form: 
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w 


= Ci sink — j— -f- Ci cosh —j 


2ux . 

+ &u-D S u-D 
ql' 


Md- 


V) 


10 u*D ' 4u-D 

Observing Unit the deflection curve is symmetrical with respect 
to the middle of the strip, we determine the constants of inte- 
gration Ci, C 2 and the moment Mo from the following three 
conditions: 

r~l\ 


= 0 
(IT 


for 


and for 


(<■) 


T = 0 

w = 0 for x = 0. j 

Substituting expression (l>) for ir, we obtain from those conditions 


Cl = 

_ J 1 ! 

c.~ . 


to H 3 /; 

lGuD 

M 0 = 

<ii\ _ f/g 
•i»- -in 

i i// j 

eoth it ~ — 12 \!' 



3(» — tanh ul 


>M m) = 

it- tanh a 


( 13 ) 


where 


The deflection w is therefore given by the expression 


qV 


Cut 


qV 


'JUT 


Si CD &u z D 


ql‘ 

UUCP 


eoth u. 


This can be further simplified and finally put in the following 
form : 


70 — 



i : : 

j 

o 

c- 1 

10 a 3 /! tanh « 1 

L cosh 


(M) 

For enloulftting t lie parameter u we proceed as in the previous 
article and use Lq. (i/) of that article. Substituting in it expres- 
sion (14) for to and performing the integration, we obtain 

g(l - C)l = qVjf 3 3 

HE D-\ 2f>Gu s tanh u 2oGu* sinh- u 


+ 


J , 

Glii 6 ‘ 384iiy 
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Substituting S from Eq. (5) and expression (3) for D, the equation 
for calculating v. finally becomes 

E-V- = ( 81 27 ^27 _ 9 _\ 

(1 — v-) z q-V' \ 16u 7 tanh u IGu' sinh 2 u ' AvA ' 8 u, r J 

( 15 ) 


To simplify the solution of this equation we use the curve in 
Fig. 8, in which the parameter v is taken as abscissa and the 
ordinates are equal to logic (KFVTTi), where U i denotes the 
right side of Eq. (15). For any given plate we begin with cal- 
culation of the square root of the left side of Eq. (15), equal to 
Eh 4 /(l — v-)qV, which gives us y/U\. The quantity logn 
(10 ’•s/lTt) then gives the ordinate of the curve in Fig. 8, and the 
corresponding abscissa gives us the required value of u. 

Having u, we can begin with calculation of maximum stress 
in the plate. The total stress at any point of a cross section 
of the strip consists of the constant tensile stress at and bending 
stress. The maximum bending stress a> wall act at the built-in 
edges where the bending moment is the largest. Using Eq. (10) 
to calculate c\ and Eq. (13) to calculate the bending moment 
Mr . , we obtain 



C"cui. G l J fj 


To simplify the calculation of bending stress a z , the values of 
the function i>\ (v) are given by a curve in Fig. 5. 

The maximum deflection is at the middle of the strip and is 
obtained by substituting x = 1/2 in Eq. (14), from which 


where 

/i(w) 

To simplify the calculation of deflections, the function fi(u) is 
also given by a curve in Fig. 5. 


= § |^M«), (18) 

24/V _u u \ 

vA\2 1 sinh u tanh u) 




2 

0 

10 

VaV'C of u 
i'ii: V m,. 


Wc illustrate the use of curves ii\ 
example. A long rectangular steV 
l = 50 in., h = l in. and q = 10 lb\ 
case 


. _ r .o find S by a numerical 
-obi/' j las jj, 0 dimensions 
ire inch. In such a 


CO 
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rrr _ E (h\ 30 -_10 6 

V L 1 ~ (f- ) (1 - 0.3=) 10 • I0< 

log lO’y/L'i = 2.5181. 


0.032960, 


From Fig. 8 we now find u — 1.894; and from Fig. 5, = 0.8212. 

Substituting these values in Eqs. (16) and (17), we find 


a 


O'; 


^car. 


30 - 10 C ■ 1.894 = 
3(1 - 0.3=) 10 4 


3,940 lb. per square inch, 


* 10 - 10 4 • 0.8212 = 41,060 lb. per square inch, 
t, -f (t : = 45,000 lb. per square inch. 


Comparing these stress values with the maximum stress obtained 
for the plate of the same size, but for a doubled load, on the 



Fra. 0. 


assumption of simply supported edges (see page 8), it can be 
concluded that, owing to clamping of the edges, the direct tensile 
stress decreases considerably, whereas the maximum bending 
stress increases several times so that finally the maximum total 
stress in the case of clamped edges becomes larger than in the 
case of simply supported edges. 

Proceeding as in the previous article it can be shown that the 
maximum stress in a plate depends only on the load q and the 
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ratio l/h. and we can plot a set of curves giving maximum stress 
in terms of q. each curve in the set corresponding to a particular 
value of l/h. Such curves are given in Fig. 0. It is seen that 
for small values of the intensity of the load a. when the effect 
of the axial force on the deflections of the strip is small, the maxi- 
mum stress increases approximately in the same ratio as q 
increases. But for larger values of q the relation between the 
load and the maximum stress becomes non-linear. 

In conclusion we give in Table 1 the numerical values of all 
functions that were given in Figs. 4. 5 and S. This table 
can be used instead of curves in calculating maximum stress and 
maxi m um deflections of long uniformly loaded rectangular plates. 

<L Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Elastically Built-in Edges. — Let us assume that when 
bonding occurs, the longitudinal edges of the plate rotate through 
an angle proportional to the bending moment at the edges. In 
such a case the forces acting on an elemental strip will again be 
of such kind as shown in Fig. 7, and we shall obtain expression (E) 
of the previous article for deflections tr. However, the condi- 
tions at the edges, from which the constants of integration and 
the moment Mr are determined, are different; viz., the slope 
of the deflection curve at the ends of the strip is no longer zero 
but is proportional to the magnitude of the moment 3/c, and 
we have 



where £ is a factor depending on the rigidity of restraint along 
the edges. If this restraint is very flexible, the quantity d is 
large, and the conditions at the edges approach those of simply 
supported edges. If the restraint is very rigid, the quantity 
becomes small, and the edge conditions approach those of abso- 
lutely built-in edges. The remaining two end conditions are the 
same as we had in the previous article. Thus we have 



(w) z =o = 0 . 

Using these conditions, we shall find both the constants of integra- 
tion and the magnitude of Me. in the expression (6) of the previous 
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article. Owing to flexibility of the boundary, the end moments 
Mo will be smaller than those given by Eq. (13) for absolutely 
built-in edges, and the final result can be put in the following 
form: 

Mo = ( 10 ) 

where y is a numerical factor smaller than unity and given by the 
formula 

tanh u 

O' ~ 23 

- ~l)u -f tanh u 


It is seen that the magnitude of the moments .1/c at the edges 
depends upon the magnitude of the coefficient fl defining the 
rigidity of the restraint. When 0 is very small, the coefficient y 
approaches unity, and the moment .l/o approaches the value (13) 
calculated for absolutely built-in edges. When 0 is very large, 
the coefficient y and the moment Mo become small, and the edge 
conditions approach those of simply supported edges. 

The deflection curve in the ease under consideration can he 
represented in the following form: 


ic 


gl* tan h » — vttunh u — uK 
lGiED tanh u I 


cosh 


$ < 2 "> 


For 7 = 1 this expression reduces to expression (M) for deflec- 
tions of a plate with absolutely built-in edges. For y ~ 0 wo 
obtain expression (0) for a plate with simply supported edges. 

In calculating the tensile parameter u we proceed as in the 
previous eases and determine the tensile force S from the con- 
dition that the extension of the elemental strip is equal to the 
difference between the length of the arc along tlu; deflection 
curve and the chord length 1. Hence 


S(l - if)l 

' hK 


- lC($ 


(lx. 


Substituting expression (20) in this equation and performing the 
integration, \,o obtain 



BEUbim of wvn recta age l ah plater 


if/ 


TT^^J, « 'J - y t L\ - yC: - y(l - y,l\ <‘l\, 


f l - 7-,'fl 
rdcere L'\ and K -. denote the n ght-r. 
re nee t \ vel ' arc 


ir.c -ides of Eos, 'b; and f S /I; 


r 


27 '« - tar. h v,- ,, 
10 v 1 tanl'A u 


u oar.?. 1 y. — v. — tame eo. 


The valu 


o: logy. are given in Table I. By using 

thb table. Ecu '21/ can V; readily solved by trial-and-error 
method. For any particular yiV: v/e fir-: calculate the left 
s.fde r>; the equation and. by using the curves in Fry-'. 4 a:.'] % 
determine the values of the tjararr.or.or ?/ 'I; for .simply supported 
edges and '2, for ab-.ohr.ely built-in edges. FV.vraily u for 

V**lvir. f-fZ/ftsi o yo[ 'v- | /;* V/f/;'; 

v'vo. or/; rry:h v^!*; f r for *vo c/i/rjlavr A/* , 

£' : arid b'i by using Table 1 ar.d determine the value or the right 
side of Eq. '21/. Generally rr.:-' value vdl; be different from ‘bo 
value of r.ho to:* side calculated previously. and a nev/ trial 
calculation vdt'n & r.ev assumed value for »/ rr. r ;>.t be made. Tv/o 
such trial calculations vdl; m-naily bo- sufficient to determine by 
interpolation tic value of v satisfying Eq. 121/. A?, soon a-, tho 
parameter v b determined. v/e calculate the bending moment- 3/- 
at trio ends from Ho. 112/. "Vo car: also calculate the moment 
at fbo middle of rbo -trip a ad fi.ad the rr.a .a: ra a ra stre--. This 
stress r.dll occur at too cad- or at tie middle depending on 
the rigidiev of constraint at the edges. 

5. Tee Effect on. Stresses and Deflections of Small Displace- 
ments of longitudinal Edges in the Plane of the Plate. — It 7 /a-, 
assumed in tie precious discussion that during landing the 
longitudinal edges of the plate nave r.o d bnlaceme .at in the plane 
of the plate. On the basis of this assumption the tensile force A 
v/as calculated in each particular case. Let u.s as--; me r.o 7 / that 
the plate edges r;r:d.ergo a displacement r.ov/ard each other 
specified by A. Ovcng to this dbplacemer. t the extension of the 
elemental .strip "ill he diminished by the .same amount, and the 
equation for calculating the tensile force A becomes 


AH 2 Jo War/ ” 


f. 


« ; 


ht the same time Eos. (b/, '14/. and '20; for the deflection curve 
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hold true regardless of the magnitude of the tensile force S. 
They may be differentiated and substituted under the integral 
sign in Eq. (a). After evaluating this integral and substituting 
S = 4 u-D/l 2 , we obtain for simph supported edges 




If A is made zero, Eqs. (22) and (23) reduce to Eqs. (S) and (15) 
obtained previously for immovable edges. 

The simplest ease is obtained by placing compression bars 
between the longitudinal sides of the boundary to prevent free 
motion of one edge of the plate toward the other during bending. 
Tensile forces .S' in the plate produce contraction of these bars 
which results in a displacement A proportional to .S’. 1 If I: is the 
factor of proportionality depending on elasticity and cross- 
sectional area of the bars, we obtain 


S - /; A, 

or, substituting. »S = 4 u-D/l 2 , we obtain 


and 


I Eu z lr 

T: 3/-(T-'^) 




Thus the second factor on the left side of Eqs. (22) and (23) is a 
constant that can be readily calculated if t lie dimensions and the 
elastic properties of the structure are known. Having the magni- 
tude of this factor, the solution of Eqs. (22) and (23) can be 
accomplished in exactly the same manner as was done before for 
the cases of immovable edges. 

1 The edge support is assumed to be such that A is uniform along the edges 
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In the general case the second factor on the left side of Eqs. 
(22) and (23) may depend on the magnitude of the load acting 
on the structure, and the determination of the parameter u can 
be accomplished only by trial-and-error method. This pro- 
cedure will now be illustrated by an example that we encounter 
in analyzing stresses in the hull of a ship. The bottom plates in 
the hull of a ship are subjected to a uniformly distributed water 
pressure and also to forces in the plane of the plates due to 
bending of the hull as a beam. Let h be the width of the ship 
at a cross section rnn (Fig. 10) 
and l be the fore-and-aft distance 
between the frames in the bot- 
tom. Wren a vessel is resting on 
two waves, as shown in Fig. 11, 
bending of the hull is produced, n 

and the normal distance! between jo. 

the frames at the bottom will be 

increased by a certain amount. To calculate accurately this 
displacement we must consider not only the action of the bending 
moment M on the hull but also the effect on this bending of a 
certain change in tensile forces S distributed along the edges mn 
and riuni of the bottom plate mnvuni (Fig. 10) which will be 




Fir;. II. 

considered as a long rectangular plate uniformly loaded by water 
pressure. Owing to the fact that the plates between the con- 
secutive frames are equally loaded, there will be no rotation at 
the longitudinal edges of the plates, and they may be considered 
as absolutely built in along these edges. 

To determine the value of A, which denotes, as before, the dis- 
placement of the edge mn toward the edge vun\ in Fig. 10 and 
which is produced by the hull bending moment M and the tensile 
reactions »S' per unit length along the edges mn and mini of 
bottom plate, let us imagine that the plate mnmwi is removed 
and replaced by uniformly distributed forces S so that the total 
force along mn and m,m is Sb (Fig. 12). We can then say that 
the displacement A of one frame relative to another is due to 
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the bending moment M and to the eccentric load S lb applied 
to the hull without bottom plating. 

If .4, I and c are cross-sectional area, central moment of 
inertia and distance from the bottom plate to the neutral axis 
of the complete hull section and if .4 1 , 1\ and c t are the corre- 
sponding quantities for the hull section without bottom plates, 



nnzsxO 

it/ 


"T-jim 

Ccn {raid A | 



Centroid A’ j 

1 ■ 

t 4 — 



; hi 


h >1 


Pis. 1.’. 


the latter set of quantities can be derived from the former by 
the relations 

.4 , = .4 - Lh, 

Ac 

ci - 


.4 


-1 1 


(«) 

Ii — / — Lite- — .4 -.(ri — c)~) 

The relative displacement A t produced by the eecentriealh 
apj)Iied forces ,S1» is 

_ l(Sh 

1 ~A~a\ ny 

4 he displacement due to the bending moment Af is 

Afcil 


A, = — 


Klx 


Hence the total displaw nwr ■ is 


d = Aj i.- 


I SL , (Sbcx — 

4 a . i\ 


Substituting in this expression 


M)ci 

- 


S 

we finally obtain 


4 tt'D l-u-IH 

l- :U-(l 



(M 


(<■) 
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This quantity must be substituted in Eq. (23) for determining 
the tensile parameter u. 

Let us apply this theory to a numerical example. Assume 
b = 54 ft., I = 1,668 ft.’, A = 13.5 ft.-, c = 12.87 ft., h = 0.75 
in. = 0.0625 ft., I = 45 in. = 3.75 ft., q = 10 lb. per square inch. 
M = 123,500 ft.-tons. From Eos. (n) we obtain 


Ai = 13.5 - 0.0625 • 54 = 10.125 ft. 2 , 


Cl = 


13.5 • 12.87 


= 17.15 ft. 


10.125 

Ji = 1,668 - 559.5 - 10.125(17.15 - 12.S7) 2 = 923.1 ft. 4 
Substituting these values in expression (e), we calculate A and 
finallv obtain 

qa7 

4=4 = 1.549u s - 11-49. 
n- 


Equation (23) then becomes 


or 


E-h s u- 4- 1.549u s - 11-49 

q-(l ~ v-yi* u- 


= Ut, 


1.596 Eh* ! u 2 - 4.508 rn - 
5(1 - v'-)P\ u- % L v 


Substituting numerical values and taking logarithms of both 
sides, we obtain 

3.609 4- log, 6 = logio (10*VUi). 


Using the curve in Fig. 8, this equation can be readily solved by 
trial-and-error method, and we obtain a = 2.12S and, from 
Fig. 5, y'i(w) = 0.78S. The maximum stress is now calculated 
by using Eqs. (16) and (17) from which 


ci = 3 Tq <)i ; ~ gQ2 = 13,840 lb. per square inch, 

c« = f ♦ 10 - 60 2 • 0.7SS = 14,180 lb. per square inch, 
eta*. = ci -r c 2 = 28,020 lb. per square inch. 

If the bending stress in the plate due to water pressure were 
neglected and if the bottom plate stress were calculated from 
the formula c = Mc/I, we should arrive at a figure of only 13,240 
lb. per square inch. 

6 . An Approximate Method of Calculating the Parameter u . — 
In calculating the parameter u for plates the longitudinal edges 
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of which do not move in the plane of the pinto, we used the 
equation 


5/(1 - v-) 
hE 



(«) 


which states that the extension of an elemental strip produced by 
forces 5 is equal to the difference between the length of the arc 
along the deflection curve of the strip and the chord length /. 
In the particular cases considered in the previous articles, 
exact expressions for the deflections ir were derived, and numer- 
ical tables and curves for the right side of the Kq. (a) were given 
by the use of which the equation can be readily solved. If such 
tables are not at hand, the solution of the equation becomes 
complicated, and to simplify the problem recourse should he 
had to an approximate method. From the discussion of bending 
of beams it is known 1 that, in the en>" of simply supported end' 
and when all lateral load' are acting in the same direction, the 
deflection curve of an elemental strip produced by a combination 
of a lateral load and of an axial ten-iie force 5 (Fig. 3) can be 
represented with sufficient accuracy bv the equation 


ir 




{!,) 


in which tr 0 denotes the deflection at the middle of the strip 
produced by the lateral load alone, and the quantity « is given 
by the equation 


5 

K 


sr- 

r'T)' 


(r) 


Thus, « represents the ratio of the axial force .s' to the Filler's 
value of the force for the elemental strip. 

Substituting expression tM in Kq. i/tj and integrating, we 
obtain 


5/(1 - 


he 



Nov.-, using notation (r) and -ub^itutiug for 1) its expression 
(3), we finally obtain 


o(l -Fo ) 1 ~ 



l See author's “Strength of Material',” vol. 2, p. -i!7. 


( 24 ) 
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the error in the maximum stress is only 0.065 of 1 per cent and 
that for u = 12.20, which corresponds to very flexible plates, 
it is about 0.30 of 1 per cent. These values of u will cover the 
range ordinarily met with in practice, and we conclude that 
Eq. (24) can be used with sufficient accuracy in all practical 
cases of uniformly loaded plates with simply supported edges. 

It can also be used when the load is not uniformly distributed 
as, for example, in the case of a hydrostatic pressure non-uni- 
formly distributed along the elemental strip. If the longitudinal 
force is found by using the approximate Kq. (21), the deflections 
may be obtained from Eq. ( l > ), and the bending moment at any 
cross section may be found as the algebraic sum of the moment 
produced by the lateral load and the moment due to the longi- 
tudinal force. 1 

In the case of built-in edges the approximate expression for 
the deflection curve of an elemental strip can be taken in the 
form 



in which tr 0 and a have the same meanings as before. Substi- 
tuting this expression in Eq. (a) and integrating, we obtain for 
determining « the equation 

»(' + -- V 

which can bo solved in each particular case* by the method sug- 
gested for solving Eq. (2-1). 

When « is found, the parameter ii is determined from Eq. (</): 
the maximum stress can bo calculated by using Eqs. (16) and 
(17); and the maximum deflection, by using Eq. (IS). 

If during bending »nc edge moves toward the other by an 
amount A, the eque aon ' 



1 M<>:c accurate values for the deflect ion*, ami for the heading moments 
can be obtained by substituting the approximate value of the longitudinal 
force in Eq. (-1) and integrating this equation, whieh gives Eqs. (12) and (0). 
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must be used instead of Eq. (a). Substituting expression (b) in 
this equation, we obtain for determining a in the ease of simply 
supported edges the equation 


a 


12 


t(\ -f a)~- 


Al_ 

r*/t* 


a 


3«?g 
A 2 ' 


( 20 ) 


In the ease of built-in edges v/e use expression (/). Then for 
determining a v/e obtain 


“(‘ + ?)' 


12 


M 


-■IP 


Zwl 

h- ' 


(27) 


If the dimensions of the plate and the load q are given, and the 
displacement A is known, Eqs. (20) and (27) can both be readily 
solved in the same manner as before. If the displacement A is 
proportional to the tensile force .S', the second factor on the left 
sides of Eqs. (20) arid (27) is a constant and can be determined 
as was explained in the previous article (see page 20). Thus 
again the equations can be readily solved. 

T. Long Uniformly Loaded Rectangular Plates Having a Small 
Initial Cylindrical Curvature. — It is seen, from the discussions in 
Arts. 2 and 3, that the tensile forces S contribute to the strength 
of the plates by counteracting the bending produced by lateral 
load. This action increases with the increase in deflection. A 
further reduction of maximum stress can be accomplished by 
giving a proper initial curvature to a plate. The effect on 
stresses and deflections of such an initial curvature can be readily 
investigated 1 by using the approximate method developed in the 
previous article. 

Let us consider the case of a long rectangular plate with simply 
supported edges (Fig. 13), the initial curvature of which is given 
by the equation 

v n - 0 sin ‘-j. (a) 


If tensile forces .S' are applied to the edges of the plate, the 
initial deflections (a) will he reduced in the ratio 1/(1 -f a), 

‘See author’s paper in “Festschrift zum siebzigsten GeburMnge August 
Fbppl,” p. 74, Berlin, 1023. 
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where a has the same meaning as in the previous article 1 (page 
24). The lateral load in combination with the forces S will 
produce deflections that can lx; expressed approximately by 
Eq. (b) of the previous article. Thus the total deflection of the 
plate, indicated in Fig. 13 bv the dotted line, is 


w 


o 

1 + « 



1 



sin 


rr.r 

T 


0 -f X Vi 

1 + n 


sin 


rx 

T 


(!>) 


Assuming that the longitudinal edges of the plate do not move in 
the plane of the plate, the tensile force S will he found from the 



2 i... IS. 


condition that the extension of the elemental strip producer! by 
forces .S is equal to tin* difference between the length of the arc 
along the deflection curve of the elemental strip ami the initial 
length of the strip. This difference, in the woe of small deflec- 
tions, is given by the equation 



Substituting expressions (n) and (/») for tc and ir, and integrating, 
we obtain 



Putting X equal to the extension of tin- strip SHI - v~-)/hE we 
finally obtain 


«(1 -f- a)- 


3(5 4- ic,.)- 
h- 



lf wo take 5 = 0, this equation reduces to Eq. (24) for a plate 
without initial curvature. 

lo show the effect of the : nitinl curvature on the maximum 
.stress in a plate, let us apply Eq. (2S) to a numerical example. 
1 Seo author’s "Strength of MnUrkils,” vol. 2, p. -102, 1030. 
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Assume a steel plate having £ = 45 in., h = \ in. and submitted 
to the action of a uniformly distributed load y = 10 lb. per square 
inch. If there is no initial deflection, h — 0 and Eq. t28; become.-; 


from which 


« = 0 . 9 / 


«a ~ af = 290. 


ind « = = 3.83. 


From Eq. QO) we then obtain 

<r : = ] 1 ,300 lb. per square inch, 

and from Eq. (1 I) 

-7 ; = 14,200 lb. per square inch. 

The maximum -ire--, hi the plate is 

. = 7; ~ e ; = 25,500 lb. per square inch. 

Let us now assume that, there is: an initial deflection in the plate 
such that o = h = % in. In such a case Eq. f28q gives 

a (l f- = 351.0 - 3(1 -f of. 

Letting 

\ ~r ci — x. 

we obtain 

r ; -f 2z J = 351.0, 

from which 

z = 0.45, a = 5.45, u = ~\/« = 3.07. 


The tensile stress, from Eq. (10), is 

<T[ = 10,200 lb. per square inch. 

In calculating bending stress we must consider only the change in 
deflections 


XT — X/Tj 




«0 




GO 


The maximum bending stress, corresponding to the first term 
on the right side of Eq. (d). Is the same as for a flat plate with 
v. = 3.07. From Table 1 we find -f - 0.142, and from Eq. (11) 

<4 = 15,300 lb. per square inch. 



30 THEORY OF PLATER AND SHELLS 


The bending moment, corresponding to the second term in Eq. (rl) 
is 



a5 . tx 
_ s ,„ 

1 -r « 


r) 


nr 1 ol) 
(1 + a)t~ 


sin 


■XT 

r 


This moment has a negative sign, and tin: corresponding maxi- 
mum stress of 


a': = 


G twr 2 ol) 

I? (T -f «)7- 


9,500 lb. per square inch 


must be subtracted from the bending stress o; calculated above. 
Hence the maximum stress for the plate with the initial deflec- 
tion is 

= 10,200 + 15,300 - 9,500 = 10,000 lb. per square inch. 


Comparison of this result with that obtained for the plane plate 
shows that the effect of the initial curvature is to reduce the 
maximum stress from 25,500 to 10,000 lb. per square inch. This 
result is obtained assuming the initial deflection equal to the 
thickness of the plate. By increasing the initial deflection, the 
maximum stress can be reduced still further. 


8. Bending to Cylindrical Surface of Piotes on Elastic Foundation. — 
Let us consider the problem of betiding of long uniformly loaded rectangular 
plate supported over the entire .surface by an classic foundation anil rigidly 



Flo. M. 


supported along the* edges (Fig. U >. Cutting out from the plate an elemen- 
tal strip, its before, we may consider it as a beam on an elastic foundation. 
Assuming that the reaction of the foundation at any jujint is proportional 
to the deflection u> at that point, and using lap (.-}), we obtain by double 
differentiation of that equation 1 


, (f*ir 

q _ hr> 


( 20 ) 


where q is the intensity of the load rn-ting on the plate and h is the reaction 
1 See author’s “Strength of Materials," vol. 2, p. 402, 1030. 
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of the foundation per unit area for a deflection equal to unity. Introducing 
the notation 


P = 


rik 

2\4D’ 


(30) 


the general solution of Eq. (29) can he written ns follows: 


q 2Sx.2Pz .2Px 2 3x 

tc = j -f Ci sin — sinh yfC: sin — cosh — 


2Sx . 2px 
C 3 cos — sinh — 


„ 25z , 23 x , 

-r C< cos — — cosh — — . (a) 


The four constants of integration must now be determined from the con- 
ditions at the ends of the strip. In the case under consideration the deflec- 
tion is symmetrical with respect to the middle of the strip. Thus taking 
the coordinate axes as shown in Fig. 14, we conclude 1 that C: = Cj = 0. 
The constants C: and Ci arc found from the condition that the deflection and 
the bending moment of the strip are zero at the end (x = 1/2). Hence 



Substituting expression (a) for tc and observing that C- ~ C t — 0, we obtain 

j A- Ci sin p sinh (3 -f C< cos p cosh p = 0, 

Ci cos 0 cosh p — C< sin p sinh p = 0, 



from which we find 


o sin p sinh p 

k sin 5 p sinh 5 0 -f- cos 5 P cosh 5 P 
q cos p cosh p 

k sin 1 p sinh 5 0 -f cos 5 p cosh 5 p 


q 2 sin p sinh p 
k cos 26 -f • cosh 2p 
q 2 cos p cosh 0 
k cos 20 -f cosh 2p 


Substituting these values of the constants in expression (a) and using Eq. 
(30), we finally represent the deflection of the strip by the following equation : 


tc 


ql* ( 2 sin p sinh p . 20z . 20x 

64 Dp\ ~ cos 23 4- cosh 2p SU1 ~T Smh T 


2 cos p cosh p 
cos 20 -f cosh 2p 


20z 

cos —j— cosh 


f) 


(J) 


* ^ seen that- the t Grins with. coGfncicnts C+ and change sign when x 

is replaced by —x. 
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Tho deflection at the middle is obtained bv substituting r - 0, which gives 

'll' 


" GW 1 * " V "' (/i)1 * 


(31) 


where 




2 com ft co*di ft 
cos 2,3 + cosh 2.1 


To pet the ancles of rotation of the edges of the plate, we differentiate 
expression (rf) with respect to x and put jr ■ f '2. In this way we obtain 


where 



ViW 


fl sinh 23 — -"in 23 
13= cod) 23 r.». 23 


(32) 


The bending moment at any cross 
equation 

M ■ 


section of the strip is obtained from the 


-/> 


il'-tr 
i! s' 


Substituting expression Lh for ir, we find for the middle of the strip 


where. 





2 s inh ft sin ft 

v*: (ft) • 

p- cosh 2.i -f cos 2:f 


(33) 


To simplify the eahmlation of deflection-midstm'ses, the numerical valuer of 
functions y ■ s*i and v*: are given in Table 2. For small values of o, i.r., for 
a yielding foundation, the function '1 — y. ; )/,'!' and s': do not differ much 



. 

i 

i 

i 

«— *1 

L I 

j 9 

i 

^ 

: . 


/ i ; . t‘f /• iti i > j 



1 * 


: 

i — i 1 *" — 

! w 


i 

Flu. 15. 




from unity. Thus tho maximum deflection and bending stresses arc dose 
to those for a simply supported strip without elastic foundation. With the 
increase of ft tho effect of the foundation becomes more and more important. 

Conditions similar to those represented in Fig. 1-1 are obtained if a long 
rectangular plate of width l is pressed into an elastic foundation by loads 
uniformly distributed along the edges and of tht' amount 7* per unit length 
(I'ig. lo). The plate will be pressed into the elastic foundation and bent, 
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oo 

•JO 


.,= Fhov.n by the dotted Ym r :. If i dene tee the deflection at the edges of the 
plate, the reaction of the foundation at any point hi 

/:'5 — >/:/ ~ /r-5 — /:w, 

where tc i>: given by f>i. fd; v/itfi </ = /:&. The magnitude 5 is than obtained 
from the condition that the load is balanaad by the reaction of the foun- 
dation, Ilanae 


t 



Plates orj elastic foundation with other conditions at the longitudinal edge"! 
can at-:o be discussed in a <drnilar manner. 


T/nu; 2 


a 

* j > 

t 

; V '. 

i i 

<?i 1 


i * : 

V ". 

•fit 

i ** 

0.1 | 

: i.ooo ; 

1 .000 

l.rm 

i .« ! 

-0.013 

0.200 

0.101 

0.2 

0,009 ; 

0.000 i 

0.992 ] 

1.7 ! 

-0.052, 

0.100 

0.129 

0.3 ! 

0.093 

0.095 • 

0.995 I 

1,8 ! 

-0.081 

0.133 

0.101 

0,4 | 

; 0,070 : 

0.983 i 

0.983 i 

1.9 i 

-0.102 

0.110 

0.079 

0,.-> j 

0,050 ' 

0.951 ■ 

0.959 

2.0 i 

-0.117 

0.099 

0.002 

0.0 ! 

0.001 

0.023 | 

0.919 

2.2 i 

-0.133 

0.072 

0.037 

0.7 | 

1 0.327 ; 

0.800 i 

0.859 j 

2.4 ! 

-0.135, 

0.055 

0.021 

0.3 : 

0.731 ! 

0.791 : 

0.781 ; 

2.0 j 

-0.127; 

0.013 

0.011 

0.0 j 

0.019 ; 

0.702 i 

0.039 i 

2.8 | 

-0,114 

0.024 

0.005 

1.0 

0.403 j 

0.009 1 

0.59! | 

3.0 j 

-0.098,' 

0.023 

0,002 

1.1 

0.280 ! 

0.517 | 

0.491 | 

3.2 j 

-0.081; 

0.023 

1 0.000 

1.2 

0.272 j 

0.431 | 

0.405 | 

3.4 ! 

— 0.00-1’ 

0.019 

: —o.ooi 

1,8 

0. 173 £ 

0.257 ; 

0.327 j 

3.0 I 

-0.019’ 

0.010 ! 

-0.002 

1.4 

i o.ioo : 

0.291 . 

0.202 i 

3.8 ; 

-0.035,' 

0.014 ; 

—0,002 

1.5 

; 0.037 ; 

0.212 

0.208 j 

i i0 ! 

-0.024 

0.012 ; 

—0.002 






CHAPTER II 

PURE BENDING OF PLATES 


9. Slope and Curvature of Slightly Bent Plates. — In diseasing 
small deflections of a plate we take the middle plane of the plate, 

before bending occurs, as the xp- 
plane. During bending, the particles 
that were in the xr/-p!»ne undergo 
small displacements tr perpendicular 
to the x»/-planc and form the middle 
surface of the plate. These displace- 
ments of the middle surface are called 
deflections of a plate in our further 
discussion. Taking n normal section 
of the plate parallel to the xr-piane 
(Fig. IGc), we find that the slope of 
the middle surface in the x-direetion 
is j r — at r/fljr. In the same manner 
the slope in the j/-dircetion is i~ — 
Ow/Op. Taking now any direction an in the xy-plane (Fig. 1 Gb) 
making an angle a with the x-axis, we find that the difference in 
the deflections of the two adjacent points a and a t in the an 
direction is 

. 3ir , , 0 ic , 

c/tr = -r — dx *f -r -dp 
dx dp ' 

and that the. corresponding slope is 

Ow dw dx , ihr dp Ow , dir . . . 

T— =*■ -r- • ~r + “ • T~ ~ -r - cos « *r V - stn a. (n) 

on OX dll dp dil dx Op 

To find the direction «i for which the slope is a maximum we 

equate to zero the derivative with respect to a of the expression 
(a). In this way we obtain 

( 0u\ 
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Substituting the corresponding values of sin a\ and cos a\ in (c), 
v:e obtain for the maximum slope the expression 


dw\ ffdwY fdwY 

jau = V W + W/ ‘ 


(c) 


By setting expression (a) equal to zero we obtain the direction for 
which the slope of the surface is zero. The corresponding angle 
a- is determined from the equation 



From Eqs. (6) and ( d) we conclude that 

tan cii • tan = — 1 • 


which shows that the directions of the zero slope and of the 
maximum slope are perpendicular to each other. 

In determining the curvature of the middle surface of the 
plate we observe that the deflections of the plate are very small. 
In such a case the slope of the surface in any direction can be 
taken equal to the angle that the tangent to the surface in that 
direction makes with the xy-plane, and the square of the slope 
may be neglected compared to unity. The curvature of the 
surface in a plane parallel to the xz-plane (Fig. 16) is then 
numerically equal to 

1_ d / du\ _ d~io 

r z ~ ~ dx r (c ' 

We consider a curvature positive if it is convex downward. The 
minus sign is taken in Eq. (e), since for the deflection convex- 
downward, as shown in the figure, the second derivative d-w/dx- 
is negative. 

In the same manner we obtain for the curvature in a plane 
parallel to the 7/2-plane 

1_ d/ duA _ _dho 

Tv dy\dy) ~ dy 2 ' v) 

These expressions are similar to those used in discussing the 
curvature of a bent beam. 
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In considering the curvature of tin* middle surface in any 

direction an (Fig. 10 ) wo obtain 

*- 

i_ = 

r„ On\ 0 n J 

Substituting expression («) for Oiv/On and observing that 


0 

On 


we find 


O-ir 

Ox- 


- cos* « 


0 

tl 


= — cos a 

-4- ~ — sin a, 


Ox 

<>U 


, i> . > 

\( 0 w 

. Ox r . 

-J- ~ Sill ft 

tl cos a 

... ... 

Oil ) 

<\ 0 x 

OiJ 

. r, d-te 


, 0-tr . 

a -}- 2——- 

sin it cos 'x 

-r t-v sii 


sm 


sin- o. 


(fd 


It is seen timt tin* curvature in any direction n at a point of the 
middle surface can be calculated if we know at that point the 


curvatures 



1 

0 -w 

1 

r.- ~ 

Ox - ’ 

r. 

and the quantity 

1 

0 'ir 


r.-v ’ 

Ox tiij 


which is called the hrist of th ■ t urfar> with respect to x- and i/-nxos. 

If instead of the direction <:> v Fig. Ifi’i) v.-e take the direction 
at perpendicular to an, the curvnturc in this new direction will be 
obtained from expression (p) by substituting r/2 -f- a for a. 
Thus wc obtain 


11.. 1 . , i 

- = - sin- « -t- - sin 2a -f- - cos- «. (.*) 

r< it r ..j r y 

Adding expressions (17) and (i). v.e find 


1 

r„ 




( 31 ) 


which shows that at any point of the middle surface the stun of 
the curvatures in two perpendicular directions such as 11 and / is 
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indenendout of the- angle a, This sum is usually called the 
avcraac c'u.rvalu.re of the surface at a point. 

The twist of the surface at. a with respect to the cn and cl 


directions is 



In calculating the derivative with respect to /. we observe that 
the direction el is perpendicular to an. Thus v;e obtain the 
required derivative by substituting (r/2j — a for a in Eq. (a). 
In this manner we find 



In our further discussion we shall be interested in finding in 
terms of a. the directions in which the curvature of the surface 
is a maximum or a minimum and in finding the corresponding 
values of the curvature. We obtain the necessary equation for 
determining a by equating the derivative of expression (y; with 
respect to a to zero, which gives 


1 -hence 


— sin 2-cz -f — cos 2 -k — -i sin 2<z = 0, 

Vr r-, T-j 


% 


2 _ 

tan 2ci = (35; 

r ~ ?V 

From this equation we find two values of a. differing by r/2. 
Substituting these in Eq. fa) we find two values of l/r-, one 
representing the maximum and the other the minimum curvature 
at a point a of the .surface. These two curvatures are called 
the 'principal curzalurez of the surface; and the corresponding 
planes nez and taz. the principal plant? of curvature. 

Obserring that the left side of Eq. (/:} is equal to the doubled 
value of expression fj). we conclude that, if the directions an and 
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at (Fig. 16) nro in the principal planes, the corresponding twist 
1 /r nt is equal to zero. 

We can use a circle, similar to the Mohr's circle representing 
combined stresses, to show how the curvature and tin; twist of a 
surface vary with the angle To simplify the discussion we 
assume that the coordinate planes xz and yz are taken parallel 
to the principal planes of curvature at the point a. Then 



and wo obtain from Eqs. (p) and (j) for any angle « 



Taking the curvatures as abscissas and the twists as ordinates 
and constructing a circle on the diameter 1/r. — ]/r u , as shown 



1 

r nt 


IV.. 17. 

in Fig. 17, we see that the point .-1 defined by the angle 2« has 
the abscissa 


OH - w + 1-0 - i(l + l) + t(i - 1) cos a, 


1 . . 1 . . 

= — cos- a — stir a 

r_- 

and the ordinate 


" * 2C; ~ z) si " 2a - 


Comparing these restitt* with formulas (36), we conclude that 
the coordinates of the point A define the curvature and the twist 
1 See author’s “Strength of Material*," vol. I, p. r,o, 1030 . 
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of the surface for an}* value of the angle a. It is seen that the 
maximum twist, represented by the radius of the circle, takes 
place when a = r/4, i.e., when we take the t%vo perpendicular 
directions bisecting the angles between the principal planes. 

In our example the curvature in any direction is positive, hence 
the surface is bent convex downward. If the curvatures l/r- 
and 1/t.j are both negative, the curvature in an}- direction is also 
negative, and we have a bending of the plate convex upward. 
Surfaces in which the curvature in all planes have like signs are 
called syndadic. Sometimes we shall deal with surfaces in which 





r ni 

Fig. IS. 



the two principal curvatures have opposite signs. A saddle is a 
good example. Such surfaces are called antidastic. The circle 
in Fig. 18 represents a particular case of such surfaces when 
l/r v = — 1/r-. It is seen that in this case the curvature becomes 
zero for a — r/4 and for a = 3r/4, and the twist becomes equal 
to ±1 [r-. 

10. Relations between Bending Moments and Curvature in 
Pure Bending of Plates. — In the case of pure bending of pris- 
matical bars a rigorous solution for stress distribution is obtained 
by assuming that cross sections of the bar remain plane during 
bending and rotate only with respect to their neutral axes so 
as to be always normal to the deflection curve. Combination of 
such bending in two perpendicular directions brings us to pure 
bending of plates. Let us begin with pure bending of a rectangu- 
lar plate by moments that are uniformly distributed along the 
edges of the plate as shown in Fig. 19. We take the ary-plane to 
coincide with the middle plane of the plate before deflection and 
the ar- and y-axes along the edges of the plate as shown. The 
z-axis, which is then perpendicular to the middle plane is taken 
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positive downward. We denote by Ah the bending moment per 
unit length acting on the edges parallel to the y - axis and by M v 
the moment per unit length acting on the edge.' parallel to the 
z-axis. These moments we consider positive when they are 
directed as shown in the figure, ?>., when they produce com- 


pression in the upper surface of the plate and tension in the lower. 
The thickness of the plate we denote, as before, by h and consider 



it small in comparison with the 
other dinien-ions. 

Let us consider an element rut out 
of the plate by two pairs of planes 
parallel to tin- s:- and '/-.'-planes as 
shown in Fig. 20. Since the case 
shown in l'ig. 10 represent- the com- 
bination of two uniform bending- - , 


go. 


tie- str< " conditions are identical in 


all elements, Mich as shown in Fig. 2o, and we have a uniform land- 
ing of tlte plat**. Assuming that during bending of the plate the 
lateral sides of the element remain plate* and rotate about the 
neutral axes nn so as to remain normal to the deflected middle 
surface of tie* plate, it entt be concluded that the midtile plane of 
the plate does not undergo .-my extension during this bending, 
and the middle surface is therefore the u> ufral r'lrfnr.J Let 
1/r. and l/r.j denote, as before, the curvatures of this neutral 
surface in sections parallel to the x_- and pr-plane-, respectively. 
Then the unit elongations in the r- and u-directions of an ele- 
mental lamina nbnl (Fig. 20). at a distance r from the neutral 
surface, are found, as in the a beam, and art.* equal to 



Using now Hooke’s ■ fl.q. : , page 2j. the corresponding 
stresses in the lamina, nbai an* 



1 It will bo shown in Art. 13 that 
deflections of the plate are small in 


this ronrlu-iim i-i aceumte enough if the 
ccmipari-on with the tlm-kiie-s 
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They are proportional to the- distance 2 of the- lamina ah r A from 
the neutral surface and depend on the magnitude of curvatures 
of the bent plate. 

These normal stresses distributed over the lateral sides of the 
element in Fig. 20 can be reduced to couples, the magnitudes of 
vrhich per unit length evidently must be equal to the external 
ar 

A 

dy dz = 3/- dy. 


moments 31- and 3/-. In this vrav ve obtain the equations 




"V; 2 dr dz = 3/ y dr. 


(c) 


Substituting expressions (h) for <r- and <r y . vre obtain 


31- = D 
31- = Z> 


/ 1 \ A JbT . 6%\ 

Is “ tJ - -Hi? ' •<?> 

a-s)-- 


P z ~ 

oy / 

bOr , 

dhA 

by'- ' 



137 j 
(3S; 


“here D is the flexural rigidity of the plate defined by Eo. (3;, 
and tc denotes small deflections of the plate in the z-direction. 



Let us no.-/ consider the stresses acting on a section of the 
lamina cAcd parallel to the z-axls and inclined to the r- and 
y-axes. If ecd (Fig. 21; represents a portion of the lamina cut 
by such a section, the stress acting on the side ac can be found 
by means of the equations of statics. Resolving this stress into 
a normal component a r , and a shearing component r„. ? the magni- 
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tudcs of these components are obtained by projecting the forces 
acting on the element acd on the « and / directions respectively, 
which gives us the known equations 

<r n = e* cos" a -r <r.j sin : ( h 

~nt = - <Tx) sin 2(t, j W 

in which « is the angle between the normal n and tlie 7-nxis or 
between the direction t and the ty-axi* (Fig. 2I«). This angle is 
considered positive if measured in a clockwise direction. 

Considering all larninas. such as acd in Fig. 21 b, over the thick- 
ness of the plate, the normal stresses c n give u« the bending 
moment acting on the section ac of the plate, the magnitude of 
which per unit length along ac is 

A 

M n = J~^ n= ~ ( ' 0 ' : n -*F sin : a. (3'J) 

The shearing stresses r„, give us the twisting moment acting on 
the section ac of the plate, the magnitude of which per unit 
length of ac is 

M n t = - f\r nl : dz - * sin 2a(M t - .1/.,). (40) 

The signs of jVf„ and M n! are chosen in such a manner that the 
positive values of these moments are represented by vectors in 
the positive directions of n and l (Fig. 21«) if the rule of the 

right-hand screw is used. When a 
is zero or r, Fq. (30) gives M n - M„ 
For n — r/2 or 3r/2, we obtain 
~ -U y . The moments .1/ M be- 
f, 'n come zero for these values of a. 
Thus we obtain the conditions 
shown in Fig. 19. 

Equations (39) and (40) are 
) similar to Fqs. (30), and by using 

them the bending and twisting moments can be readily calculated 
for any value of a. \\ e can also use the graphical method for 
the same purpose and find the values of Mn and M n , from the 
Mohr s circle which can be constructed as shown in the previous 
article by taking M n as abscissa and M nt ns ordinate. The 
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diameter of the circle Trill be equa l to Af- — M v . as shoTm in 
Fig. 22. Then the coordinates OB and AB of a point A, defined 
by the angle 2 a, give us the moments M r . and M r .t respectively. 

Let us novr represent M n and M r .: as functions of the curva- 
tures and of the twist of the middle surface of the plate. Sub- 
stituting in Eq. (39) for M- and M y their expressions (37) and 
(38), vre find 



Using the first of the equations (36) of the previous article, we 
conclude that the expressions in parentheses represent the curva- 
tures of the middle surface in the n- and (-directions respec- 
tive!}'. Hence 



(41) 


To get the corresponding expression for the twisting moment 
M r . ; , let us consider the distortion of a thin lamina abal with the 



Fig. 23. 


sides ab and ad parallel to the n- and (-directions and at a dis- 
tance 2 from the middle plane (Fig. 23). During bending of 
the plate the points a, b, c, and d undergo small displacements. 
The components of the displacement of the point a in the n- and 
(-directions we denote by u and v respectively. Then the 
displacement of the adjacent point d in the n-direction is 
u -r (du/d[)dt, and the displacement of the point b in the 
(-direction is v ( dv/dri)dn . Owing to these displacements, we 
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obtain for the shearing strain 


i r.t 


On 

i)t 


Op 

On 


(c) 


The corresponding shearing stress is 

7 -' = r/ (S + §;)' 

From Fig. 23b, representing the section of the middle surface 
made by the normal plane through the u-axis, it rimy be seen 
that the angle of rotation in counterclockwise direction of an 
element pq, which initially was perpendicular to the arty-plane, 
about an axis perpendicular to nr-plane is equal to — Oir/On. 
Owing to this rotation a point of tin- element at a distance ; 
from the neutral surface has a displacement in the redirection 
equal to 

Oil- 
: On ' 


u - 


Considering the normal section through the /-axis, it can be 
shown that the same point has a displacement in the /-direction 
equal to 

on: 

nr 


V ~ 


Substituting these values of the displacements u and v in expres- 
sion (j), we find 

- _ _or- tV,r 

Of! Ot 

and expression (40) for the twisting moment become- 
a 


(- 12 ) 


,, f- . G h 1 0-i r 

Of r.t - - r nt z (1: = - - -- -- --= 
J A U Oil <Jl 


<«> 


It is seen that the twisting moment for the given perpendicular 
directions n and t is proportional to the twist of the middle 
surface corresponding to those directions. When the n- and 
/-directions coincide with the x- and //-axes, there arc only bend- 
ing moments M z and M v acting on the sections perpendicular to 
those axes (Fig. 19). lienee the corresponding twist is zero, 
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and the curvatures 1/r- and l/r v are the principal curvatures of 
the middle surface of the plate. They can readily be calculated 
from Eq.s. (37) and (38) if the bending moments M- and M v are 
given. The curvature in any other direction, defined by an angle 
a. can then be calculated by using the first of the equations (36). 
or it can be taken from Fig. 17. 

Regarding the stresses in a plate undergoing pure bending, 
it can be concluded from the first of equations (d) that the 
mardmum normal stress acts on those sections parallel to the 
xz~ or yz-planes. The magnitudes of these stresses are obtained 
from Eq. (b) by substituting z = /i/2 arid by using Eqs. (37) and 
(38). In this wav we find 


(*,)». 


6 . 1 /- 
h- ? 


(x "j) rrAT. 


6jl/y 

IP ' 


(44) 


If these stresses are of opposite sign, the maximum shearing 
stress acts in the plane bisecting the angle between the tz- and 
2 / 2 -planes and is equal to 


''V-iX. 




(45) 


If the stresses (44) are of the same sign, the maximum shear acts 
in the plane bisecting the angle between the xj- and xz - planes or 
in that bisecting the angle between the ary- and yr-planes and is 
equal to \(xy)^r. or depending on which of the two 

principal stresses (cry)-**, or (t-) -.- is greater. 

11. Particular Cases of Pure Bending. — In the discussion of 
the previous article we started with the case of a rectangular plate 
along the edges of which uniformly distributed bending moments 
act. To obtain a general ease of pure bending of plates, let us 
imagine that a portion of any shape is cut out from the plate 
considered above (Fig. 19) by a cylindrical or prismatical surface 
perpendicular to the plate. The conditions of bending of this 
portion will remain unchanged provided that bending and twist- 
ing moments that satisfy Eqs. (39) and (40) are distributed along 
the boundary of the isolated portion of the plate. Thus we 
arrive at the case of pure bending of a plate of any shape, and 
we conclude that pure bending of a plate is always produced if 
along the edges of the plate bending moments Jl/ n and twisting 
moments M r .t are distributed in such a manner as given by 
Eqs. (39) and (40). 
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Let us lake, as a first, example, the particular case in which 
M x = M v — M. It can he concluded, from Eqs. (30) and (40), 
that in this case, for a plate of any shape, the bending moments 
arc uniformly distributed along the entire boundary and twisting 
moments vanish. From Eqs. (37) and (3$) we conclude that 

1-1- * v Ur\ 

r, ~ r.j 74(1 + »•)’ V 

j.c., the plate in this ease is bent to a spherical surface the curva- 
ture of which is given by Kq. (40). 

In the general case, when M : is different from M y , we put 


= Mi 

and 

M v 

1 and (38), we 

find 

0 : ir 

Mi - 

- vM* 

o7- ~ 

74(1 


O'w 

M* ■ 


" 

74 (V 

- V-) 


We have also 


O-i r 
Hi di/ 


Integrating these equations, we find 

W = ~W(T-"k X '' ~ 2/4t.I - + CjX + C ' V + Cs - (r) 

where C j, C s and C j are constants of integration. Those con- 
stants define the plane from wh ch the deflections tr are measured. 
If this plane is taken tangem to the middle surface of the plate 
at the origin, the constants of integration must be equal to zero, 
and the deflection surface is given by the equation 


M i - i- iV- _ 
274(1 - ,-f 


Mj - r.Vj . 


274(1 - ,--)' 274(1 - 

Let us consider the particular case where Af. = —.1/,. In this 
case the principal curvatures, from Eqs. {a), are 

2 _ _i ^ _ .1/, 

J-» r„ Ox- ' 74(1 - ,-)’ W 
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xcxl- the portion, abed o: the pinto is in the condition of a pinto 
undergoing pare bonding produced by r.~isting moments uni- 
formly distributed along the edges (Tig. 25 c} . These tv.isting 
moments are formed by the horizontal shearing stresses con- 
tinuously distributed over the edge [Eq. (40jj. This horizontal 
stress distrrmtion can be replaced by vertical shearing forces 
— hich produce the same effect as the actual distribution of 
stresses. To shorn this let the edge ad be divided into infinitelv 
narro— rectangles, such as mnpq in Fig. 2-5 b. If A is the small 
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width of the rectangle, the corresponding twisting couple h 
ilfiA and can be formed by two vertical forces equal to .1/4 acting 
along the vertical sides of the rectangle. This replacement of the 
distributed horizontal forces by a statically equivalent system 
of two vertical forces cannot cause any sensible disturbance in the 
plate, except within a distance comparable with the thickness of 
the plate, 1 which is assumed small. Proceeding in the same 
manner with all the rectangles, we find that all forces .]f , acting 
along the vertical sides of the n-etanghs balance one another 
and only two forces .1/4 at the corners n and d are left. Making 
the same transformation along the other edges of the plate, we 
conclude that the bending of the plate p, the antiela-tic surface 
shown in Fig. 2 "hi can he produced by forces concentrated at the 
corners- (Fig. 2 5c). Such an experiment i.-- comparatively simple 
to perform, and was us>*d for the experimental verification of 
the theory of bending of plates di-eus-e<l above. 1 In these 
experiments the deflections of the plate along the line bud (Fig. 
24) were measured and were found to In* in very sati.-faetory 
agreement with the theoretical re.** tilts obtained from Kq. (/;. 
Some discrepancies were found only near the edge,-, and they 
were more pronounced in the en-'* of comparatively thick plates, 
as would he expected from the foregoing di-mi-xiim of the trans- 
formation of twisting eouple> along the edge.-. 

As a la-t example let us consider the heitding of a plate (Fig. 
1!)) to a cylindrical surface having it.- generating line parallel to 
the t/-a.\is. In such a case A-tr.-A u : 0, and we* find, from 
Kqs. (37) and (3S), 



M, 



(g) 


It is seen that to produce bending of the plate to a cylindrical 
surface we must apply not only the moments .1/4 but also the 
moments M v . Without th •*- latter moments the plate will be 

1 this follows, from tie* po-calh-d Sciu! Vir.nnt's principle; m*c author's 
“Theory of Klnstidtv,” p. 31, It>:> I. 

this transformation of tin* fore** system acting along tin* edges was first 
suggested by Istrtl Kelvin and P. Cl. Tait, See “Treatise on Natural 
Philosophy,” vol. t, part 2, p. 203, iSS3. 

Such experiments wen* made 1 >y I)r. A. Nadai, /'o-. v ra a eo'e rhdts a , 
vols. 170, 171, Berlin, 1915; see also his book “ blast i-di<* Plat ten,” p. 12, 
Berlin, 1025. 
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bent to an antielastic surface. 1 The first of the equations (g) 
have already been used in Chap. I in discussing bending of 
long rectangular plates to a cylindrical surface. Although in 
that discussion v.e had bending of plates by lateral loads and 
there were not only bending stresses but also vertical shearing 
stresses acting on sections perpendicular to the x-axis, it can be 
concluded from a comparison with the usual beam theory that 
the effect of the shearing forces is negligible in the case of thin 
plates., and the equation developed for the case of pure bending 
can be used with sufficient, accuracy also for lateral loading. 

12. Strain Energy in Pure Bending of Plates. — If a plate is 
bent by uniformly distributed bending moments M ; and M v 
(Fig. 19) so that the xz- and yz- planes are the principal planes 
of the defieetion surface of the plate, the strain energy stored in 
an element, such as shov.ni in Fig. 20, is obtained by calculating 
the work done by the moments M. <ly and M„ dx on the element 
during bending of the plate. Since the sides of the element 
remain plane, the work done by the moments M s dy is obtained 
bv taking half the product of the moment and the angle between 
the corresponding sides of the element after bending. Since 
— dhr/f/x 2 represents the curvature of the plate in the xs-plane, 
the angle corresponding to the moments M- dy is — (ahi:/dx r )dx, 
and the work done by these moments is 



d-w 

~dx z 


dx dy. 


An analogous expression is also obtained for the work produced 
by the moments M v dx. Then the total work, equal to the 
strain energy of the element, is 


dV = 




dx dy. 


Substituting for the moments their expressions (37) and (-39), 
the strain energy of the elements is represented in the following 
form: 


dV = ±. D 


rtey + (^y +2 **^] 

W dx ~J f Jx- dy-_ 


dx dy. (a) 


1 We always assume very small defections or else bending to a developable 
surface. The ease of bending to a non-developable surface when the deflec- 

tions are not small will be discussed later; see p. 51. 
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Since in the ease of pure bonding the curvature is constant 
over the entire surface of the plate, the total strain energy of the 
plate will be obtained if we substitute the area .-1 of the plate 
in place of the elementary area dx ihj in expression (a). Then 


F = tDA 


(** :Y j- teY 

\0i-J ' \<>y-J 


+ 2 


<Yw tVw 
dx 7 dp 7 


(•57) 


If the directions Tandi/ do not coincide with the principal planes 
of curvature, there will act on the sides of the element (Fig. 20) 
not only the bending moments Af. dp and M,j dx but also the 
twisting moments M dp and M. j: dx. The strain energy due to 
bending moments are represented by the expression («). In 
deriving the expression for the strain energy due to twisting 
moments M~jdp we observe that the corresponding angle of 
twist is equal to the rale of change of the slope thr/dp, as x varies, 
multiplied with dx; hence the strain energy due to ,)/ r/ dp is 



id If 
' J 0x dp 


dx dp, 


which, applying Eq. (-13), becomes 


The same amount of energy will also be produced bv the couples 
M V ; dx so that the strain energy due to both twisting couples E 

0(1 ' ‘'( ity ' k ) ,u m 

Since the twist does run affect the work produced by the 
bending moments, the total strain energy of tin element of a 
plate is obtained by adding together the energy of bending (a) 
and the energy of twist (/>). 1'hits wo obtain 


dV 






+ 




d 7 w ii'ir 
Ox 7 dir 


dx dtp 


or 




«F 


£ 


2(1 


+ D{ 1 

d-w <r-w 
Ox 7 dy 7 
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The strain energy of the entire plate is now obtained by sub- 
stituting the area A of the plate for the elemental area dx dy. 
Expression (4S) vriil be used later in more complicated cases of 
bending of plates. 

13. Limitations on the Application of the Derived Formulas. — 
In disc us sing stress distribution in the ease of pure bending 
(Art. 10) it was assumed that the middle surface is the neutral 
surface of the plate. This condition can be rigorously satisfied 
only if the middle surface of the bent plate is a developable surface. 
Considering, for instance, pure bending of a plate to a cylin- 
drical surface, the only limitation on the application of the 
theory vriil be the requirement that the thickness of the plate 
be small in comparison with the radius of curvature. In the 
problems of bending of plates to a cylindrical surface by lateral 
loading, discussed in the previous chapter, it is required that 
deflections be small in comparison with the width of the plate, 
since only under this condition will the approximate expression 
used for the curvature be accurate enough. 

If a plate is bent to a non-developable surface, the middle 
surface undergoes some stretching during bending and the 
theory of pure bending developed previ- 
ously will be accurate enough only if the 
stresses corresponding to this stretching of 
the middle surface are small in comparison 
with the maximum bending stresses given 
by Eqs. (44) or, what is equivalent, if 
the strain in the middle surface is small in 
comparison with the maximum bending 
strain h/2 r — This requirement puts an 
additional limitation on deflections of a Fig - 20 - 

plate, viz., that the deflections w of the plate must be small in 
comparison with its thickness h. 

To show this, let us consider the bending of a circular plate 
by bending couples M uniformly distributed along the edge. 
The deflection surface, for small deflections, is spherical of a 
radius r the magnitude of which is defined by Eq. (46) . Let AOB 
(Fig. 26) represent a diametral section of the bent circular plate, 
a its outer radius before bending and 5 the deflection at the 
middle. We assume at first that there is no stretching of the 
middle surface of the 5 ) Late in the radial direction. In such a 

* Qf LIBRARY 
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case the arc OB must, be equal to ihc initial outer radius a of the 
plate. The angle y and the radius b of t he plate after bending 
arc then given by the following equations: 


T ~ 


a 

r 


b — r sin y. 


It is seen that the assumed bending of the plate implies a com- 
pressive strain of the middle surface in the circumferential 
direction. The magnitude of this strain at the edge of the plate is 

a — 6 re — r sin . . 


For small deflections we can take 


sin v" 


c 


'll 

0 


which, substituted in Kq. («). gives 


v" 





To represent this strain as a function of the mavimum deflection 
5, we observe that 


lienee 


6 — r(l — cos tf) --- 



o 






r 


Substituting in Kq. (b), we obtain 



This represents an tipper !i ..it for the circumferential strain at 
the oogc of the plate. !• wax obtained by assuming that the 
radial strain is zero. L uer actual conditions there is sonic 
radial strain, and the circumferential compression is somewhat 
smaller 1 than that given by Kq. (t<>). 

Irom this discussion ii follows that the equations obtained in 
Art 10, on the assumption that the midfile surface of the bent 
plate is its neutral surface, are accurate provided the strain given 
by expression (-10) is small in comparison with the maximum 

1 This question is discussed Inter; see Art. 07, 
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bending 'train h/2r, or. what is equivalent, if the deSection o is 
small in comparison with the thickness h of the plate. A similar 
conclusion can also be obtained in the more general case of 
pure bending of a plate when the two principal curvatures are 
not equal. 1 Generalizing these conclusions we can state that 
the equations of Art. 10 can always be applied with sufficient 
accuracy if the deflections of a plate from its initial plane or from 
a true developable surface are small in comparison with the 
thickness of the plate. 

1 .4. Thermal Stresses in Plates with Clamped Edges. — Equa- 
tion (46) for the bending of a plate to a spherical surface can be 
used in calculating thermal stresses in a plate for certain cases of 
non-uhiform heating. Assume that the variation of the tempera- 
ture through the thickness of the plate follows a linear law and 
that the temperature does not vary in planes parallel to the sur- 
faces of the plate. In such a case, by measuring the temperature 
from the temperature of the middle surface, it can be con- 
cluded that temperature expansions and contractions are propor- 
tional to the distance from the middle surface. Tims we have 
exactly the same condition as in the pure bending of a plate to a 
spherical surface. If the edges of the non-uniformlv heated 
plate are entirely free, the plate will bend to a spherical surface. 2 
Let a be the coefficient of linear expansion of the material of the 
plate, and let l denote the difference in temperature of the upper 
and lower faces of the plate. The difference between the maxi- 
mum thermal expansion and the expansion at the middle surface 
is cdf 2, and the curvature resulting from the non-uniform heating 
can be found from the equation 


at _ h 

2 ! _ 2 7 

from which 

1 _ at 

7 “ T 


(«) 

(50) 


This bending of the plate does not produce any stresses, provided 
the edges are free and deflections are smalt in comparison with 
the thickness of the plate. 

l See Lord Kelvin and P. G. Tait, “Treatise on Natural Philosophy,” 
vol. 1, part 2, p. 172, 1S-S3. 

1 It is assumed that deflections are small in comparison with the thickness 
of the plate. 
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Assume, now, that, the middle plane of the plate is free to 
expand but that the edges are clamped so that they cannot 
rotate. In such a case the non-uniform heating will produce 
bending moments uniformly distributed along the edges of the 
plate. The magnitude of these moments is such as to eliminate 
the curvature produced by the non-uniform heating (Kq. (50)], 
since only in this way can the condition at the damped edge he 
satisfied. Using Kq. (40) for the curvature produced by the 
bending moments, we find for determining the magnitude M 
of the moment per unit length of the boundary the equation 

M _ nt 
7)(1 4- e) 7« ' 

from which 

M ,tUH \ ' V r> - (b) 


The corresponding maximum stress can be found from Kqs. (4-1) 
and is equal to 


G.U _ tint 1 HI -r c) 

r!r “- " 7r ' Iv 

Substituting for I) its expression (3), we finally obtain 

_ ftth 
<7r "- ’ 2(1 — ej 


(51) 


It is seen that the stress is proportional to the coefficient of 
thermal expansion a, to the temperature difference / between the 
two fact's of the plate and to the modulus of elasticity K. The 
thickness h of the plate does not enter into formula (51); but 
since the difference t of temperatures usually increases in pro- 
portion to the thickness of the plate, it can be concluded that 
greater thermal stresses are to be expected in thick plates titan 
in thin ones. 


It will be shown later (see Art. 8G) that the simple formula (51) 
can he also used in calculating t hernial stresses in non-uniformly 
heated thin shells, such as thin cylindrical tubes or thin spherical 
containers. 1 he change in eurvat ure during non-uniform heating 
of such shells is prevented bv the shape of the shell itself, and 
the maximum bending stresses (5 1 ) are produced. Since the 
temperature difierence l is usually proportional to the thickness 
of (lie shell, it becomes evident that thin glass containers will 
prove more satisfactory than thick ones in cases where thermal 
stresses are the controlling factor. 
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15. Differential Equation for Symmetrical Bending of Laterally 
Loaned Circular Plates. : — If the load acting on a circular plate 
is symmetrically distributed about the axis perpendicular to the 
plate through its center, the deflection surface to vdoieh the middle 
plane of tine plate is bent will also be ,2 


symmetrical. In ail points equally 
distant from the center of the plate 
the deflections will be the same, and 
it is. sufficient to consider deflections 
only in one diametral section 
through the axis of symmetry 'Tig. 
27/. Let ms take the origin of co- 
ordinates 0 £t the center of the 
nr.de flee ted plate and denote by r 
the radial distances of points in the 
middle plane of the plate and by w 


/ 



their deflections in the down war 
of the deflation surface at any 


d direction. The maximum slope 
point A is then equal to —dir, [dr, 


and the curvature of the middle sunace of the plate 
diametral section rz for small deflections Is 


in the 


J _ dhr _ de 
r r . dr 1 dr ' 


A// 


where y Is the small angle between the normal to the deflection 
surface at A and the axis of symmetry 0/A From symmetry we 
conclude that l/sy is one of the principal curvatures of the 


5* "i rf £/f £. f , y' 


The second principal curvature will be 
in the section through the normal A A and perpendicular to the 
rz. plane. Observing that the normals, .such as A /A for all points 
o: the middle surface with radial distance r form a conical surface 

J Toe. solution of mesa problems of ber.Tr.g of ri.w-jfar plates was riven by 
Poisson; see teftev.o;rs of the Aoa/lerr.y." vof. A Paris. fJ-20. 
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with apex B , we conclude that, the length AH is the radius of 
the second principal curvature which wc denote bv r t . Then, 
from the figure, we obtain 


1 1 f/ir _ c 

r, ~ r dr r 


(b) 


Having expressions (a) and (b) for the principal curvatures, wc 
can obtain the corresponding values of the bending moments 
assuming that relations (37) and (3S), derived for pure bending, 
also hold between these moments and the curvatures. 1 Using 
these relations, wo obtain 




(52) 


m 


where, as before, M, and .1/, denote the bending moments fK-r 
unit length M , along cireu inferential sections of the plate, such as 


. dllr , 
t + "dr ar j 

„dQ . 

Q+ d? or 

i HU ? ' r C ! 


~£4 

•SS/S'S 


V j 


! J v . 



i h j 

U -dr - -sp • - r 



and by two diametral sec ions ad 
the side cd of the. element is 


the section math* by the coni- 
cal surface with the apex at B, 
and Mi along the diametral 
section rt of tin* plate. 

Kuuntions (52) and (53) con- 
tain only one variable tr or v.*, 
whieh can lie determined from 
the consideration of equilib- 
rium of an element of the plate 
such a> element aha! in Fig. 23 
cut out from the plate by two 
cylindrical sections n!> anti cd 
and b<\ The couple acting on 


M r r dO. (r) 

1 Tiio effect on deflections of shearing stre--.es nrtiug on norm?.! sections 
of the plate perpi-i oeiiliir to meridians, such the section rut by the contra 1 
Mirfnre with the ,»ex nt It, i- n*-;;lee!e<l lo ro. Their e fleet Is small ill tile 
case of plates the thickness of wlueh is small m enmpari-on \t itli tin* diameter. 
Further discussion of this subject will !>e given in Art. 20. The stresses 
perpendicular to the surface of the plate are also neglected, whieh is justifiable 
in all cases when the load is not highly concentrated fsee p, 7i»h 
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The corresponding couple on the side ab is 


(ilr -r ^ir)rr -f dr) JO. 


The couples on the sides ad and be of the element are each M t dr, 
and they give a resultant couple in the plane roz equal to 

M. dr Jf). (c) 

From symmetry it can be concluded that the shearing forces 
that ma y act on the element must vanish on diametral sections 
o! the plate but that they are usually present on cylindrical 
sections such as sides cd and ab of the element. Denoting by Q 
the shearing force per unit length of cylindrical section of radius r, 
the total shearing force acting on the side rd of the element is 
Or do. and the corresponding force on the side ab is 


Q — 6^'jdr (r ~ dr)dO. 


Neglecting the small difference between the shearing forces on 
the two opposite sides of the element, we can state that these 
forces give a couple in the rz plane equal to 

Qr JO dr. (f) 

Summing up the moments (c), (d), («) and (f) with proper signs 
and neglecting the moment due to the external load on the ele- 
ment as a small quantity of a higher order, we obtain the fol- 
lowing equation of equilibrium of the element cried: 

-f - ~drj(r -f drjdO — dtf — .1/, dr dO — Qr dfl dr = 0, 

from which we find, by neglecting a small quantity of higher 
order. 

3T ~ - V* T Qr = 0. fe) 

Substituting expressions (52j and (53 j for .l/ r and Eq. (d) 
becomes 

dV l.d<£ _ c; _ Q 

dr 2 1 rdr 7- ~ ~7j’ ^54) 


or, in another form. 


dug ^ Id-y; 1 dir: _ Q 

dr - ‘ r dr 2 r 2 dr — Z> 


( 55 ) 
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In any particular ease of a symmetrically loader! circular pinto 
the shearing force* Q can easily he calculated by dividing the load 
distributed within the circle of radio-' r by 2 ~r; then Kq. (/>}) or 
(55) can be used to determine the Mope and the deflection ic 
of the plate. ' 1 'lie integration of thc.-e equations i-' simplified 
if we observe that they can be put in tie- following forms: 


£ 

dr 


1 d 
r dr 




Q 

l) 


d[l d( dir\ 
dr r dr\ dr) 


Q 

T) 


(57) 


If Q is represented by a function of r, these equations can 1« 
integrated without any difficulty in each particular ease. 

Sometimes it is advantageous to represent the right side of 
Eq. (57 ) as a function of the intensity 7 of tie* load distributed 
over the plat«*. For this purpo-e we multiply both sides of the 
equation by 2rrr. Then, oli.-ej-ving that 


we obtain 


Q--r ■ I r dr, 

- 1 f'e 

dr r dr\ dr ) | !>)« ' 


dr. 


Differentiating both -ale-- of this erjuation with re-pect to r and 
dividing by r, we finally obtain 


1 d f ; dfdv- 

r d i | r dr\ dr 

1 his equation ran e.asily be integrated if the in tensile of the 
load q is given as a function of r. 

16. Uniformly Loaded Circular Plates. ™~lf a circular plate of 
radius a et’.ries jt load of intensity 7 uniformly distributed over 
the enti'C «u nee of the plate, the magnitude of the shearing 
forile Q at listanee r from the center of the plate is determined 
from the equation 



2r ,0 


rrr- 


Q =- 


<F 

<> ' 


(«) 


fri .1 which 
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Substituting in Eq. (57;, we obtain 


d_ 

dr 


■ r dr\ dr / J 


V_ 

2D 


Bv one integration we find 


I ±(r^i\ = <ELjl.(', 

r dr\ dr) AD ' " 


(fi) 


(c) 


where C l is a constant of integration to be found later from the 
conditions at the center and at the edge of the plate. Multiply- 
ing both sides of Eq. (c) by r, and making the second integration, 
we find 


nr' 


dm 

T d7 ~ WD 


C,r- 


-f C 2 


and 


dv; _ qr z , CV , C ; 
dr " 16D ‘ 2 ‘ r 


The new integration then gives 


?r s , C[r- , r , ,, 

tc = d t "Y C ; log - -f C 2 . 

64 1) 4 a 


(59) 


( 60 ) 


Let us now calculate the constants of integration for various 
particular cases. 

Circular Plain with Clamped Edges. — In this case the slope of the 
deflection surface in the radial direction must be zero for r = 0 
and r — a. Hence, from Eq. (59), 



From the first of these equations we conclude that Cy = 0. 
Substituting this in the second equation, we obtain 


ga_ 

8D 


With these values of the constants, Eq. (59) gives the following 
expression for the slope: 


C5 


dm 

1 F 


rjr 

16£> 


(a 2 - r-). 


(61) 
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Equation (GO) gives 


w = 


nr* 


qa-r- 


+ C j. 


GW 32 JJ 

At the edge of the plate the deflection is zero. lienee. 


M) 


(fir 


qir 
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+ c, = 0, 


and we obtain 


O - l 1 ' 1 ' 

C: ' G M) 


Substituting in Kq. (d), we find 


«• — 



(62) 


The maximum delleeiion is at the center of the plate and, from 
Eq. (62), is equal to 


«V* t . 


qn' 

gw' 


(c) 


This deflection is equal to three-eighths of the deflection of a 
uniformly loaded strip with built-in ends having a flexural 
rigidity equal to l), a width of unity, and a length equal to the 
diameter of the plate. 

Having expression (61) for the slope, we obtain now the bend- 
ing moments .1/, and Mi by u-ing expressions (32) and (33) from 
which we find 

Mr = d- ;•) - r ; (3 ,•)}, (63) 

M, = -1- r) - r-(l -}- 3c)|. (G?) 


Substituting r = a in the-.- expressions, we find for the bending 
moments a, the boumia: v of the plate 

(Mr) r~> = - l ~> (.V,V_, = (65) 

o O 

At the center of the plate where r - 0, 
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From expressions (65) and (GO) ii is seen that the maximum 
stress is at the boundary of the plate where 

( * Gjt/ r _ 3 rpP. m 

tOrlmin. — j t 1 4 f t z' '1 1 

The variation of stresses a r and o-< at the lower face of the plate 
along the radius of the plate is shown in Fig. 20. 


°r;<T 



Yus. 20. 


Circular Plate vnlh Supported Edges . — In calculating deflec- 
tions for this case we apply the method of superposition. It 
was shown that in the case of clamped edges there arc negative 




(b) 

Fig. 80 . 

bending moments M r = -qa 2 /S acting along the edge (Fig. 30a). 
If this case is combined with that of pure bending shown in 
Fig. 30b, the bending moments M T at the edge will be eliminated, 
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and we obtain the bonding of n plate supported at the edge. 
The deflection surface in the case of pure bending by the moments 
qa-/S, from Eq. (-1G), is 




qn- 


1GD(1 -r e) 


(o'- - r"). 


Adding this to the deflections (G2) of the clamped plate, we find 
for the plate with a simply supported edge 


V' 


<i(n- - r ~)( 5 i- , A 

G } 1) \1 T J 


(G7) 


Substituting r = 0 in this expression we obtain the deflection of 
the plate at the center: 


In 

G 5 1 1 -i- !•)/>’ 


(6S) 


For v = 0.3 this deflection is about four time- as great as that for 
the plate with damped edge. 

In calculating bending moment- in this ca~e we must add 
the constant, bending moment to the moments (03) and 

(04) found above for the cn-e of damped edges. Hence in the 
case of supported edges 

Mr = “(o d- dt'O - r-). m 

M, - ^.[u-(3 + :•) - r-( 1 d- 3s)|. (70) 


The maximum bending moment is at the center of the plate where 


M 


i 



The corresponding maximum stress is 


(<Tr)r-: 


tedr.j 


G.lf r _ 3(3 •&- *•)»/!*- 

/(* S/i- 


(7D 


lo get the maximum stress at any distance r from the center we 
must add to the stress calculated for the plate with damped edge 
the constant value 

_G q a " 

1? ‘ “s' 
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corresponding to the pure bending shown in Fig. 3 Ob. The same 
stress Ls obtained also from Fig. 29 by measuring the ordinates 
from the horizontal axis through 0 2 . It may be seen that by 
clamping the edge a more favorable stress distribution in the 
plate is obtained. 

17. Circular Plate with a Circular Hole at the Center. — Let us 
begin with a discussion of the bending of a plate by the moments 
ilfi and If; uniformly distributed along the inner and outer 


c 




‘t 






'/S////SZ/M/.A i i • U//////////A 


\ 

|* b •>* 
Fro. 31. 


.m 2 


7\ 


J 


boundaries, respectively (Fig. 31). The shearing force Q 
vanishes In such a case, and Eq. (57) becomes 


d 1 df diA 

dr\^r dr\ dr J 


= 0. 


By integrating this equation twice we obtain 


din _ _ C\r C; 

dr ~ * ~ ~2 ‘ r 


(a) 


Integrating again, we find the deflection 

C\r- 


w = 


O'; log - -f c 3 . 
a 


( 6 ) 


The constants of integration are now to be determined from the 
conditions at the edges. Substituting expression (a) into Eq. 
(52), we find 



This moment must be equal to IF for r = 6 and equal to M; for 
r = a. Hence equations for determining constants C'i and C 2 are 


D 

D 


T (1 + '> - F (1 " ">] 
T (1 + ~ 


= Mi, 
= Mo, 
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n 2 r _ a-b-(M. - MQ 

Cl = (fTp^r. - (T-'V;/;(a 2 -6'-)' w 

To determine the constant C 3 in Kq. {(>), the deflections at the 
edges of the plate must he considered. Assume, for example, 
that, the plate in Fig. .*51 is supported along the outer edge. Then 
ic = 0 for r = a, and we find, from (b). 


C,rt= _ n'(.i'M, - IrM s) 

•5 2(1 + v)Dtti‘ - b'Y 


In the particular case when Af ~ ~ 0 we obtain 


C, = - 


2b' Mx 

(1 — !>'■) 


C: = - 


r _ aVr-Mi 
1 “ (I - 't-fDUP-'lA)' 
a-b-M. 


2(1 ~ v)l)ur - b-)' 


and expressions («) and (/>) for the ,-lope ...ml tie* deflection become 


«’ = 


(hr _ n'h'M , /l - r ,'\ 

dr /hi — : )(<i : — f' : i\r ' 1 -f- »• <i : / 

2(1 ~A : ">')D{(i r -"lry l ‘ 

a’bWfx , r 

(1 — — b~-) 1 L n 


(72) 


iMi 


As a second example we consider the ease of bending of a plate 
by shearing forces Q uniformly distributed along the inner edge 



IV.. aa. 

total load applied to the inne 
tilting this in Kq. (57) and intt 


(Fie. 32). The -hearing force 
per unit length of a circumference 
of radius >• j s 



"here P — 2r \>Q? denotes the 
boundary of t lir* plate. Substi- 
grating. we obtain 


dir 

dr 


Ft 
S - 1 ) 



ir 

t- 


r 

a 



<V 


£- 

r 


(0 
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znd 


Pr'f , 7 A C ir- r . r . „ 

K H " V ~ “ Cl l0? 3 ~ C " 




Xhe constants of integration v/iil now bo calculated from the 
boundarv conditions. Assu m; ri g that the plate is simply sup- 
ported along the outer edge, v/e have 


. - r / d-V , rrfirA n 

- o, -b^ - - «• 


For the inner edge of the nlate v/e have 


— D 


( ’dhr 

TP 




o. 


fo) 


(A) 


v ^ d'A 
r ; ' r dr 

Substituting expressions fe) and (/) in Eos. fa) and (K). v/e find 

» i*i> I 

4x/Al -j- v a- — b- * a) I 


„ fl 4- v)P avd & 

1 1 — v)E?D a b- 'a 

r . _ r 1 1 — 7 V- . b\ 

" S^V ' 2 ' 1 -r v a* - b- m a} 


(0 


With, these values of the constants substituted in expressions ft) 
and If), v/e find the slope and the deflection at any point of the 
plate shown in Fig. 32. For the slope at the inner edge, v/hich 
will be needed in the further discussion, v/e obtain in this v/av 


(*£) _^[ 2Ioz t 

\dr) T u. 8v/>[ c " 


1 - V 

l~ V 


+ _»!_ Iov 6.( r 1 + 2!.L±z\ 

a o- a \ o- l — vj 


(j) 


In the limiting case where b is infinitely small, Id log (b/a) 
approaches zero, and the constants of integration become 


o-ivu.X, c 5 = o. 


Cz = 


Pa 


1 -r v 4rZ>' ^ _ Str D 

Substituting these values in expression (f), v/e obtain 


Ou-ts> 
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This coincides with (he deflection of a plate without a liole and 
loaded at (he center [see Kq. (8!)), png' 1 74). 'Finis a very small 

hole at the center does not affect the 
deflection of the plate. 

Combining the loadings shown in 
Figs. .‘H and 22, we can obtain the 
solution for the case of a plate built 
in along the inner and uniformly loaded 
along the outer edge (Fig. Since 
the slope at the built-in edge is zero in this ease, using expressions 
(72) and ( j ), we obtain the following equation for determining 
the bending moment M \ at the built-in edge: 



mh-.U, (\ , 1 - c h\ 

D( 1 - r)(a- '-L-)\h 1 

_ 1 - r 4 2 b- 

1 c ' a - — Ir 


I’b 

Sri) 





from which 


M, = 


V 


Sr 


(1 + >■)- + 1 



- 1(1 


a - , a 

• >!,: U,S l 


(7-0 


Having this expression for the moment .l/ t , «v obtain the dcflec- 
lions of the plate by superpo-ing expre— ion (7.‘>j and expression 
(J) in which the constants of 
integration arc given bv expres- 
sions (t). 

By using the same method 
of superposition one can obtain 
also the solution for the ea-a* 
shown in Fig. 21 in which the plate is supported along the outer 
edge and carries a uniformly distributed load. In this case we 
vise the sohuion obtained in the previous article for the plate with- 
out a hole at the center. Considering the section of this plate 
cut by the cylindrical surface of radius hand perpendicular to the 
plate, we find that along this section there act a shearing force 


Vi 

«> 

1 I 1 t » ! t 1 
ft Y ft t t t 

bh- 

1 UMl.UJ 

* J 



' i 

i ■ ^ 


ran at. 
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Q — -zqb-/2—b = ob/2 and a bending moment of the intensity [see 
Eq. (69)] 

Mr = 3^(3 -r v)(a- - b-). 

Hence to obtain the stresses and deflections for the case shown in 
Fig. 34, we have to superpose on 
stresses and deflections obtained 
for the plate without a hole the 
stresses and deflections produced 
by the bending moments and 
shearing forces shown in Fig. 35. 

These latter quantities are obtained from expressions (72), (73), 
Cose 1 


V/rr.sx 







Fig. 30 . 


(e) and (J) with due attention being given to the sign of applied 
shears and moments. 


Several cases of practical importance are represented in Fig. 36. 
In all these cases the maximum stress is given by a formula of 
the type 




or 


( 75 ) 
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depending on whether the applied load is uniformly distributed 
over the surface or concentrated along the edge. The numerical 
values of the factor /;, calculated' for several values of the ratio 
a/b and for Poisson’s ratio r = 0.3. are given in Table 3. 

The maximum deflections in the same cases are given by 
formulas of the type 

r in * . Pn 7 

uw«. = />'i y , /(3 ‘»r >'■„„. --- (,/G) 

The coefficients l:\ are also given in Table 3. 

Taiim: ( ’onmejn.vi - ): \si> !\ is Ey ■. e.n '7'V; you rn r. Incur 
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When the ratio «/6 approachc- unify, tie- value.-, of the coefficients 

/: and /.•; in Ko". (73) and (70) can he 
obtained with sutficieut accuracy by 
considering a radi:d strip ns n lteatn 
with end conditituis and loading ns 
in the actual plate. The effect of the 
moments .If, on bending is then 
entirely neglected. 

18. Circular Plate Concentrically 
Loaded. -We begin with the ease of a 
.-imply supported plate in which the 
load is uniformly distributed along a 
(Trig. 37«). Dividing tin* plate into two parts 


1 r,f ‘ 1 I » 

1 V> CHw 1 

jo, o,j fb) 




ri.i. , 


circle of radius b 
tis shown in Mgs. 376 and 37c, it may be seen that the inner por- 
tion of the plate is in the condition of pure bending produced by 

1 These cnli-sluti-.ins wore limtle by A. M. Wnhl and G. Dibo, Trans. Am. 
Soc. Meek. Emj , vol. r.2, 1030. 



; ■'/ fKTlflCAL HKiUttM 01' Cilia; LA I' /'LA TEL f'/.i 


the uniformly dv-.trihnteA moreen t.e while the outer purl )•; 

Ly ?h'- rfiof/i'-nt'-: Aft At id the :-heAriu</ force--. Q;. lJe.not.irr/ 
\,y ! J t ho toted load Applied, find thnt 

r 

‘£rU 


Qi 


<") 


Thf-, WAtinhude of the mo in ml Aft r-: found from fhe oondhion of 
continuity nloir/ t ho cirri': r " b, from v/h'teh it folio:'//-. thnt, hoth 
portion-: of the pl;Je have, nt. thnt citcio, the eume --lope. if An'/, 
Y/vi. (12) m td (jj of the pre/iou:-: Article, •/;<■. find the elope for the 
inner }/>nndnry of the outer portion of the. pUit.e e/imd to 

oVPM; /? , 1 - xb\ 

" v <p\j] ~ I .£. v ’,r) 

1 ~ y 
~ J d : v 


('ki\ 

X 'Jr)r^ Jjr I 


m 2 W, h - 

hrlA ’ n 
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-t- 


X* - //* V ' /,' V ’ IP J - y) 
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o 


The inner portion of the phie r-. hetit. to a i-.phencn ! ■■.nrfA.ee, ‘die 
cur; At ere of which h yy/eu },y exprew-uon (AC,). Therefore the 
c/irre-.'/indin'/ --'.ope n.l the home! cry h: 



U,b 

b ( I ~Y V) 


(C) 


YsinAtlny. ezpre-r-.io tr- fly And (/p, we ohudm 


Ml r, ■ 
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U)!'L )} 
h-r'tP 
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( 1 V)!' \oy 
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(d, 


Yu} /ul tuihe/ thin expre/rdon for Mi in, Y/p (12,), we ohUnn define - 
Hone of the outer peri of the pin ie due to the moment" M u 
Tne deflection:', due to the force-: (y nre obtained from Yo . (f } of 
the prewiot m article. Addin / t/r/ether i,oth thw-.o deflection-:, we. 
oht'A'.u for the outer pert, of the pin ie 


v; 


f' 

Yfr'/A 


(a* 


,n ( f i f — V at ~~b'' \ r 

' A*; • 2 ' V+V "a*")*"' XJ rrh\o/- a 


( 77 ) 

Ynt/yf:t<yln'/ r ~ b in ihh ezprmn ion, we ohtnin the deflection 
under the fond: 
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(«')r-4 


SirD 


(° 2 - + 5 • r+7. ' '' 


f 26 - log - 

° « 


(0 


To find the deflections of the* inner portion of flu* plate, we add 
to the deflection (r) the deflections due to the pure bending of 
that portion of the plate. In this manner we obtain 


w = 


S-D 


(-’- K 1 + rr + f %--) + 2,,s 


a. JLzjL 

‘ 21)(l + »•) 

JL 

S-D 




Stoi - 


•fr 


_/> 


„„ , „ , l> , . .. . , . .,(3 r)u- - (1 - y)b- 

(6- -!- r-) log - + r- - b- -r («• - r-) ' 




n 


• K- 


(TS) 


If the outer edge of the plate i-, built in, the deflections of the 
plate are obtained bv suporpo-ing on the deflections (77) and 

(78) the deflections produced 
by the bending moments d/ 3 
uniformly distributed along the 
outer edge of the plate (Fig. 3$) 
and of such a magnitude that 
the slope of the deflection sur- 
face at that edge is equal to 
zero. From expression (77) the slope at the edge of a simply 
supported plate is 



hM 1 «- -L 

f tD 1 e a 


The slope produced by the moments d/» is 

( 'I'l) _ dfyt 

\dr/ r ««, /i( I -r »•) 

Equating the sum of expressions (f) and ({/) to zero, we obtain 


(.0 


(p) 
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Deflections produced by this moment are 


M z r ' ~ a ' : 


a — :7 ~~(r 2 - "-)■ (h) 


~ D(l + v) 2 8rD(l + v) a- x '* w 

Adding these deflections to deflections (77) and (78), we obtain, 
for the outer portion of a plate with a built-in edge 


w = faj5L (fl * - r2) 

and for the inner portion, 


a 2 -f- Ir 


+ (b- -1- r 2 ) log l ; (79) 


« = oZn (6* + ^ 2 ) l°g ^ + r 2 - 1> 2 + 


(a 2 - r 2 ) (a 2 -f l/ 2 ) 


- JL 

“ 8 irD_ 




Having the deflections for the case of a load uniformly distrib- 
uted along a concentric circle, any case of bending of a circular 
plate symmetrically loaded with respect to the center can be 
solved by using the method of superposition. Let us consider, 
for example, the case in which the 
load is uniformly distributed over the 
inner portion of the plate bounded by 
a circle of radius c (Fig. 39) . Expres- 
sion (77) is used to obtain the deflec- 
tion at any point of the unloaded 
portion of the plate (a > r > c). The deflection produced by an 
elementary loading distributed over a ring surface of radius b and 
width db (see Fig. 39) is obtained by substituting P — 2irbq db in 
that expression, where q is the intensity of the uniform load. 
Integrating the expression thus obtained with respect to b, we 
obtain the deflection 



Fro. 30. 
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or, denoting the total load - rr'ij by P, 


w = 


P + 


-(«•- - r") -r 2 r : log - 


c- 


lor 


1 


(o- - r') 


(SI) 


« 2(1 -r n~ j/‘ 

Expression (7S) i-s used to obtain the defiertion at the center. 
Substituting r — 0 and P — 2-l>'i tlb in this expo— ion an<l inte- 
grating, we find 


(«0r 




P 


«> 


Iiyi,\ ! P ^ lw f: - jil’V -T 


where/-* - rr"</. 

The maximum bending moment i-ar th«*r-ni<T:.rid i- found by 
using expression (»(.. Sub-tinning 2 -!■■■; >U< for /'in (hi- e,\prt-~- 
sion and integrating. v,<- find 

f'/i ~ *• «’ ~ p- i 

5 ■ 

fl 


J/r.o. 


5 ‘ l "-' ;;) 


h «//. 


/* 


( 1 i- !•; log -• 1 




(K\) 


wliere, as before. P denote-, the total load r.-'./d 

Expression (Ml i- u-<d to obtain tie- b -nding moment- .1/, and 
Mt at any point of the unloaded outer portion of the plate. 
Substituting this expre-dun in tin- general formulas (52) and 
(53), we find 

fl - ! i/VV | 

r ' It;- ( ~ :,'j- (»-D 

pt 


Mr = log ' 


M - 


•Jr 


(1 + »•) log ~ -|- ! 


(!-:) 

ra+i ) « 


I lie maximum value- of the.->- moment- -re obtained at the circle 
r = c, where 


(I 4- a)/’ . «,(1- P}/‘(,s- -- <•-} 

M r =, - . - log - -i- ’ 

•i- c Ifiru- 


(SO) 


M t ~ 


P 

‘lr 


(.1 -i- ») log - 4- 1 ~ j- 


fl - (-)/'(<!- + jn)_ 
l tire’ 


1 1 hi. 1 ! Pxpn-.-.-ion nppliivi only v. lira r P. at trait ?e\vr»l tine.- - the thiekru-o 
h. Tho ease of a very -muU r i- tli- tat--.il in Art. 10. 
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rt-> ! - r ’> + 2rI '•* 7 , 


(SO) 


The deflection at any point of the plate at a distance r from the 
center, by Eq. (SI), is 

P 

w ~ ltir-7; 

The bending moment for points with r > c may be found by 
neglecting the terms in Eqs. (St) and (So) which contain c~. 
This gives 

M r = ~(1 T >•) log ", (00) 

/>' 


M, -r 


4r 


(1 !•) log 


1 - ;• 


( 01 ) 


To obtain formulas for a circular plate with clamped edge-- we 

differentiate Kq. (SO) and find for 
the slope at the boundary of a 
_f\\ simply supported plate 


(«) 



~ \'/r " 4(1 J- v)ri) 

1 1,, ‘ ' 10 ' The bending moments M . uni- 

formly distributed along the damped edge (Fig. 40) produce a 
bending of the plate to a spherical surface tie- radii!* of which i- 
given by Eq. (40), and the corn -ponding slope at the boundary is 

M : n 

(1 + »)// 

Using (a) and (b), the condition that the built-in edge does - not 
rotate gives 

P 


(Jo 


(Mr ) - -U : 


(c) 


Deflections produced by moments M z by Kq. (J<) of the preceding 
article are 

P(r- ~ >r) 

SrD( 1 + ;•)' 

Superposing these deflections on the deflections of a simply sup- 
ported plate in Eq. (S9), we obtain the following expression for 
tlie deflections of a clamped plate loaded at the center: 


ir — 


Pr-_ 

SM) 



a. 


It kI) 


(n- - r=). 


( 92 ) 
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solution of this problem shows that the maximum oornpresdve stress at the 
center A of the upper face of the plate can be expres-ed bv the following 
approximate formula :* 


P I + 2c 

a, <=■ a, c: a\ ; (1 + »'] 


in which <r\ is the value of the compressive bending sire- e obtained from the 
approximate theory, say, by using lap (S-'it for the ease of a “imply sup- 
ported plate, and o is a numerical factor depending on 2c//., the ratio of the 



0 0.5 1.0 Hj 5.0 2.5 10 

— *-2c 

ti ' 

I'm. 

diameter of the loaded area to the thickm- < of the pi tie. S vcra! value' of 
this factor are given in the tabh- belov. , It.- variation v-ith tie- ratio 2c h is 
shown al-o in Fig. -12. When c approach' - the e;d'-ulatcd by 

I'!<p (9.1) approaches infinity. 

Taiii.k •!.- V.\t.fi:.s or Ihnm: « i:; !!•* *9.1) 



The maximum tensile strc.-i occur- at It. the center of the lower surface 
of the plate (Fig. -(I). When c i" xery small, is . fora strong load concen- 
tration, this tensile stress is practically independent of the ratio ‘2c 'h and 
for n simply supported plate i“ given by the following approximate formula: 1 



P * 

( « \ 1 


r T( !1 • r " 

il n isi lug - -i- 0.52 J -i- O.is 


To obtain the compressive stn--/ s <r, and <■*-, at the center of the upper 
surface of a damped plate, we must decrease the value of the compressive 

1 When c. is very small, the compressive stress P/re’ becomes larger than 
the (<r m , T .) given by lap (9.1) (see l'ig, -13). 

5 This quantity should be taken with negative sign in lap (9.1). 

’See paper by Woinow.sky-Kriegcr, loc. cit., p. 75. o is outer radius. 
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( < 


ftrrj’iirt in I>). (Ah') hy an nmoiml equal to 

V fi 3 P_ 

Tv'jy" 2 Ml* 


on 


on account. of the action of the moments, A/j ~ ~P/<Sv. Tim maximum 
fenMlestres*' at the center of the lower surface of a clamped plate fora strong 
concentration of the load (c « 0) is found by subtracting E<|. (tl) from Mcj. 
M). It is 

<w - f -n + log - h + 0.52^. (07) 

The stress diet rihut ion across a thick circular plat r; (h/a «■ 0.4) with 
hi iilt-in edges in shown in Fit;. 43, These stresses arc calculated for c ~ O.la 
and v « 0,3. For thin ca"C the maximum compressive stress a. normal to 

r c 0 



the surface of the plate j<- larger than the maximum compressive stress in 
landing niven hy Eq. ( r N>). 'flic maximum tensile stress in calculated hy 
meatv- of F,'|. ffl7 ). It in smaller than the tensile at resit Riven hy the elemen- 
tary theory of bending. The value of the latter across the thickness of the 
plate i-, shown in the figure hy the dotted line. It wan calculated from the 
equation for heading moment 


(1 - >')c ! 

H T >■) log - - (08) 

r 

obtained hy adding the moment Mt >■- —P/Ar to Eq. (83). 

In det* running the cafe dimen'uons of a circular plate loaded nt the 
n nt* r. v.c can mojally limit our inve«tigntion>> to the calculation of the 

maximum ten-do bending st n '•« at the h'lttom of the plat** hy means of 

(!«») ami ".*7,". Although the compre-"ive st ro"*-es at tlit, top of the 
plate may he many time* an large n“ the ten-ile ft re- *•■*-- at the bottom in the 
ra'*- of a strong concentration of the load, they do not represent a direct 
danger b* ’'ate*' of th* ir highly localis' d character. The local yielding in the 
{ ,{ n diietih- material will not affect the deformation * *f the plate in 


M... 
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general if (he (ensile stresses at (he bottom of (he plate remain within safe 
limits. The compressive strength of a brittle material is usually many 
times greater than its tensile strength, so that a plate of Midi a material will 
also he safe if the tensile stress at the bottom is within the limit of safety. 

The local disturbance produced by a concentrated load in the vicinity of 
its point of application must also lie considered if we want an exact dc.-rrip- 
tion of the deflection of tin- plate. This disturbance is mainly confined to a 



cylindrical region of radius several time; !■., and thus its effect on the total 
deflection becomes of practical importance when the tlncs.ne.-s of the plate 
is not very small compared with it- radio-. A- an illustration there nrc 
shown in Fig. It the deflections of circular plate- v.ith built-in edges and 
a central concentrated load for which the ratio of thtcfcne-- to radii!* /./<: 
is 0.2. 0.1 and (Mi 1 The defleetioti given !>y the elementary theory [lap 
(Oil] is shown by the dotted line. It may !»• ~>—n that the di-'-rcpirvy 
between the elementary theory and tie- e\aet -olution dimini-hv- rapidly as 
the ratio hht diminishes In tie- m-xi artnde u>- shall show that this di-'- 
crepaney is due principally to tie- effect of .-hearing force, which are entirely 
neglected in the elementary (Ivory. 

20. Corrections to the Elementary Theory of Symmetrical 
Bending of Circular Plates. The relation*-' (37) ami (3S) between 
bending moments and eurvautres, which were derived for the ease 
of pure bending, have been used ns the basis for the solution of the 
various problems of symmetrical bending of circular plates which 
have been discussed. The effect that shearing stresses and 
normal p--surcs on planes parallel to the surface of the plate 
1 have on bending has not been taken into account. lienee only 
the solution for a plate bent to a spherical surface and the 
solution for tin* annular plate loaded with moments uniformly dis- 
tributed along the inner and outer boundaries (Fig. 31) are rigor* 

1 The curves in Fig. -M nrc the results of the exact solution of Woinowskv- 
Kriegcr, loc. cit., p. 75. 
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o: j=. In all other ea-e? discussed. the formulas obtained arc 
approximate. and tln-ir accuracy depend.' on the ratio of the 
thiekiK'.- of the plate to it- outer radius. More accurate for- 
mulas may be obtained by considering in an approximate manner 1 
the effect of .-hearing -treses and lateral pressures on deflections. 

Let ?; •' consider first a circular plate without a hole supported 
along it- edge and uniformly loaded. The shearing force Q per 
unit length of arc along a circle of radius r is 

Q = lor. 

From the exact solution for plates whose thickness is not assumed 
to be small. 1 it is known that the shearing stresses vary across 
the thickness of the plate according to the parabolic law in the 
.-a rno way as in beams of narrow rectangular cross section. 
Hence the maximum shearing stress is at the middle surface of 
the plate, arid its magnitude is 


( — 

- 2 ~ 

The corre-ponding shearing strain is 


(hr 

dr 


3 qr 
‘ 22 Gfi 


(«) 


(h) 


where t r t i- the additional deflection of the middle surface of the 
plate due to the shearing stress. By integration the deflections 
produc'-d by the shearing stresse- are found to be 


vj = | • ML ( a '. _ r -\ 

• 2 4077 } ' 


At the center of the plate: 


, , .3 no 1 

-rim 


(c) 




Kn-cf <•: ci'f 
A \ 


! A rw> :!,*<• tv of p !a‘e-. rr:^- orijrinntM by saint Tenant in hi= tran.s- 
•:i “Ti, 'orb- <:• lyia.-ti'nt'- corps so!i 'b--, ' ' p. 337. 

'3 th> v.-ork given in H;-‘ory of the Th'-ory of 
!.. .t. T.-.i;.-:nt> ran-i K. P'-.-.r.-on. vo!. 2. par* !. p. 2)7. Further 

1' '■ ' *•:' :?.■• ti.'ory i- «! ;*• to J. II. /V'-c. Loudon Math. AV.. 

. 3.'. p. 100. jv/>. r.r.-: to A. K. If. I/>ve. •* Math' rnr.'i'r.! Tr.'ory of Kin— 

t'h ‘ I.. A 1L-* of r> fe.*v:;">-= *o ;,r-. v l;*e~ t *ure on this 

a-;- t- v..'r: in tr.' p-.p-w by Vro:r.o*..-'..y-Kri* -_•<•?. h.^-r.irur Arcf.tr. 

cn-" f-.vr.p! r - o: r. c-jn.-: - th-ory -re given in Art, 23, 


■ s'- 
Pit 


‘ T : 


p. 3)3. 
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The lateral pressure acting on the plate produces a negative 
curvature, convex upward, similar to that which occurs in a 
uniformly loaded beam. 1 The pressure q per unit area produces 
a radial elongation of vq/E at the upper surface of the plate. At 
the middle surface of the plate this elongation is rq/2K, and at 
the bottom of the plate it is zero. Assuming a straight-line rela- 
tion to hold, an approximate value of the radius of curvature It 
can be found from the equation 

vq _ h 

2 T: “ 2 /e' 

from which 

J_ - J3 L 

2 K 2 hli' 


and the negative deflection is 
1 / - 

,Pa « -^(«- 


r ' } " “ •> l!f^ ~ t ' ) - 


0) 


Adding Kqs. (r:) and (>') to Kq. (07), a more exact expression 
for deflection is found to be 


<7 , „ . v * A . qh' 3 *}* :• , » 

" - m 1 "- ~ -“Ar+V " r y T »/> • 6 t r-— /“• - ^ 

\t the center of the plate this becomes 


qn l /o -J- »• , -1 3 -r c /r\ 

(;T73\i ‘ r 3 ’ T- ‘ Jr-)' 


(/) 


r I'he second term in Kq. (J) represents the correction for shear- 
ing stresses and lateral pressure. This correction is seen to be 
small when the ratio of the thickness of the plate to its radius is 
small. The value of this correction given by the exact solution is : 


qn* 2 S -1- «• •{- w h- 

m>-r -t? « 

For v = 0.3 the exact value is about 20 per cent less than that 
given by F j. (/). 

In a uniformly loaded circular plate with clamped edges the 
negative deflection vu due to pressure cannot occur, and hence 

1 See ibid., ]>. -12. 

: See A. E. II. Lovi:, “ Matlieimitiral Theory of Elasticity,” -tth ed., p.-fSl. 
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onlv the deflection ir : duo to .-hoar nood ho considered. Adding 
this deflection to Eq. (62j, we obtain as a more accurate value of 
the deflection 


ic — 


04 IJ 


(a- - t-)- 


4k- 
1 - v 


(a*- 


r-j 


(h) 


It is interesting to note that this coincides vdth the exact 
solution. 1 

Consider next the deflections produced bv shearing stresses in 
the annular plate loaded with shearing forces uniformly dis- 
tributed along the inner edge of the plate as shown in Fig. 32. 
The maximum shearing stress at a distance r from the center is 

3 P 

= ~2 2-rh.’ 


where P denotes the total shear load. The corresponding shear 
strain is 


dwi 3 P 

dr 2 2 rrkG 


d) 


Integrating, we obtain for the deflection produced by shear 
P , a PIE 


*' = 3 35 ,og \ = ssr 


T ° 

‘" s 7 


O'J 


Tisb deflection must be added to Eq. (/;} on page 65 to 
get a more accurate value of the deflection of the plate shown in 
Fig. 32. When the radius: 1 of the hole is very small, the expres- 
sion for the total deflection becomes 


L f J±JL 

h~D\ 2(1 ~ v) 


(a- — r") -r r- log -■ 


Ph- 


’ 8rf 1 


i a 

}' log — 

v)D - r 


The deflection at the edge of the hole is: 


»cv 


Pa' ( 3 -f s 
8WA.2n - v) 


1 k- . n\ 

log ». 

— v a- u) 


(!:) 

d) 


The second term in thi- expre.-ion repre-ent- the correction 
due to shear. It increase- indefinitely a- h approaches zero, 
a.’* a ron-equ'-nee of our .v-'-umpfion that the load I J is always 
finite. Thu- when h approaches zero, the corresponding shearing 
and -hearing -train become infinitely large. 

: jo,, ( r-.y 
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The term in Eq. (1) which represents the correction for shear cannot bn 
applied to a plate without a hole. The correction for a plate without a 
hole may he expected to he somewhat smaller because of the wedging effect 
produced hv the concentrated load P applied at tin* center of the upper 

surface of the plate. Imagine that the central 
■j. portion of the plate is removed by means of 
| a cylindrical section of small radius h and 
^ that its action on the remainder of the plate 
: is replaced by vertical shearing forces eqtiivn- 

j lent to /' and by radial forces S representing 
the wedging effect of the load atid distributed 
along the upper edge of the hob- as shown in 
Fig. -If,. It is evident that the latter forces 
produce stretching of the middle surface of the plate together with some 
deflection of the plate in the upward direction. This indicate- that we 
must decrease the correction term in expn--ion (/;) to make it apply to a 
plate without a hole. To get an idea of the magnitude of the radial forces S, 
let us consider the plate under the two loading conditions -how n in Fig. -Pi. 


S S 


/// 
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/ 

/ 

/ 
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/ 
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!! 

/ 
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/ 
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l*io. 45. 


Is 


i p 



(o) 


i__ I *PT 
}> e U — » 
Ur4-r -J. 

(b) 


III the fir-t ease the plate is cotnj)fe--ed by two equal and opposite forces P 
acting along the axis of symmetry r. In the second ea-e the plate i- sub- 
jected to uniform compre-.am m it- plane by a prc*utre /, uniformly dis- 
tributed over the cylindrical -tirface bounding the plate. ,\« a result of 
lateral expansion these pre* -tires produce an increase of the thickness of the 
plate by the amount 


We can now obtain from tin. expression tli • incren * •• .\ r in the radius r of the 
plate due to tin- action of the force, /’ iFig. -Phil by applying the reciprocal 
theorem to the two conditions of loading si own m Fig. .p;. This gives 


from which 


P Jt/i • _’rr/.n .ir, 



/• JX/. 
2sr/./» 


2. P 
E 2r 


Or.) 


Let us compare this ra<’j 
in a thick-walled cylinder 

of the cylinder is very compared with the outer radius r, the increase 

in the outer radius by Lame’s formula 1 is 


xpaieinn with, the radial expansion produc'd 
( ~‘ ( l'in internal pro sure If the inner radius h 


1 Sec author’s “Strength of Materials,’’ vol. 2, p. 5,'j. - !. 
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Lr = 


! J- ;• pJT- 


(») 


/•’ r 

Comparing cxprc®*ion u (rnj and fn), v, e conclude that the radial expansion 
v.hieh ! i/f forces /' »n Yip. 40a produce in tilt- plate has the same magnitude 
r ,<. (! ; r- radial e.\pan'-ion produced in a plate with a small cylindrical hole at 
the center f I'itr. -So; by internal p re -sure /<, whose magnitude is given by the 
equation 

2tP _ 1 7 r _ yJA 
E2tt “ E ' r ' 

from this wc obtain 

yp 


m = 77 - 7 - 77 ,- W 

{1 — v)rb- 

Returning to the ease of one concentrated force at the center of the upper 
surface of the plate, the action of which is illustrated by Fig. 45, we conclude 
that the force S per unit length of the circumference of the hole must be equal 
to the pressure /),/./ 2. (.‘.sing the value of jn from Eq. ( 0 ), we obtain 

c = tPh 

2(1 7 *)*&* 

These force* applied in the upper plane of the plate produce upward 
deflections (/•;, the magnitudes of which are found by substituting 

„ Sh vPh- 

Mi " T ” 

in I>|. ( 7 ?,) and neglecting lr in comparison with ah In this manner we 
obtain 

yPIA rr — r- yPh - a 

log — (]>) 


tr, •- 


n ■ — t- 

"ss(T + 7/; ’ ’ 7; 5 


•; Cl — y-jyjj r 

Adding this to espn—ion d:\, we obtain the following more accurate 
formula for the d' fl< ction of a plate without a hole and carrying a load P 
conc.-nt rated at the o uter of the upper surface of the plate: 


_P 

SrD 


wzt* ~ '*> + ,s 




Sr(l 


log - 
tp/7 r 

yPL- 


a- — r- 


Sr(l 7 vpj) n- 


( < 1 ) 


This 1 qu 
pi-.'-- tha* : 
1* r f <!,.• 



n’.ion ran be r.o-.l ; 0 calculate the deflection of all points of the 
an- not ’. • ry clo-e to the point of application of the load. When r 
or.h r of magnitude a- the thickne-.s f ,f the plate, Eq. (q) is no 
and to Ait am a -alt-factory solution the central portion 
' t„. , n<- explained in the preceding article, 

r.n .'.pprourar.te •..dor of the deflection „f central portion con- 
r. !>’.•.•'■ <4 —.-.•.11 radius >, by adding the deflection due to local 
'• ”> -'f d:'t:ibutio;i t.e.ar th- point of application of the load 
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to the deflection given hy the elementary theory . 1 The deflection due to 
local disturbance near the center is affected very little by the conditions at 
the edge of the plate and hence can be evaluated approximately by means 
of the curves in Fig. 4-1. The dotted-line curve in this figure is obtained by 
using Eq. (02). The additional deflections due to loerd stress disturbance 
are equal to the differences between the ordinates of the full lines and tho“i: 
of the dotted line. 

As an example, consider a plate the radius of the inner portion of which 
is b t= 5 )j. The deflection of the inner portion calculated from Eq, (92 ) and 
taken ns unity in Fig. •!-! is 


PL- 

7o7/> 


v 

ltir D 


(hi)'. 


Using the curve h/a ^ 0.2 in Fig. the additional deflection due to 
local stress disturbance: is 

P 

5 : » 0.215 s « 0.2!—— t5K)\ (r) 

1 f ) tD 


If wc consider a plate for which b « 2.fd: and u« - the curve for h/n ” 0.4 
in Fig. •!•}, we obtain 


5 s 


O.fil 


P 

ro.rp 

UitD 


-r, 


CO 


which differs only slightly from that given in exjuv-.dori (r) for b -> 5';. It 
will be unsatisfactory to take h smaller than 2..V., since for smaller radii the 
edge condition of the thick plate becomes of importance and the curves in 
Fig. 44, calculated for a built-in edge, may not be accurate enough for our 
case. 

Finally, to obtain the deflection of the plate under the load we proceed as 
follows: Wc calculate the deflection at a radius r «■ b 2.5h by u<ing 
Eq. ( 7 ). To this deflection we add the deflection of the central jwrtion of 
tite plate which consists of two parts; tin- first part, equal to 


Pb' f 3 ,■ 

8r/j\2,! 7 ) 



is calculated by using the first term of expression ( 7 ); and the second part is 
given by expression (. 1 ). 

1 In the case under consideration this deflection can be calculated by using 
the first term in expression ( 7 ) and substituting b for a. 
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21. The Differential Equation of the Deflection Surface. — We 
assume that, the load acting on a plate is normal to its surface 
and that, deflections are small in comparison with the thickness 
of the plate (see Art. 13). At the boundary we assume that 
the edges of the plate are free to move in the plane of the plate; 
thus the reactive forces at the edges are normal to the plate. 
With these as-urnptions; we can neglect any strain in the middle 
plane of the plate during bending. Taking, as before (see Art. 



10), the coordinate axes x and y in the middle plane of the plan- 
ned the r-axis perpendicular to that, plane, let ns consider an 
element cut out of the plate by two pairs of planes parallel to 
the '/z- and yr-plane-. a« shown in Fig. 47. In addition to the 
bending moment* .If. and M u and twisting moments M rj which 
v.e had when considering the pure bending of a plate (see Art. 10), 
there are vertical shearing forces' acting on the sides of the 
element the magnitude* of whieh per unit length parallel to the 
y- and r-a*:**'- we denote by Q, and Q y respectively, so that 

h h 

Q; ~ dr, Q, = j J f r., t flz. (a) 

Since the moment- and the shearing force- are functions of the 
foordinate- j atid y, we must, in dhni-irig the conditions of 

' Her. '.-ii5 r;o 1. orison; a! -ta.iri;," fore<-< arel no ferret normal to tin: 

f • of o.i . t!.<- ‘train of ti.«- maUlc plan*: of the plate is 

r. • 1 t.‘ 
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equilibrium of (ho element, take into consideration the small 
changes of these quantities when the coordinates r and y change 
by the small quantities tlx and dy. The middle plane of the 
element is represented in Figs. 4So and 48//, and tin* directions 
in which the moments and forces are taken as positive are 
indicated. 

We must also consider the load distributed over the upper sur- 
face of the plate. The intensity of this load we denote by q, so 
that the load acting on the element' is q tlx tit/. 



0 My • 

(b) 

I'l.i. is. 

Projecting all the forces acting on the element on the r-a.vis 
we obtain the following equation of equilibrium: 


~~</x dtj -f —dy ‘if -b n tlx tit/ — 0, 


from whic i 


t}Q: M tjQy 
<)x ' At/ 


+ q ~ o. 


Taking moments of all t he* forces acting on the element with 
respect to tin; j-axis, we obtain the equation of equilibrium 

—tlx tit/ — tlx 4- Qj <Ix tit/ — 0. (r) 

Ox Oy v ‘ 

1 The weight of tlui jilnte itself may be considered us included in the load q. 
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noom r -n* of bee loan c an to me mommt <r:e to cnange in 
• ; Oj-rt- ( / tr r - ru-cri "*od in * h : - eo’uatior.. since th ey are -mall 
of a rivher order than t ho-e v/hi eh v/e retain. After 
rimmiffcation. Eo . f c> b---corr.es 


d.’.f_- v dif- 


cr 

In ‘he same manner, by 
v-azi-. v/e obtain 


<7V 


— O, = 0. 


(dj 


;g momen's vrith respect to the 


dif..,- df-f,- 

dv dot 


- Cb = 0. 


fc; 


Hir.ee rh<re are no force- in the v- and y-direetions and no 
rr.om<-r.‘- -.vi*h m-pect to the r-nxi-. bee three Eos. fb' /: f/fj and 
tv,, completely define the equilibrium of the element. Let ?;.s 
eliminate -he -hearing feme- 0- and 0- from these equations by 
determining them from Eos. Of) and b ; and substituting into 
Eq. In this manner v/e ovain 


d •;>/.- ^ dbv, , _ dhvv _ d -y/^ = 

dr 1 ' dit dy ’ dy- d;t dy 


-ce 


0'/ 


v/e final iv 


Oh-'r/inu the* if.- = —if--,, by virtue of = r 9 - 
n.p.-mer.t the equation. of equilibrium yf, bn the folio ring form: 


d-.tf .. ^ d-if, . _ gdbhf-. 
dr ; ' du : dr dy 


Uf; 


Fo mpm-er/ mi- <-qun t inn in v-rrn- of the deflect ions m of 
th- rd.'i'e. *.'■<- malm th" a--umt/*:on Imre tha* exnre-sfon - ftjj 
and -A3,,, d ■---/< ioy-d for ■ <-a-e of pore bending. <-an be u-ed 

a!-o in ca— of ia-r-rriiy load'd pint'--. ThL- as-umr/ion is 
<q-;:v.a!.- r.- m r.'-nv 'bn; *.V- <f7<<-* on Iv-ndinz of the shearing 
tor" - Q* and ft, at.-J *•.<• '-one ore- -:*/»• .-no-- <t_. produced by *?.<- 
lord c. V. <- hav<* air-ndy u-<-d -u'-h an a—umption in the 
p-.-viou- <b-.ay<r ar.d he v<- -•'•< r. baa' ba- or,r- in defi'-eri on- 
' ' 'a-ra-i ir thi- -ay at-- -mall provid'd th<- thbe-rne-- of the 
f '**' ' r: -' ’• it. • ••mrc.ri-or. vi’h m- d:rn<:.-:or.- of the plate in 

f""h*r dr-- ;--for: of bn- -am.'- mb;'<:* vdi: In 

«-* , * " 4 c'j " * ..'7 f . „ , , 1 * * . .. _ 

* ' v ' ,J ' 7 ■* < r 7ZTi TL7t. ( * O* fy 
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Using r- and //-direct ions instead of n and I, which wo had in 
Eqs. (41) and (43), we obtain 

"--KS + ’g) "■--<£ + ■£;} <“> 

( 100 ) 


Mr, = -M, ; *= D(l - <’) 


ft -I/' 

hr by 


Substituting these expressions in Kq. (y), we obtain 

ft*)/’ , ftbe a j) *io _ 7 , 
dj* ~ “f).r- fti/ - 1 /it/ * 1) 


( 101 ) 


It is seen that the problem of bonding of plates by a lateral 
load 7 reduces to the integration of Kq. (101). If, for a par- 
ticular case, a solution of this equation is found that satisfies 
the conditions at the boundary of the plate, the bending and 
twisting moments can be calculated from Kqs. (hit) and ( 100 ). 
The corresponding normal and shearing stresses are found from 
Kqs. (44) and (45). Equations (//) and (»•) are used to determine 
shearing forces Q. and <)., from which 



(102) 

(103) 


The shearing stresses r. ; and r v , can now be determined by 
assuming that they are distributed across the thickness of the 
plate according to the parabolic law. 5 Then 


(r.-X„ 





3 Q, 

2 T* 


It is seen that the stresses in >> plate ran be calculated provided 
the deflection surface for a given load distribution and forgiven 
boundary conditions is determined by integration of Kq. (101). 

1 This equation was obtained by J.aitnimte in 1st 1 when he whs ("Cantinins 
tin 1 memoir presented to the French Academy of Science by Sophie Germain. 
The history of the development of this equation is given in Todhunter and 
IYar-on, "History of Hie Theory of Kheuieitv,” vol. I, pp. 1-57, 217, 34S, and 
vol. 2, part 1, p. 2(13. S<-e also the note by Saint Venaitt to Art. 73 of the 
French translation of "Theorie de l’vlnsticite des corps solides," bv Glebseh, 
Paris, 1 KS3. 

3 It will be shown in Art. 25 that in certain rsw's this assumption is in 
agreement with the exact theory of hemliiiR of plates. 
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22. Boundary Conditions. — We begin the discussion of bound- 
ary condition- v.'ith the ca-e of a rectangular plate and assume 
that the x- and y-axe? are taken parallel to the sides of the plate. 

Built-in Edge . — If the edge of a plate is built in, the deflection 
along this edge i? zero, and the tangent plane to the deflected 
middle surface along this edge coincides v.'ith the initial position 
of the middle plane of the plate. Assuming that the a>axis 
coincides v.'ith the built-in edge, the boundary conditions are 

<»>«-’ - °> (IL “ °- (io4) 

Simply Supported Edge . — If the edge y — 0 of the plate is 
simply supported, the deflection w along 
this edge must be zero. At the same 
time this edge can rotate freely v.'ith 
respect to the x-axis; ?>., there are no 
bending moments M y along this edge. 

This kind of support is: represented in 
Fig, *19. The analytical expressions 
of the boundary conditions in this ease are 





(105) 


Free Edge. — If an edge of a plate, say the edge x — a (Fig. 50), 
i~ entirely free, it is natural to a-sume that along this edge there 
are no bending and twisting moments and also no vertical 
shearing forces, that 


= o. (.!/„).— = o, = o. 

The boundary conditions were expressed by Poisson 1 in this 
form. But later on, Kirch hofT 2 proved that three boundaiy 
conditions ar»- too many and that two conditions are sufficient 
for tin 1 complete determination of deflections tr satisfying Eq. 
(ltd). He showed also that the two requirements of Poisson 
dealing with the twisting moment M rj and with the shearing 
force Q, mu.-t b“ replaced by one boundary condition. The 


5 S* *• ♦!: ■'?;* :> t+i th 
< of Li 

l 


in .1. Tcxlhtuiter and K. Pearson, "History 
vr,5. 1, j), '2 re), real in Saint YennntV translation 


c-iqi- !>y C!« !,-cli, final note to Art. 73, 
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physical significance of this reduction in (he number of boundary 
conditions has been explained by Thomson and Tail. 1 These 
authors point out that the bending of a plate will not be changed 
if the horizontal forces giving the twisting couple M rJ <ly acting 
on an element of the length <ly of the edge x — a are replaced by 
two vertical forces of the magnitude M. y . < I ij apart, as shown in 
Fig. 50. Such a replacement does not change the magnitude 
of twisting moments and produces only local changes in the stress 
distribution at the edge of the plate, leaving the stress condition 
of the rest of the plate unchanged. We have already discussed 
a particular case of such a transformation of the boundary force 



t'lii. .V). 


system in considering a pure bending of a plate to an ariticlastic 
surface (page -17,). Proceeding with the foregoing replacement 
of twisting couples along the edge of the plate and considering 
two adjacent elements of the edge (Fig. 50), we find that the 
distribution of twisting moments M. y is statically equivalent to 
a distribution of shearing forces of the intensity 



Hence the joint requirement regarding twisting moment 
and shearing force Q t along the free edge x — a becomes 


'• - 0- - - -• 


Substituting for Q. and .1 [ TJ their expressions (102) and (100), 
we finnfon, obtain for a free edge x -- »; 

>01,, “11 "r~J. ’ 1 


■••Col. 2, part 1 
Nieit transls 


+ (2-d'' 


<i>/\ .. 


1 PhUonophy,” vol. 1, part 2, p. 1SS3. Inclopontlonlly 

the v.-as explained l>y lioussincMi, J . Math., Scr. 2, vol. 1G, 

1871, pp. 12^:71 ;Ser. 3, vol. 5,^>p. 32'.>-3 t l, Paris, 1S70. 
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representing the section of the middle surface of the plate by 
planes parallel to the xz- and yr-eoordinafe planes. Consider- 
ing these lines, it may be seen that near the corner A the deriva- 
tive dw/dr, representing the slope of the deflection surface in 
the ar-dircetion, is negative and decreases numerically with 
increasing y . Hence O-tr/dx dy is positive at the corner A. 
From Eq. (100) we conclude that M~j is positive and M... is nega- 
tive at that corner. From this and from the directions of M... 
and jl in Fig. 48a it follows that both concentrated forces, 
indicated at the corner A in Fig. f>l, have a downward direction. 
From symmetry we conclude also that the forces have the same 
magnitude and direction at all four corners of the plate. Hence 
the conditions are as indicated in Fig. 52 b in which 

it - sue,),-,,.-. - mi - 

It can be seen that, when a square plate is uniformly loaded, 
the corners in general have a tendency to rh<\ and this is pre- 
vented by the concentrated reactions at the corners as indicated 
in the figure. 

Elastically Suppnrlnl anti EtaSirnUy Huilt-in Edge.- If tie' 
edge x — a of a rectangular plate i< rigidly jobe-d to a supporting 



I e.. a:. 


beam (Fig. 53), tie* deflection along this edge is not zero and is 
equal to the deflection of the beam. Also rotation of the edge 
is equal to the twisting of lie- beam. I.et Ii be the flexural and 
C the torsional rigidity of the beam. The pressure in the 
2-direction transmitted from the plate to the supporting beam, 
from Eq. (a), is 



and the differential equation of the deflection curve of the beam is 






(JOS) 
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This equation represents one of the two boundary' conditions of 
the plate along the edge x — a. 

To obtain the second condition, the twisting of the beam 
should be considered. The angle of rotation 1 of any cross 
section of the beam is —( fhc/otr)-,,,, and the rate of change of 
this angle along the c-dg is , — x 


\dx dy/~. 


Hence the twisting moment in the beam | ' (a) n "j l0 y 

is —C(d‘w/drdy):~r.. This moment j, L x ! r _IL. 

varies along the edge, since the plate, M nY'n$pr~'Mn 

rigidly connected with the beam, trans- \ x -». n 

mits continuously distributed twisting *" bn 

moments to the beam. The magnitude 
of these appliod moments per unit length 

is equal and opposite to the bending moments M r in the plate. 
Hence, from the consideration of rotational equilibrium of an 
element of the beam, we obtain 


t 

fb) 
Fig. 54. 


•^(sviL - -w- 


or, substituting for .V. its expression (99), 

- = d (i£ + 

Thi« is the second boundary condition at the edge x = a of the 
plate. 

In the ease of a plate with a curvilinear boundary (Fig. 54), 
v.v take at a point A of the edge the coordinate axes in the 
direction of the tangent l and the normal n as shown in the 
figure. Fho bending and the twisting moments at that point 
are 


/•> 


dfm = - f \ rr nI dz 


l ring for tie- str*'-* romjionents <r n and r„. the known expressions 5 

’ }l‘' "' r '“’ v nil" t- i! 1 '-'! f or th,> f : t^Ti of the ancle. 

* ”' t *' '• 1 1 C' ■■■ t tf'i ;; f ftr .' net the principal «lireftion < - r.° we lire! in the 

■ P m- ! • a-linr; teir.- the expr—ions for if n and Mr.- will he different 
civ. n hy !>;■, 1 . t.tid '40). 
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<x n = ffr COS" a + cr v sin 1 a + 2r zv sin « cos «, 

T„t = T rv (cOS- « — sin 2 a) + (ffy — a-) sin a cos a, 
we can represent, expressions (b) in the following form: 


M n = M s cos 2 « + M v sin 2 or — 2.1 sin or eos «, 

M nt = Msy( COS 2 ft — sill 2 «) + (jl/r — .l/ v ) sill ft COS ft. 

The shearing force Q n at point /I of tin* boundary will be found 
from the equation of equilibrium of an element of the plate shown 
in Fig. 54 b, from which 



Q rt ds - Q T ihj - Q.j tlx, 
or 


Q n = Q r cos ft -f- sin a. (d) 

Having expressions (r) anil (d), the boundary condition in each 
particular case can be written without difficulty. 

If the curvilinear edge of the plate is built in. we have for such 
an edge 


if — 0, 



(c) 


In the case of a simply supported edge we have 


a* = 0. M r . - 0. (f) 

Substituting for .lf„ its expre.-don from the first of equations (c) 
and using Kqs. ('.Ill) and (100). we can represent the boundary 
conditions (/) in terms of tr and it derivatives. 

If the edge of a plate is free, the boundary conditions are 


M n - 0, ]\ r- q>„, 


5.11m 

" 0s 


(t>) 


where the term — BM nl /0s is obtained in the manner shown in 
Fig. 50 and represents the portion of the edge reaction which is 
due to the distribution along the edge of the twisting moment 
Substituting expressions (r) and (d) for .1/*. -1 /m and Q n and 
using Kqs. (00), (100), (102) and (103), we can represent bound- 
ary conditions (</) in the following form: 


i'Aw-j (1 — c)( eos 2 ft^ lf - sin-a '- — -f- sill 2« — ()| 
\ Ox- dir ox OyJ J 


c) () 

cos a— Aw -f- sill a~Aw -j- (1 
Ox Oy 


'0 . s 


cos 2o 


0-w 
Ox By 


(110) 


1 . fo-w 0-u\ 

+ 5 5!,, H^“ aFdJ = ’ 
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the directions chosen for and the normal n indicated in Fig. .'1. The 
third integral represents the work of the transverse forces applied along the 
edge of the plate. 

In the calculation of the variation oU of the strain energy of the plate we 
use certain transformations which we shall show in detail for the first term 
of the expression (111). The small variation of this term is 



In the first two terms after the hist sign of equality in oxpro»*i«n (e) the 
double integration can b<> replaced by simple integrals if we remember that 
for any function F of z and ;/ the following formulas hold: 


f 

"pF 

<fr tl't rt 

* i 

/* roH ($*] 

/ J 

•'*' ■ J 

( 

f 

%F 

— dr ./■/ si 

» / 

/’ M*n rc </*. j 

; J 

A.v ‘ J 

/ 


(<l) 


In these expressions the simple integral* are extended along the boundary, 
and <t is the angle between the outer normal and the j-uxt-, as shown in 
Fig. "el. Using the fir.-t of the formulas (</), we can represent expression fe) 
ns follows 



Advancing along the boundary in the direction shown in Fig. we have 


P Six i t Si r tin t a Sir </* P <* :r 

Hi r On tlx <V or Pc 


P O!" . 

sill ft. 

P.i 


With, this transformation, expression (r) becomes 



ih </;/ 


- Sic tlx tit) 


■-■/.Be 1 

_ f O-t r( <1 flic P oir \ C Par 

+ 2 I — 1 cos « — sin « I cos a ih — 2 I - - Sir cos «ds. 

J Ox- \ Pn os } J Pr’ 


O') 
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j 


- -yr- 

"r* i‘ "*• - '? 



/» < 5 *r . 

:-! r . a r rvi a 



v rr. '1T1 * :. n'rf.‘ -Oi^- cf t.\b. t-. 7 x.rr~Y',:. b. zt.ro, :-:r.:o ::o £r r ; Rjs- 
ir.jr r. z So -"I Tr.u.t v/r- on*a;n 

Ji? ,i; - “ ™ “~S i> ’ - J ■)’ ■ *• 

: r -'E. ::i ?>;. 00, ~' r : f.r.-J'y ontnr r. t?.«i varia*.?<vr. of tho fir-:*. 
i to r - <x.pr<- for rA.r-.b. < r.orzy in f,;.o folio*, ir.z form : 




* 2 //f? v -‘ * - 2 Ji? o’-rr* 


CO - /■/ 


d>. <Q) 


S'.:, ! H ~ v oV.oi 


nil nr r.o:..VT inn vs rio- of othor torm* of ozpros- 
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By using those formulas the variation of the potential energy will he repre- 
sented in the following form: 1 


JJ 


SSw • Sir <lx 


SV = />j 
0*10 , 

+ 2 sin a cos a •+• 

Ox Ou 


' h ' -• J[° ->)(-;<"*'■ 

5*11’ . \ 

■ Pile a I + >' 

0;T / 


0 oir 

On 


C ( 0 ( 0*i r 0*tt\ . O-ic ... 

+ I \ (1 — >•) — l ) Mil n cos rt (cos- rr — fnn- a) 

J (, Ox \0x* Oil * / Ox Otj 


( O'-W 0*1 r \ ( 0-W . o-ir \ . | 

— _ j. 1 ,. o;i <t — ( — - t ~~~ . 1 MU a ( 

Ox* Ox Oij-J \0’j Ox- i iiij ) 


Hr tlx f. (112) 


Substituting this expression in Kq. {/>) and remembering that jtrnnri OSic/On 
urn arbitrary small quantities satisfying the boundary conditions, we con- 
clude that Kq. (h) will he satisfied only if the following three equations are 
satisfied: 



i/l Sir tlx d<j r- 0, 


( O'-w 0*ir . 0*tr \ 

»•)» - ■ com 5 o -}■ 2 — sin n cos a d- - - sin : a ) -r 
\0x* Ox On 0 v ! / 


(*) 


y Sic 


( 0 Sir , 

-5- Mnt ■ — 1 !> r. o, (0 

) On 



The first of these equations will satisfe d only if in every point of the 
middle surface of the plate we have 


llSS’r — q r-i 0 

which represents the differential equation tIOl) of the deflection surface of 
the plate, )• pmtinns (/) and (ml give us boundary conditions. 

If the plate is built in along the edge, Sw and OSu'/Or. are roro along tlic 
edge; and Kqs. (I) and (m) tire satisfied. In the ease of a simply supported 
edge, Sw ^ 0 and ,lf„ rn o. lienee Kq. (m) is satisfied, and Kq. (!) will be 
satisfied if 

■The symbols SSic stay for the left-hand side of Kq. (101). 
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r~ 



= 0 : 



= 0 
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and observe that, by adding together the two expressions (00) for 
bending moments (see page SS) we have 


+ 2!?\ 
Vv- n dir) 


(W 


M, + M, = -1)\ 1 + e) 

Introducing a new notation 

iif - -t *-? = - //'?'' v + ( 113 ) 

l -h »• \<»j- <)»/- / 

the two Eqs. («) and (/>) can be repres |v nted in the following form: 


0x : ' <n/ ! 
due , tVir 
ilx- ‘ hi" 

Both those equations are of the same kind as that obtained for a 
uniformly stretched and laterally loaded membrane. 1 

The solution of these equations is very much simplified in the 
ease of a simply supported plate of polygonal shape, jn which 
case along each rectilinear portion of the boundary we have 
(V-ir/Os- — 0 -inre ir - 0 at the boundary. Observing that 
jl/n -- f) at a simply supported edge, we conclude also that 
d-u'/dir = 0 at the boundary. Hence we have [see Kq, (34)] 



(> : tr ( t'Eir d* i r it-ir M 

A.' ■ ‘ <)n : its - ‘ ih/~ 1) 


(<”) 


at tin' boundary. It must be seen that the solution of the plate 
problem reduces in this case to the integration of the two Kq«. 
(Il l) in succession. We begin with the first of these equations 
and find its solution satisfying the condition M ~ 0 at the 
boundary. 1 Substituting this solution in the second equation 
and integrating it, we find the deflections tr. Both problems are 
of the same kind as the problem of the deflection of a uniformly 
stretched and laterally loaded membrane having zero deflection 
at the boundary. This latter problem is much simpler than the 
plate problem, and it can always be solved with sufficient accuracy 

1 Poo author's "Theory of Khcuirit v,” p. 230, 1031. 

: Note that if tho plate is not of a polygonal shape, M generally does not 
vanish at the boundary when .1/„ M 0. 
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bv using an approximate method of integration such as Ritz’s or 
the method of finite differences. Some examples of the applica- 
tion of the latter method will be discussed later (see page ISO). 
Several applications of Ritz's method are given in discussing 
torsional problems. 1 

A simply supported plate of polygonal shape, bent by moments 
M n uniformly distributed along the boundary, is another simple 
case of the application of Eqs. (114). Equations (114) in such a 
case become 

d-M , am _ n 

dz- ' dif u ’ 
drv: M d-v; _ jl/ 

W- ' W “ 15’ 

Along a rectilinear edge we have again d-w/ds- = 0. Hence 



and we have at the boundary 


d-w <9 : w _ d 2 w _ M n _ M 
W 1 dtf- ~ drT- “ ~D 75’ 

This boundary condition and the first of the equations (115) will 
be satisfied if we take for the quantity M the constant value 
M = M„ at all points of the plate, which means that the sum of 
the bending moments M r and M v remains constant over the 
entire surface of the plate. The deflections of the plate will then 
bo found from the second of the equations (115), : which becomes 


<9 hr d-w _ _ AI n 
<9 x- ' ()!/- I) 


id) 


It may be concluded from this that, in the case of bending of a 
simply supported polygonal plate by moments M r . uniformly 
distributed along the boundary, the deflection surface of the plate 
h the same as that of a uniformly stretched membrane with a 
uniformly distributed load. There are many cases for which 
the solutions of the membrane problem arc known. These can be 


: p. 2.93. 

s Tht* v.s.t shown first by S. V,"c : nows ’,:y- Kri " ”<■ r, 
t». 29 1, 103-?, 


/ mjcr.i'ur-Arcliv, vol. 
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immediately applied in discussing the corresponding plate 
problems. 

Take, for example, a simply supported equilateral triangular 
plate (Fig. 55) bent, by moments M n uniformly distributed along 
the boundary. 'Fhe deflection surface of the plate is the same as 
that of a uniformly stretched and uniformly loaded membrane. 



The latter can be easily obtained experimentally by stretching a 
soap film on the triangular boundary and loading it uniformly 
by air pressure. 1 

The analytical expression of the deflection surface is also 
comparatively simple in this ca-e. We take the product of the 
left sides of the equations of tin? three sides of the triangle: 




x' — .‘brx 



a(x 7 



4n s 
3 • 27' 


TTiis expression evidently becomes zero at the boundary. Hence 
the boundary condition tr -- u for the membrane is satisfied if we 
take for deflections the expression 


w — 



- X;rx 


n(x~ ■{- <r) 
~:i 



(0 


where N is a constant factor the magnitude of which we choose 

1 Such experiments are used in solving torsional problems; see author's 
"Theory of Klnsticity,” p. 2(i0. 
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in such a manner as to satisfy Eq. ( d ). In this way we obtain 
the required solution: 


VJ 


M » 


UD 


- 3 zr-r - a{x- -f- y-) + 



if) 


Substituting t — y = 0 in this expression, we obtain the deflec- 
tion at the centroid of the triangle 


_ Mr.a- 

271)' 


ia) 


The expressions for the bending and twisting moments, from Eqs. 
(09) and (100), are 


M T 



!+»'-( 1 - v) 


3x 


M u = 

M rJ = 


Mn 

2 


1 + >' + 
3(1 - v)M n y 

2 a 


(1 — v)%x 


(h) 


Shearing forces, from Eqs. (102) and (103), are 


Qz — Qv ~ b. 


Along the boundary, from Eq. (e/) (Art. 22), the shearing force 
0» = 0, and the bending moment is equal to M n . The twisting 
moment along the side BC (Fig. 55) from Eqs. (c) of Art. 22 is 


Mr., 


3(1 - v)Mn 
■in 


(u - V&r). 


The vertical reactions acting on the plate along the side BC 
(Fig. 55) are 


I'. = On 


"rls- 




(0 


From symmetry we conclude that the same uniformly distributed 
reactions a ho act along the two other sides of the plate. These 
force* are balanced by the concentrated reactions at the corners 
of the triangular plate, the magnitude of which can be found as 
was explained on page 90 and is equal to 


li - 2 (Mr.,) 


i-o 


= (1 




if) 
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The distribution of the reactive forces along the boundary is 
shown in Fig. 556. The maximum bending st rcsses arc at the 
corners and act on the planes bisecting the angles. The magni- 
tude of the corresponding bending moment, from Kqs. (h), is 

(3/,),,, = W s ,2 a = (*) 


This method of determining the bonding of simply supported 
polygonal plates by moments uniformly distributed along the 
boundary can be applied to the calculation of the thermal stresses 
produced in such plates by non-uniform heating. In discussing 
thermal stresses in clamped plates it was shown in Art. 14 
[Eq. (6)] that non-uniform heating produces uniformly dis- 
tributed bending moments along tin- boundary of the plate which 
prevent any bonding of the plate. The magnitude of these 
moments is 1 


Mn = 


dim -f- 
h 


>’) 


(0 


To got thermal stresses in the e;w of a simply supported plate we 
need only superpose on stresses produced in pun* landing by 
the moments (f) the stn-ses that are produced in a plate with 
simply supported edges bv the bending moments ~dl)( 1 v)/h 
uniformly distributed along the boundary. The solution of the 
latter problem, as was already explained, can Is* obtained without 
much difficulty in the ease of a plate of polygonal shape. 1 

Take again, as an examp: ■. the equilateral triangular plate. If 
the edges of the plate are clamped, the bending moments due to 
non-uniform heating are 


m: mi 


dl){\ ;•) 

h 


(m) 


To get the bending moments M . and ,U V for a simply supported 
plate we must superpose on the moments (m) the moments that 
will he obtained from Kqs. (/.•) by letting M n — —dl){ 1 -f v)/h. 
In this way we finally obtain 

1 It is assumed that the upje-r suriaee of the {date is kept at a higher tem- 
perature than the lower one and that the plate thus has the tendency to bend 
convcxly upward. 

*- See dissertation by J. L. Mnulbet.wh, J. Appl. Mrrk., vol. 2, p. Ml, 103:. 
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Tho motive force.-? c an novr be- obtained from Eqs. (f) and (j) by 
nub-titution of :.f = ~a!D( 1 -r p)/A. Hence v.-e find 


63/,, _ aiEk- 

rjy Se 


R 


\/ZatEh- 

12 


The results obtained for moments and reactive forces due to 
non-uniform heating are represented in Figs. 56o and 56b, 
rc-per lively. 



25. Ersct The a tv of Plates. — Th r - differential equation {101} which, 
t» 7-- ■ t w.th th" W - nr dary condition-, <i r -f;r. r ‘- the deflections of plates tvss 
'!• '•'5 •' Art. 2! ' by r. ••nh -tisc ti." > fleet on bendinj; of normal ytresscn 

1 *’'■ *.rtr.r “tn - — r,, and r.,. Thi* ni'r.n.- that in the derivation each 
thtt. 1 y< ref th" p’a'o p.'; rail' ! to the rnidd!'- plane v a? considered to b° in a 
*’r ■’< • ■ p* *.'.•* -tr> - ' v r -,'i. only th" -t component? c,, e> and r- ; may 
>■ *5:fTi -• a* Or.'- of the sin.ph-t rns>s of this kind is. that of 

(’ ;r** •. - 51 t l /.** !'»■***;' jy- 4 *j,fc r;-»c j. n 5 ♦ • r*o n f I -<I f '^TTTrf.* f vinC— 

i: r. ir. - ftr.-! Kn. #■ , An. lit tr.-t Eq. f 101}. Ti.c r-Aross 

r' t'*-* * ?.v r f , r 5 , :*.v 1 • j r^p^rtE nr,] to r E.r.-'i :n f 2 r 'n rf 'r.d i *nl of y, 

Tlr'-.r c’/re/- <- f 5- ndir.n in v. Li-}; ?. pl.-j.-o distribution takes 

j -">• t t.y. '102. I'M fir-rc-t-iy. Tab-. for t.aurnple, a circular plate 
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with a contra! circular hole bent by moments M r uniformly distributed along 
the boundary of the hole (Kip. 5 7). Ivieh thin layer of the plate out out by 
two adjacent pianos parallel to the middle plane is in the same stress condi- 
tion as a thick-walled cylinder subjected to a uniform internal pressure or 
tension (Pip;. 57 b). Tint sum a, o, of the two principal stresses is constant 
in Hitch a case, 1 and it can be concluded that the deformation of the layer in 
the r-direetion is also constant and does not interfere with the deformation 
of adjacent layers. Hence we have attain a planar stress distribution, and 
Kq. (101) holds. 

Lot us discuss now the general question regarding the shape of the deflec- 
tion surface of a plate when bending result" in a planar stress distribution. 
To answer this question it is necessary to con-ider the three differential 
equations of equilibrium together with the six compatibility conditions. If 
body forces are neglected, these equations are 5 


iti which 
and 




Hz ' 

Pr t , 

tit/ 

Pr,, 

" "il: 



• v i , 

A.-,, 

4 - i'. r ” 



tty 


**z 



Pi, 

« V ?M 

, Ar,, 



A.- ‘ 

1*2 


A|ff, " 

1 

rv 

A ! 0 1 

!• Ajr ; , 

I 

Air,, 

A|ff v <-.• 

i 

~i -• 

•M 

e Ay ( 

1 I/O 

*< 

A iff, " 

i 

Tl 

.-A; 5 j 

1 

} T j, | 



P 

^ r t »f 

* ?v 4* 



A t - 

A* 

A-- 5 " 

A 5 


1 

1 * Ar f *' 7 

1 ,V0 

1 *»• v Pr P; 

1 ,vn 

1 •*- r Ay Ar 


Adding Kqs. (M, we find that 


<«> 


(c) 


A 5 a AV> 
A.r : A>r 


A 5 ') 

r. ^ 0; 

A;- 


(d) 


t.e., the sum of the three normal stre-s components represents a harmonic 
function. In the case of a planar stress r,, «* r,, e, ri 0, and it ran he 
rniirluded from the last two of the equations (c) and the hist of the equations 
(5) that PO/ A: must lie a eon«taut, say ft. Hence the general expression 
for 0 in the ease of planar stress is 


0 r. p. -i- ;?», (r) 

■Fee author’s “Theory of 1 elasticity, " p. 57, HKM. 

1 See ihiil., pp. 195 and HIS. 1 






> L«'-r r - * I s tho function. Lot t:.-. consider no 7/ tLo general form of this 


huh'-tit otir.sr ^ipfOvio.v 0^; {*i Ho. ^*0 oLtnfn 
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Substituting this in Kqs. (ft), ill" fdrrs-s ctimprinontu c:m now }>r> c:i]n Anted, 
and the displacement* can be found from tin* equations 


On 1 Or 1 . 

— “ -rA a ‘ ~ ,v O> “ " tM* ~ ,v ‘ ) < 
Ox h "V '■ 




chi 0v 1 

— q — « •—! 

i)i/ Or G 


Oil Ow 

— + ~~ - o, 

0~ Ox 


Or Ow 

0; Oil 


For the displacements u* perpendicular to the plate we obtain in tins way' 

H I 

tc ~ j. c*i, 

and the dellection of the middle surface of lh<- plate js 

p I -r- e 

tr - •' ‘ r. { 

The enrrosponding Ktres j eomjMtient*-, from Fq-. Lj) and (I;, are 
c'V: c\-] 

Or r- ~- r: , e . T *> " • 

ill/- "•<*'; 

and the hemline and twisting moment" are 

,, f - , r „ f- , c ) 

"• J " J.f* • iitii-l 

v - -J.’*;--*- | 

For the eiirvaturcs and tie- twist of a plate, v.e find from If*;, {r;5 

0 s tr p , 1 -*• »- >'>•>-• oh.- ;s 1 o ■ ,■ * 

Ox- i: ' /: ox- On ,- * 7; ' /; pet 

Oi*tr 1 s- o : . 

«>:/ E Ox Oy 

from which, by using Kqs. (/;> and ft*), we obtain 


0-tr 

0-tr 1 

- i : o'vi 

•V. 

Ox 1 ' r 

Oy- 

E ' d;,” 

//’ 

0V 

0-tr 1 

- PV, 


<5y : ~ 

Ox 1 


o' 

Oi-ir 

12(1 + .•] 

'.V„ « • 

U 

M,; 

Ox Oy 

Eh- 



1 Several examples of rnlrulnting «, c, and tr from Kqs. (m) art* given in 
the author's “Theory of Klusticity.” 




110 


THEORY OF PLATES AND SHELLS 


deflection of a reef angular plate clamped along one edge and uniformly 
loaded along the opposite. 0(1" e (Fig. 53) represents an example of such a 
bending. From the theory of bending of rectangular beams we know that 
in (his ease a, - 0 at all points of the plate and t., is zero on the surfaces of 
the plate and varies along the depth of the plate according to the parabolic 
law 



Using again general Kqs. (nj, d>), and (c) and proceeding n« in the previous 
ease of a planar stress distribution, we find 1 that the general expression for 
the deflection surface in this ca-e has the form 



in which <,- is a planar harmonic function of x and and <u satisfies 
the equation 

PVl <*V; 1 — I’ 

fl: : ' <1>/ ; T -f- ' 

It can be concluded that in thb ra*-.. again the differential uptation (101) 
holds with <\ «- (1. 

The equations for tin- bending and twi-tmg moments and for the shearing 
Torres in this ea«<» are 



It ran be seen that the expression- for tl;e shearing forces coincide with 
exprc.-sions (102) and (103) given by the approximate theory but that the 
expressions for moments are different, the s<v»nd terms of those expressions 
representing the effect of the shearing force.. 

‘The rigorous solution for this nisi- was given by Saint Tenant; see his 
translation of ClehseU's book; "Tln'orie de IVhi'ticite ties corps solides,” 
p. 337. A general disciis-ion of the rigorous theory of bending of plates 
was given by .1. If. Miehell, l‘roc. Loudon Moth. S<>c., vol. 31, p, 100, 1000. 
See also t ho book by A. hi. 11. Love, “The .Mathematical Theory of l-.'his- 
ticity," p. ‘173, 1027. The results given itt our further discussion are taken 
from tlie latter book. 
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Ti.f ' rr,~ r r '.’: r .r. term- t'-.r. \, r - o'iViir."! in an elementary way by v.-:n;r fho 
* e r's.-or.::.z r.- m cs^r of h* tSy.T.z of f/s-Ti-. Corscdf-nrirr the cnrva*- 
zz-\'.nv. r - . r r a to*. 'il curvature i 1 : produced by 
iTf, fv*or-, tr. f - Lcr.dtr.r rr.orr.fr.?- ’/i an 'I the ?: .caring force Ot. The 
'• :nv- produced by the Ler.dtr.g rncmc-r.?-. i.-: obtained by subtracting 
fro::, the to*ns f ■; mature —Aoz.oz’ the portion — <5 kOijhft ) /fo produced 
h y f he nrir.r force." S ib-tJ*?itir.? — { A'-iz f oz' j -i ~[<> , kQ t fh(x)fdz\ and 

— b*V .V/d i — 'JjAAd FE- :r-;\ for — o'-tzfoz- ar.'i —irvfb'j- in Eos. fOf'j 

- r.'i u tr.o h=c ?.--.o conation.- of the system (r lt r.e find for the bonding 
fr.on.fr.*: the oz pro-.- ion.- 

/ av -r-?A ;.• />//- f>*- 

.v, - -M 7-7 - *7-7 ) -f - — -V, 

Nyr- / fi o\r 

/ 'j?',- fAir\ I- DJ."- o' 

«--Ax + 

'ft. f-f- fffiatior.*. f oir.cide v.ith the first two conations of the system <r) 


if v. e ta’*:e 




r, i o 


For » - 0.3 th:= rive? h ~r 3.253. 

From ti.f- theory of landing of tsarr. - re fcr.ovr that the correction fine 
to ti.f- ' i'.r. of the ‘•hfarir.? force i = small ar.d car. be neglected if the depth A 
i- in ccrt.peri^rs *vjr*j tr.f -par; of ti.f- beam. The same conclusion 

n l 'o hold- in th" raw of p!.\*c~. 

Th»- fxact » tf.T"* -ion.- for -tr' ■ component-- are 
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The problem of a uniformly loaded plain ran also be trralrd rigorously in 
the same way. Thus it can be shown tlial the general expression for deflec- 
tions in this case is obtained by adding to expression (<■/) the term 


ll 

C l I) 


( x : + a- y- - 



(0 


which again satisfies Kq. (101) of tlie approximate theory. The equations 
for bemling moments do not coincide with Kqs. ({*!)) of the approximate 
theory but contain some additional correction term.'. If the thickness of 
the plate is small in cotupari'on with the other dimensions, the-e terms are 
small and can be neglected. 

In all previous cases general solutions of plate bending problems were 
discussed without considering the boundary condition-. There exist a bo 
rigorous solutions of several problem- in v. bic'n boundary conditions are 
also considered. Alt these solutions indirale that the elementary tla-ory 
of plates is accurate enough for practical application-. 1 * * * 5 

1 In recent times the rigorous theory of plate., ha- attracted the intere.-t 
of engineers, and several important pajvr . in the* field have b* *-n publbhcd. 

Wo shall mention hen* the following pap-re: S. \Voin>>i'..4:y-Kri"ger, 

Ingrnirur-A rchiv, vol. t, pp. 203 and 305, 1933. Ii. Gal-rbia, Coripi. rtt.d. 
acad. set. Pen 5, vol. HH), p. 1017; vol. 193, p. 358; v*il. 19 }, p. H !0. G. lb 
Birkhoff, Phil. May., vol. -13, p. 953. 1922. (.’. A. Gar.de di.-.n, Trow. An. 

Math. Soe., vol. 25, p. 313, 1923; Cm,-. j,!. rend.. Ban's, \<>K 173 (1921), 180 

(1925i, 185 (192S), 195 (1932). It. Arehi- Higdon and 1). L. Holl, Huh, 
Math. J., vol. 3, p. IS, 1937. 



CHAPTER. V 

SIMPLY SUPPORTED RECTANGULAR PLATES 


26. Simply Supported Rectangular Rates under Sinusoidal 

X/ 520 . — Taking the coordinate axe? n« shown in Fig. 50, we assume 


that the load di~tributed over the surface 
of the plate i? given by the expression 

. rr . ry . . 

r/ = e- ?:n — sin -r -■> to; 

i 1 a b 

in which n- represents the intensity of the 
load at the renter of the plate. The 
differential equation OOl) for the deflec- 
tion surface in this ca-e become? 



X 


o' h- ^ ^ f, ' ,r dbr _ y c . r£ ^ ry 

ox' ‘ dx ; (3y : * oy ! D ‘ a b 


(b) 


Tin- boundary condition?, for simply supported edges arc 


tr — 0, .V- = 0 for x = 0 and x = a; 

tr = 0, — 0 for y = 0 and y = 6. 

F-ing e.xpre-don F'p) for binding moments and observing tliaf. 
Knee — r- <t rd the edges. <i'\r jin'- — 0 and d-vjdir = 0 for the 
> due- pa-alb-l to th«- x- and y-axe-, respectively, we can represent 
the boundary condition? in the following form: 


-- It, 

(2, 'H'C 

fU-T : 

<i z t- 

- 0 

for 

X = 0 

and 

X 

i 

/ 

1 

> (cj 

0. 


= 0 

lor 

y = 0 

and 

V 

= 6.1 
) 

1 


i>e- - • t. t;,: ; t rul boundary conditions are satisfied if we 
d'dt' ? tsf*;,- the t-Mnre-^ioii 
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(d) 
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in which the constant. C must, bo chosen so as to satisfy Eq. (b). 
Substituting expression (</) into Eq. (b), we find 



and we conclude that the deflection surface satisfying Eq. (b) 
and boundary conditions (r) i« 



Having this expression and udng Eqs. (90) and (100), wo find 



It is seen that the maximum deflection and the maximum bending 
moments are at the center of the plate. Substituting jr — a/2, 
y - b/2 in Eqs. (e) and {[). we obtain 



In (lie particular case of a square plate, u — />. and the fore- 
going formulas become 

M in**. ^ i r. ’ " TZ^ " * 0^) 


• 1 7?'l) 


-lr : 
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This result can be easily explained if we note that, proceeding as 
was described in Art. 22, we obtain not only the distributed 
reactions but also reactions concentrated at the corners of the 
plate. These concentrated reactions are equal, from symmetry; 
and their magnitude, as may be seen from Fig. ~>1 , is 

27,(1 ~ '•) 


R = 2(;V„) 


-„/,(! + 1 )’ 


(0 


The positive sign indicates that the reactions act dov.unv.ard. 
Their sum is exactly equal to the second term in expression (j ). 

, The distributed and the concentrated 

1*. q 

.••"a > reactions which act on the plate and 

keep the load defined by Eq. (a) in 
equilibrium tire* shown graphically in 


V. 

rx 1 

HJ 

-llJ 

i- * i / 

uU-F 


Fin. r,o. 


corners of tin* plate have a tendency 
to rise up under the action of the 
applied load and that the concen- 
trated forms 11 must be applied to prevent thi-. 

The maximum bending sires-- i- at the renter of the plate. 
Assuming that a > b, we find that at the renter M v > 
Hence the maximum bending sires- is 


(<r,U 


G(d/v),- 

"h- 


07 c 


+ b) 


ti + b} 


The maximum shearing stress will be at the middle of the longer 
sides of the plate. Assuming that the total transverse force 


F y = Q v 


DM, 

<)£ 


- is distributed along the thickness of the plate 


according to the parabolic law and using Eq. (f), we obtain 




IH- 




# * 


If the sinusoidal load distribution is given by the equation 

. tar x . tin/ 

7 = 7 u sin — — - sm — 


(»0 
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where m and n arc integer numbers. we can proceed as before, and 
we shall obtain for the deflection surface the following expression: 




. 7J7rx . are 

sin sm 

a b 


fllO) 


from which the expres-ion- for bending and twisting moments can 
be readily obtained by differentiation. 

27. Wavier Solution for Simply Supported Rectangular Plates. 
The solution of the previous article can be used in calculating 
deflections produced in a simply supported rectangular plate by 
any kind of loading given by the equation 

7 = f(.z,y)- (a) 

For thb piirpo-e we represent the function f(x, y) in the form of a 
double trigonometric series: 1 


J^,V) = 2j 2j " in ~~ ^ (*») 

n - 1 n «• 1 

To calculate any particular coefficient a r .v of this series we 
multiply both sid'- of Fq. (L) by sin arid integrate from 

ft to b. Ob-enung that 


/»). 

I . t < t >/ 

Jo Mn “>r 

f . ere 

sm 

Jo <> 


V* - »• 

when 

n y'- n’, 

a'r)/ , 6 

T = J’ 

when 

n — n', 


w<- fimi in thb wav 


v, 

f/ew-i = • 

b Z * * a 



-.-1 


of 

< ::: of 1 ,< a'liatt 

of rirnply f’ipjx,rt/-<3 rec- 

for ?!.: 

{I'iTJiO .!-• of Ip, 

tnroriorai-tric .M'rii*.* 

n j,ri •! 

a p-ipt on ti, 

to f},r- I Vr arli 

?;;(■! - 

‘-f ?:,< p-.p* r v.: 

e in Hull. ns. 

!3. To- 

a -e-rip! i* ia r 

h- library of I'fsufr tu-i 
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Itt “ 77 ~X 

Multiplying both sides of Eq. (e) by sin — —dr and integrating 
from 0 to a, \vc obtain 

n h .. . . m’rx . » ~U . . ah 

Kr,y) sin — - sm - ^ dx <!>/ - 


from which 


n 


ah. 


. m tx . n Try 


I /(x.i/) sin — — sin —.- : dr<hj. (120) 

Jo Jo ' « o 


Performing the integration indicated in expression (120) for a 
given load distribution, i.r., for a given f(x.y), we find the coefii- 
cients of series (6) and represent in this way tin* given load as a 
sum of partial sinusoidal loadings. The deflection produced br- 
each partial loading was di-cti'-ed in the previous article, and the 
total deflection will be obtained by summation of such terms as 
are given by Eq. (IIP). Hence we find 



( 121 ) 


Take the ease of a load uniformly distributed over the entire 
surface of the plate as an example of the application of the general 
solution (121). Iti such a ease 


fix. i/) - >!,- 

where is the intensity of tin* uniformly distributed load. From 
formulti (120) we obtain in this case 


Cl rtn 



t/ixj . 

MU 

(i 


“; :, dx (in 
b 



where m and n are odd integers. If m or n or both of them 
are even numbers, a ^ — 0. Substituting in Eq. (121). we find 


tc 


J5? ?'s' V 

- ( ‘D 

f’i •** t ». — 1 



where m = 1 , 3, 5, . . . and u — 1 , 3, 5, . . . . 
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no 


In (hf case of a miiform load wo have a deflection surface 
svmmot rical with respect to the axes j — a/2,;/ = fc/2; and fjuito 
naturally all terms with even numbers for m or n in series (122) 
vanish, since they are unsymmetrical with respect to the above- 
mentioned axes. The maximum deflection of the plate is at its 
center and is found by substituting x = a/2, y = b/2 in formula 
022), giving 





(123) 


'This is a rapidly converging series, and a satisfactory approxima- 
tion is obtained by taking only the first, term of the series which, 
for example, in the case of a square plate gives 


i<W 


‘Up/t* 

rr'D’ 


or, by substituting expression (3) for I) and assuming v ~ 0.3, 

t /v,, - 0.0151 

hlr 

'Phis result is about 2\ per cent in error (see tabic on page 133). 

From expression (123) it may be seen that the deflections of 
t wo plate-, that have t he same thickness arid the same value of the 
ratio a(\> increase as the fourth power of the length of the. 
.‘idee 

Tin* expressions for bending and twisting moments can be 
obtained from the general solution (122) by using Kqs. (9<)) and 
(100). The series obtained in this way are not so rapidly 
convergent as -erics (122), and in the further discussion (see 
Art. 2!') another form of solution will be given more suitable for 
numerical calculations. Since the moments are expressed bv the 
<ero!)<i derivative-, o; series (122;. their maximum values, if we 
q. and I) the same, are proportional to the square of linear 
dmwmmn-. Mine tie- total load on the plate, equal to f/t/ib, 
i- '-.l-o proportional to the .-quare of the linear dimensions, wo 
tnmiude that, for two plate-- of equal thiekne-- and of the same 
\ ahse o : the ratio <t '//, th" maximum bending moments arid hence 
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the maximum stresses are equal if the total loads on the two 
plates are equal. 1 

By using the general expression (120) for the eoefiieients of the 
trigonometric series (b), Navier also obtained solutions for the 
ease where the load is uniformly distributed over a rectangle with 
sides parallel to the sides of tin; plate and for the ease of a con- 
centrated load. The corresponding series are not convenient for 
numerical calculations, and another form of solution of these 
problems will be discussed later. 

28. Application of the Strain Energy' Method in Calculating 
Deflections. — From the discus-ion in the previous article it is 
seen that the deflection of a simply supported rectangular plate 
(Fig. oil) can always be represented in the form of a double 
t rigonometric series 


xr - 





sin 


r, - t r: ~ I 


w rx 
n 



(«) 


The eoefiieients may be considered as the coordinates defining 
the shape of the deflection surface, and for their determination 
the principle of virtual displacements may be used. In the appli- 
cation of this principle we need the expression for strain energy 


- 2(1 - «•) 

- ' hj - <» 

Substituting series («) for tr, the first term under the integral 
sign in (/>) becomes 


iVtr tVir 
•>x : rp/- 






■ 1 « ~ ! 



Observing that 



inz-T . 

sm 

n 


'll 


tlx ill/. 


(0 


( . m-x . mrx , f . n mi . a Vt/ . 

sin sin — tlx — sm - , ' sin -,- (/</ = 0, 

Jo (( . u Jn l> b - 


'This conclusion was- established !>y Mnriotte in the paper "Train' - flu 
tnouvement ttesemix” published in MiSli. See Mnriotte’s scientific papers, 
nouvelle oil., vol. 2, p. -107, 1710. 
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Of l, 


pm 




sin 


71 7TIJ 


Substituting expression (121) for V, we obtain 

, . 7/i'rf . ?i'-j j -vih / jiY‘ , 7i ,r \ " . 

P on„,v sm — — sin ~y— = Dn r .-,:Y o'm.v, (7/) 


from which 


. „ . 77i . 7i raj 

•IP sin ~ — sin 

a h 


rr'abD 


(S' + 0 


Substituting this into rxpre-Mon («), we find the deflection of the 
plate in the following form: 




. 771rs , 7( T7' 

mii • — - .-in . 

n f» . inn . r.T>i 

sin-- sin-. - ( 12 -») 

a 0 


( „r , /I -V 


The series converges rapidly, and we can get the deflection at 
any given point with sufficient accuracy by taking only the first 
few term* of the series. !.••! it-', for example, calculate the 
deflection at the middle when the load i* nl-u applied at tie* 
middle. In such a case 5 •— r — ft/2, y — \t ~ b/2, and series 
(125) gives 




where >777 — I. A, 5, 
square plate, expre- 


_ 1/' 'S^! 

~*il bl) / if t - 

I r -. - 1 ( -r 
\“- 

n l, 3. 5, . 

-ion ( f ) becomes 



In the ease of a 




AlbrS? N? I 

~'I) —— s w (at- a. it-)- 

- l r. ** \ 


'Faking the first four terms of the series, we find that uv.o. 
~ 0.01121 Pa-/ 1) which is about O’ per cent less than the correct 
value (see table, page 15S). 

Having expression r 125) for the deflection under a concentrated 
force, we can get tint defleet ion <>f the plate under any kind of 
loading by using thA method of superposition. Take, as an 
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c ".ample 

ft f.S[.»n T r > 


tion of t 
to form 
load-. 


, j«P : fo'7 r 'jV ;r, rf r-rj The load distributed OTCT 

r'-'-.'t y r. r.-^? fjt E” of tho plate is. ccf£ dr . and the 
pro diced "ov “hr- eiemeryal load is obtained by sub- 
: o'/ 1 o’-, in piano of P. in Eq. '125;. To go*, tho defiee- 
ho r/,a*o under tho notion of the total load v.*e have only 
t?;o -urnmndon of tho deflection.- produced by elemental 
Hence *.ve o’/ain 



After inmdradon obtain formula f 3 22} of Xavier's solution. 

I?;-*/'/id of u-ina the prixjdpK- of virtual displacements in cal- 
f d eo^f-id* n - .. in ej:pre-don fo j for the deflection. v;e 

ran ob'airs the -arm- re-ul* from the eon-ideration of the total 




tho -y-v-rn. If a -ysmrn is in a position of stable 
r :ryy i- a minimum. Applying this 




equmonutn. r- to 
‘‘n'envn* to the Inve-tiganon of bonding of plates, eve observe 
the* t h f ‘ ?o*a! fri'-rdy in such f-a-f-s cons:--.- of Tv/o parts, the 
•ndinc. diven by r*xpres-ion f 0 ), and the poten- 

Definins the 


•y o: 
,r 


f r.'-rcy o! ;ji»- lO.cd di-'riout^d over the plat 


P'^uttoji o: 


efeavn* «7 fi 


ft,. 


from ti.e horizontal 


; r; a 


• - s. 


of the load by it.- vertir-a! distance 
dv. the eorra- ponding potential 
• taken ^qjial to — irq fix dy. and the potential 


v of the to* a! load j. 


-JJ 


vo ca- cv. 


; i ■* 


rn th'-n i-. 
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The problem of bending of a pl.'ile reduces in each particular 
ease to that of finding a function w of x and y that satisfies the 
given boundary conditions and makes the integral (p) a mini- 
mum. If we proceed with this problem by t hr* use of the calculus 
of variations, we obtain for w the partial differential equation 
(101) which was derived before from the consideration of the 
equilibrium of an element of the pinto. The integral (p), how- 
ever, can be used advantageously in an approximate investigation 
of bending of plates. For that purpose we replace the problem 
of variational calculus with that of finding the minimum of a 
certain function by assuming that the deflection w can be repre- 
sented in the form of a series 


ic = «iyi(x.t/) + -f rtjy-jOy /) ri r n-.sjx.y), (f) 

in which the functions y )t . . . , y„ are chosen so as to he 
suitable 1 for representation of the deflection surface tr and at 
the same time to satisfy boundary condition-. Substituting 
expression (i) in the integral (p). we obtain, after integration, a 

function of second degree in the coefficients n>, n~ 

These coefficients mu-t now be cho-»n so as to make the. integral 
(p) :i minimum, from which it follows that 


<V 

<ki t 


- (I, 




(j) 


This is a system of n linear equations in n t , . . . , a and 
these (piantitics can readily be calculated in each particular case. 
If the functions y arc of such a kind licit scries (t) can represent 
any arbitrary function within the boundary of the plate,* this 
method of calculating deflections :r brings u< to a closer and 
closer approximation as th<- number « of the terms of the series 
increases, and by taking n infinitely large we obtain an exact 
solution of the problem. 


1 I rout expendin' ive u-ually knew « pproxinmtety the stiajv of the deflec- 
tion surface, ami we should |,<- punted hy this information in choosing suit- 
nhle functions , 

■ \\<* have seen that n double tri pm*met rival series (<j) po-se-ses this 
property with respect to di-tl-dton- 
phite. Hence it can he it-ed tor olita 
The method of solving the bending 
integral (p) was developed b\ W. Ki 
1 PCS ; ami .4 mi. I'lnifit; (-1), vol. 2S, p. 737, 1000. 


a simply suppirtcd rectangular 
.ting tin exact solution of the problem, 
problems of plates by the use of the 
rjcee J. rein,- onertr. Math., vol. 13c, 
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'}. r - u r A -o the on-e hi -.in nply "if* port'd 

t.v.tr-dnr plz‘". r." ‘ho d'-fmo-ior: in ‘he form of the trijm- 
norr.'-* r> -/rim -''ey. Th'-n by u -:ny ozpm-’-iort 02-sy for ‘he 
-•ro:r : r, e ir/euml A; i- repreen ? ed in the foilo'.viri" 

form : 




- [ n-.j 


r-.x.'i Lq-. 0 / n&v/- ‘ n f * torrn 

A',- n : r f C ■ , , ,, / r 

•• ov. - o ;-m , oV dy - 0. < 1 , 

hi ’ -V on-e of ,o loon P .epplh-d n? n point *.vi*h ‘ho e‘Oordime.‘e-: 
. the -:*y 7 of ?he food i- z'-ro in nil poir.‘- ezeept the 
join 4 «, 7, in v. hi' ?. 7.0 Love *0 o <// <!\i — I*. Then f.q ■ -lj 

< / /\ ii f ; *\ < * }/J, fX *f ; V] A'* - ! V 0 f ; H '/* *<5 f>V * ? ; A ?j>A fjf 

p-hv lp> of v;;*f;nl dl -pie"-.'.'.' .V-. SV/'-ra! furth'-r .opplicndon-: 
of : hi • r.v ’h'/f of '■elrhviny d'fi'-o-ion- roil no piven Lo'er in the 
d:-' 4 ;- Ion of plo*<-- v;*h boor dory eordlT'on-: other - hn.o ?ho-o 
of -imply -o'ppoped <d;m-. 

22. Alternate Solution for Simply Supported and Uniformly 
Lorded P. octangular Pistes. — In diem-iny proof '-rr. - of Imndhoy 
of r-'' - 4 nr, non 4 hove vo oppo-he edye-. -imply .-up- 
por‘'d, M. Iy; vy : v.d 4 n-:::.r ‘he -oh; 4 ion in the form of ,n 


2 ,. . V T7 

' - -- 
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tV-w/dx 2 = 0 at those two sides. It remains to determine Y„ 
in such a form ns to satisfy tin; boundary conditions on the sides 
V — ±6/2 and also the equation of the deflection surface 


(J'w r)h r , tVir __ q 

fix' ()x- <)>/■ ' (I//* I) 


( 6 ) 


In applying tliis method to uniformly loaded and siinplv sup- 
ported rectangular plates, a further simpli- 
fication can he made by taking the solution 
of Eq. (6) in the form 1 

if — ir : d- Vi (r) 

* and letting 

’<’» n!,;!d ~ 2<ix : d- n : x); (</) 


j ?>., ic! represents the deflection of a uni- 

y j. 01 formly loaded strip parallel to the x-axis. 

It satisfies Eq. (h) and also the boundary 
conditions at the edges x - (t and x - a. 

The expression tr* evidently ha- to -nti-fy the equation 


T~ 

b 

2 

4 - 

b 

2 


f ^ iV a-; , tihfj 

t)x* <Vx • <7</ : <>//* 


(<•) 


and must be chosen in such n manner as to make the sum (c) 
satisfy all boundary conditions of the plate. Taking tr ; in the 
form of the -cries (a) in which from symmetry r/i — 1, .'J, . . . 

and substituting it into Eq. (>), wv obtain 


«T 



This equation can be satisfied for all values of x only if the 
function T„ satisfies the equation 


)’iv _ o™ r V 
n £ a ~ 1 - 


wi'r 


1,4 


}' - 0. 


(/) 


1 This form of solution was u-'-i by A. N’ndui, Fomehungfarbeitm, Xo-. 170 
ntul 171, Berlin, Ifllfl; set* nlso his boot; *• Klnstische flatten,'' Berlin, 1925. 
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boundary conditions (?) and using the notation 


vi-b 

~2n 


a t-\f 




we obtain the following equations for determining the constants 
A n and Iin- 


+ .'In eosll (in d" (tr.Bn M»h or., ” 0, 

r'm J 

4* 2 Bn) eosh <*., d* a-JB, sinh — 0, 


from which 


2(etn tanh «„ d* 2) 
rrb/d rosh an 


IB 


-'-nr en.«h n. 


(0 


Substituting these values of the constants in fiq. (j). we obtain 
the deflection surface of the plate, satisfying Kq. (b) and the 
boundary conditions, in the following form: 


71’ 


_ ■iqa t X 
^1) ^ 



(etn 


tanh an d- 2) 

2 cosJi ( r„ 



On 2 >/ . . 2a n >/ 

Mtth 

2 CO'II an b e 


sin (1 20) 

a 


from which the deflection at any point can be calculated by using 
tables of hyperbolic functions. 1 * * * 5 The maximum deflection is 
obtained at the middle of the plate (x ~ n/ 2. >j ~ 0), where 




I* II. 


‘Via* X 
- : 7; -iJ 
r, “ t.n..',. 



or., tanh a., d- 2\ 
*”2eOsh„;-/ («') 


The summation of the first series of terms represents the deflec- 
tion of the middle of a uniformly loaded strip. Hence we can 
represent expression (;a) in the following form: 





i/iH 

D 


* n —J 

•}qn l X (~D - «» tanh « m dy2_ 

m''’ 2 cosh <t« 


( 127 ) 


I he series in this expression converges very rapidly, 1 and sufii- 

1 See, for instance, F. H<-rk>-r and {’. K. van Orstntrir!, "Hyperbolic 

Functions,’’ Washington. 1 TOO . or K. H«y:edu. "Funfst. Tafcln dor Krcis- 

und Ilypertielfunktioncn," Berlin, i«V>s. 

5 We assume that b>a, ns in Fig. f,i. ' 
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The total bending momenta are obtained by summations of 
expressions (n) and (o). The maximum values of these moments 
are at the center of the plate (x = a/2, y — 0), for which 
point, we obtain 

v 

(ji/VU. = ^ + (l - >•) ” j4“/4 

n ** ! 

(ii/v)— . = >- J f -a - 

rj — 1 

where .4 „ and B,-. are given by expressions (/). Again we have 
series that converge very rapidly. We can represent the maxi- 
mum moments in the form 


(.V,)r - ftyl 5 , ( M t )r. 


Hi'/"'. 


(/») 


The numerical factors J and ih depending on the ratio n/b of 
the sides of the plate and on the magnitude of ;• are given in 
Table f> for »• — 0.3. From tie- table it is s«*eu that, as the ratio 
b/a increases, the maximum deflection and the maximum 
moments of the plate rapidly approach the values calculated for 
a uniformly loaded strip or for a plate bent to a cylindrical 
surface obtained by making b/a — «, For b/a — 3 the dif- 
ference between the deflection of the strip and the plate is 
about Gl per cent. For b/a — o this difference is less than 
i per cent. The differences between the maximum landing 
moments for the same ratios of b/a are f> and ’ per cent, respec- 
tively. It may be concluded from this comparison that for 
b/a > 3 the calculations for a plate can be replaced by those for a 
strip without substantial error. 

Expression ( h ) can be used also for calculating shearing forces 
and reactions at the boundary. Forming the second deriva- 
tives of this expression, we find 


Aic = 


Ohr d : w 
dr- ' dir 


2D + D 


, vim . 

cosh Sin 

a 


HITS 

a 


fs - I 
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?/w-'ivp':r:z :h>- in En-. ( 102 } and (103), v*e obtain 


n'-n — 2 r} ^ „ , mr)/ ?nrr 

0. = - — - — 2r-ca > m-B- eo-.h — ~ cos 




= — 2r'cc ~^ l j rn : B~ si ah 


jrin/ . 7 Hr 2 

Sin 

a a 


For the -id 1- --, x — n and v = b/2 *ve find 


(QrW- = -T/ -r 2r' q'T^m'B^ cosh ~ 




r? ** 3 


"2 


cosh 




'? a * s s? c 

r : r/i- cosh < 


n ** 1 


~ — m ! /?« sinh a-, sin — — 

' r ■ a 




_ _ 4 ££ ^ 


tanh a-v . 77!r2: 

sin 


771- 


e: ~ 1.3. . 


TL‘--c sh'c.Hnc forces have their numerical maximum value at 
th»- rniddh- of th f - sid"-, v.-hcre 






12 .a 12!: X 


re : CO-h a. 

’ * ... 


-v?*. 


470 "NT C-]; - . 

-• > — tanh o’- = — 


y-.q'j. 


W) 


r.'i.’n'T:'-:;} fa' vr- -• and arc nl.-o given in T.nbb- 5. 
i>a fere.--- aior.c th f - -:do ? — a arc- given by 
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Y. 


niTij 

0M,\ 

(j(t ( '1 qn 


cosh 

it 

On ’ 

2 ' 


m - cosh 



I. . . . 



+ ?a - 

>')'/" \ 

I 




- 

vr cos!r 

tt rj 



p>- • ■ 

• 



f 

— «*, sinh 

, hit n 
n r , eosn 

a 

. IHTl/ , 

-r eo-h a„ 

tt 

, sinh 


m~l A 
’ aj 


The maximum numerical value of this pressure is at the middle of 
(lie side (>j — 0) at which point wo find 


-qn 

1 _ -I 

'S' ---L ... 

2 r- 

til- Cfwh a n 


n — 

! • • • 

+ 

20 -jO 

sinh rr n 

r : 

vr codr 


0 %),. 


cqn, ( r ) 

in - t j 

T~. "* l.'l,'.. • 

where 5 is a numerical factor depending on :• and on the ratio 
b/a, which can readily be obtained by summing up the rapidly 
converging series that occur in oxpn--ion (r). Numerical values 

of 6, and of <b, which corresponds 
to the middle of the sides parallel to 
the r-axis, are given in Table.*;. The 
distribution of the pressures (r) along 
the sides of a square plate is shown in 
Fig. G2. The portion of the pressures 
produced by the twisting moments 
M x-j is also shown. These latter 
pre.-sures are balanced by reactive 
forces concentrated at the corners of 
the plate. The magnitude of these 
forces is given by the expression 

" - 1 - mi - ->(«>%)- — *-| 



•1( 1 - »• ) git- N? 


_3 


pi “ t,3,i 


1 

/a 3 cosh <t, 


((1 -b <r„ % tanh nr,) sinh a n 


~ a n cosh «»! ~ nqa-. 

The forces are directed downward and prevent the corners of a 
plate from rising up during bending. The values of the coeffi- 
cient n are given in the last column of the Table a. 
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The values of the factors a, ft, o as functions of the ratio 
b/a are represented by the curves in Fig. 03. 

30. Simply Supported Rectangular Plates under Hydrostatic 
Pressure. — Assume that a simply supported rectangular plate 
is loaded as shown in Fig. 64. Proceeding 
as in the ease of a uniformly distributed 
load, we take tin* deflection of the plate in 
the form 1 

«'• - «• ! -f tr : , (a) 

in which 



U'l 


<R far 1 
3 miA n 


10/ir 5 -}• 7 nr^j 


2 tj n l 
Dr' 


y . 

- 1.2.3. 


(-i y 


1 . mrx ,,, 
-- sin (6) 


I’m. (*). 


fies the differential equation 


represent*, the deflection of a strip under 
the triangular load. This expression satF- 


B'tr , 0 <■)*)/• , it Ur __ 1 1 __ r/r 
rir 1 ‘ “<V : <‘n/ ; »>»/• h np 

and the boundary conditions 

*.3 ^ 

tc ~ 0, „ — o for ~ 0 and 

dr- 


O’) 


x ~ a. 


The part ir. is taken in the form of a series 


te- 



rn rjr 
a 


00 


where the functions F„ have the same form as in the previous 

article, and m — 1,2,3 Substituting expressions (6) and 

00 into Fq. OOi we obtain 


1 This problem was denisM-d |> v K. Kstmiuve, lor. p. 125. Thu 
numerical tables of deflect ion*! mid moments were calculated by B. G. 
Gnlerkin, Bull. Pobjieeh. In.-!., St. Petersburg, vols. 20 and 27, H'IS. 
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-lr~ : . . , mry 

- ~ r cosh 

Ij [ wwr a 


, r> mrn . . ffirv . ?nrx , . 

-f Z4 — - sinn — - sin ? (e) 

a o j a 

where the constants A n and B-. arc to he determined from the 
conditions 

„ G : tC ,6 

ir = 0. — r = 0 lor iy = — k~ 

»y- - 2 


From these conditions we find 
o/ _ i w~: 

__ — _£ a ..} co-’n a-, 4 Br-.a-. sinh a_ = 0, 

(2 U n — A 4 cosh a- 4 B~a„ sinh = 0. 
In these equations wo use. a- before. the notation 


Solving them, we find 


(2 -f ta nh ft n )( — 
r'-ni- co'h a n 


b _ (jzim , 

-~ni" cosh ctr-. 


Tiie d"fi'-"tion of the plate alone the r-axis is 

*• 

, . c; G < 'STt r 2^ — 1;”* 1 , , 1 . rnrx 

(4b~- ~ - >, - - . fin 

L> .— r* 7 G a 


or a sous re plate a — b. and we find 


' ; r( 0.002055 sin r-r - 0.000177 sin JrX 

7/ \ G 


4 0 . 00002 . 


h i.- d* th'tion a* tie- rr-at< r of :h>* p!at>- i~ 


u ~ 0.00203 ' ; -~- 


0025 .-in - - -j- 
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which is onc-half the deflection of a uniformly loaded plate (see 
page 129) as it should be. By equating the derivative of expres- 
sion ({/) to zero, we find 1 lint the maximum deflection is at the 
point x — O.ooTn. This maximum deflection, which is 0.00200 
q of/ 4 //), differs only very little from the deflection at the middle as 
given by formula (//). The point of maximum deflection 
approaches the center of the plate as the ratio b/a increases. 
For b/a — as for a strip (see expression (//)(. the maximum 
deflection is at. the point x — O.olP.'hr. When b/a < 1, the 
point of maximum deflection moves away from the center of the 
plate as the ratio b/a decreases. The deflections at several 
points along the jr-axis (Fig. 01) lire given in Table 0. It is seen 

T.uu.n 0. — XtJMintte.u. Factok << roit Dcrt-rertoxs or \ Ktvtci.v SrcroitTct, 
HitCTAXort. wt Pi.cn:; PioKsciii: q ■'•qx/n 
<»• « 0.::. b > a ) 


b/a 

J r- 0.2.7'J 

x .• ■ 0 .70 ) 

- 0.r,f) j 

‘ x *■’ 0,7.1') 

1 

0 OM.'i 

0 0221 

0.0220 

0 0177 

1.1 

0 017.'! 

0 020.7 

0 0201 

0 0210 

1.2 

0 020',! 

l 0 0308 

j 0 0303 

| 0 0211 

1.8 

0 0231 

0 0318 

0 03 ! t 

0 0271 

l.t 

0 027.7 

0 0383 

j O 0380 

1 0.0208 

i.r» 

0 028! 

| 0 0121 

i o cut t 

! 0.0323 

1.0 

0 0303 

: 0 01.73 

; 0 0 i t 1 

i 0.03 If, 

1.7 

0 0323 

0 0182 

1 0 0172 

0.0300 

1.8 

0 0312 

0.0.70S 

0 OS 07 

0 038.7 

1 .0 

0 03.18 

0.0.732 

! 0 0 .7 10 

| 0.0102 

2 0 

I 0 0373 

0 0.733 

0 0,730 

! 0.0117 

3 0 

o.ot.n 

0 Ot'.f.s 

i 0 00 17 

0.0 UK 

•1 0 

0.0177 

! o 0700 

0 0070 

I 0.0321 

o 

0.01 82 

0 0708 

i o or, 87 

1 0 . 0.727 

•-C ! 

i 

0.0 IS 1 

0 07! 1 

o oow 

i 

| 0.0.120 

that, as 

the ratio b/a increases. 

tin 1 deflections 

approach the 

values calculated for a strip. For 

b/a — *1 the ditTc 

renees in these 

values are about 1 l 

per cent. 

We can alwavs 

calculate the 

deflection of a plate for which b/a > -1 with satisfactory ami- 

racy bv 

using formal; 

a (b) for the deflection of 

a strip under 
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- - d UB + w 


'%) 

>r Jv-* 


_ f yo(» ; - 3y- ) _ 27f fl-sn (— l)" 4 ' 1 wrx_ 
Gfl ~ r : jZJm- cosh a„ a 


The general expressions for shearing forces Q r and Q v are 

- ( — l)”* * cosl, V.'IJi 

rt <?o(« : - 3 j ! ) 2 710'S? « 

t x “ On ' r=”-£J " ni“ cosh ' n ’ 

m 1 

0 '(-!)- sinh^ 

„ 2 Vn«N? O wrr 

Q = -V- j>. - „ . sm 

z" in - co«h » n n 


The magnitude of the vertical reactions Y x arid V v along the 
boundary are obtained by combining the shearing forces with the 


Taum: 7 .— XcMcmcAt. Factmis im» <>’•. >•»»»: JlrveiNn Mmir.xrs or 
Si.mclv .St'cronTi:i> Ucctasm i.*.n Pi.*.:?:.' rrauut Hvoio-tatic 
1 > ki: --ci:i: 7 - 7 r 1 : 

(»• 0.:j, f, > 



1 

M. 

r " P'F/; 

V r * 

0 

M; 

, “ it-.n'q 

’ . v 

0 

h 'a 

i-‘i 

1 

JT *** 

- ,, 

• - 

- -- 

t 

S 53 * 

r n 


1 0.25« 

t 

o.,'o-! ; 

t 

0.00'! 

o.7r«‘j 

0.25*s 

O.OO-I 

0.00*3 1 

1 

0.75*3 

1 0 

0 0132 

0 02:10 

0.0201 

0.02.7;* 

0 01-19 

0 0239 

) 

(u)m;» 

0.0207 

1 1 

0 OI.W 

0.0270 

0 0302 

0 02s; 1 

0 0153 

0.0217 

0.0251- 

0.0211 

1 2 

0,0170’ 

0 oa n 1 

0.033s 

0 031V 

0 01.7s 

0.02.70 

0.025V 

0.0213 

1.3 

0 0200 | 

0 0:110 

0.0371 

O 0315 

0 mot) 

0.02.72 

0 0255 

0.0213 

1 1 

0 022 1 i 

0.0371;' 

0 0502 

0 0307 

0 01 on' 

0.0253 

0.02.71 

0.0212 

1 r> 

0 0239, 

0.0100 

0 0)29 

0 (Kiss 

0 0159 

0.0219 

0 0252 

0.0210 

1 r> 

0.0256 

0.0S31 

0 o:.*,i 

0 0107 

0 OIOS 

0.0201 

0.02-59 

0.0207 

1 .7 

0.0272' 

o.oir.i 

0.0170 

0 0 52! 

0.010.7 

0.0213 

0 021K. 

0.0205 

1.8 

0 0280’ 

0.017-5 

0.0 too 

0 0139 

0.0153 

0 . 0239 

0.0252 

0.0202 

1.0 

0.020S 1 

0 0102 

0 031:1 

0 01.72 

0.01-70 

0,0235 

0.023S 

0.0199 

2.0 

0.0:109' 

0 . 050s' 

0 0529 

0 on;:? 

0.01-18 

0.0232 

0.023-5, 

0.0197 

2.0 

0.0:100 

0.0.701 

0.00) ! 

0 0.72.7 

0 012S 

0.0202 

0.0207, 

0.0170 

*1.0 

o.o.iso; 

0.0017; 

0.0032 

0 0.711; 

0.0120; 

0.0192' 

0.0199 

0.0108 

5.0 

0.0.789 

0 0023 

0.0038 

0 0.710 

0.011s' 

0.01S7; 

0.0IP3; 

0.0100 

« | 

0.0301. 

0 . 002.", 

0 0010 

0 0517 

0.0117! 

0.01S7 

0.0102 

i 

0.0165 
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derivative of the twisting moment?. Along the sides x — 0 
and x — a these reaction? can he represented in the form 

r * - ( Q - - “w) ~ ***•’ w 

and along the side? y = ±6/2 in the form 



in which o and o t are numerical factor? depending on the ratio 
hja and on the coordinate? of the points taken on the boundary. 
Several value? of these factor? are given in Table S. 

Tuu.r. S. — Numerical Factors 5 a an oi fop. Reactions of Simply 
Supported Rectangular Plate? under Hydrostatic Pressure 


7 — q.z^a {f — 0 . 3 , b > a ) 
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corners. Since (he load is not symmetrical, the reactions /(’, at 
3 - = 0 and y = ± 6/2 are different from the reactions fit at 
x = « and r/ — ±6/2. Tliese reactions ran be represented in 
the following form: 

Hi = ;r l 7 c« 6 , 77 ; = n z >i<nh. (<j) 

Tiie values of (ho numerical factors n t and n ; are given in Table 9. 

Tahu: 9. — Xcmkhicai. Factoih n, .eat n ; is ((/> rim Ilcu-rivt: J'oitrrs 
Rx a xt) at Tin: CoitNiats or Simci.v SrcroitTitti tt»:<TA\r;et.ut 

Pt.A'rr.s CM) tat Hyj*u«»iTati** Piik-m’iu: q ■- q-x/n 
(f r, 0.3, I, > ,1) 


i I 

; I 3 • I t 


(I 


i 

t n ' 


<> re'jO 0-yVi t'ib'o o 10'n ert ' 1 c;to a; a <■-:( ti rein c>-o uto cc-a tr. 
Jo o (Os o to; n kk o mt o nn 'i « «:-• cjv '• <-;« -j ey n <-<i* a nit <> nt 

it t 


Since u uniform loud 9 © is obtained hv Miperpodnic the two 
triangular loads q — qa!a and 7 , Ui — ir ran be concluded 

Tahu: 10. — Xcmkhicu. I'acioi:-. « rot: Dcruientiv. nr Simit.v Srccoc.TKi) 
Ui:<TAN<;ri.ut I’luis eNiuat Hviic.o •! \tte it'r.K q « q.x‘<i 
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• ha*, for corresponding values of b, a the sum r. : -f r, z of the fac- 
tor.- riven in Table 9 multiplied by b, a must equal the correspond- 
ing vahm of r.. the last column in Table 5. 

If the relative dimensions of the plate are such that o in 
Fie. 64 is creator than b. then more rapidly converging senes 
vdil be obtained by representing icz and ir- by the following 
expressions : 


c 3S4 D 


y.x~ 


~r(16y‘ - 24b I y : 5h‘}. 


co- 


(2 m — 1 )ry 


(r) 

(0 


The first of ?hes<~- expressions is the deflection of a narrow strip 
parallel to the v-avi-. supported at y = ±6/2 and earning a 
uniformly distributed load of intensity cy.'c. This expression 
satisfies the differential equation (c) and also the boundary eon- 
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ditions w = 0 and d'w/dy' = 0 at y = ± 6/2. Expression h) 
represents an infinite series each term of which also satisfies the 
conditions at the edges y — ±6/2. The functions AV.-i of x 
are chosen in such a manner that each of thorn satisfies the 
homogeneous equation (r) of the previous article (see page 126) 
and so that expression (n) satisfies the houndary conditions at 
the edges x = 0 and x = a. Since the method of determining 
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V\ 

Substituting this in Eq. (a) and using Eq. (Vf) of the previous 
article, we obtain 

, n - 1 


W 


qc<r 

J) 


y, 


H-Jll. 

-'ill ' 1 


n - ! .3.5, • 

, , , win/ , r , miry . . win/ 

+ .1 M cosh — - 4- Ji „ — - si nil — ~ 


. wirx , .. 

s in LI) 

a ' ' 


This expression satisfies Eq. (101) and also the boundary rendi- 
tions at the edges x — 0 and x — a. 'rite* constants ;U and B n 
can be found from the conditions along the edges y = ±1/ 2, 
which are the same as in the previous article and which give 

n- 1 


S(-1J 1 

r'wi 6 


4" /In cosh a n 4- B, 


(2 B n 4- .U) cosh 4- IV. 
where, as before, we use the notation 

mnb 


ct„ sinh a„ - 0,1 
«n sitdl or„ 5= 0,’ 


(0 


<1-, 


2 a 


Solving Eqs. (c), we find 
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1(2 4- Or, tanh or n )( — 1) *’ ., 

f . f t I'm 
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rt — t 

r'/n'- cosh n„ 


(f) 


To obtain the deflection of the plate along the x-axis we put 
y — 0 in expression (</). 'I’hen 
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The maximum deflection is at the center of the plate, where 
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It can be represented in the form 


(j^ + 3.(-lfT). 
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in which a is a numerical factor depending on the magnitude of 
the rat io b/n and on the value of Poisson’s ratio v. Several values 
of this factor are given in Table 14. 1 

Using expression (d) and proceeding as; in the previous article, 
we can readily obtain the expressions for bending moments M z 
and M-j. The maximum values of these moments in this case 
are evidently at the center of the plate and can be represented in 
the following form: 

= ft'p/i 2 , (M*)™. ~ Piqm-. 

The values of the numerical factors ft and Pi are also given in 
Table 14. In the same table are given also numerical factors y, 
Yi, by h\ and n for calculating (1) shearing forces (Q-)™. — yfpfl, 
(Q v )™ = 7 \f[Jt at. the middle of the sides x — 0 and y — — 6/2 
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at (he same points and (3) concentrated reactions It = nq^ab at 
the corners of the plate which are acting downward and prevent 
the corners of the plate from rising. All these values are given 
for b > a. When b < a, a better convergence can be obtained 
by taking the portion ie, of the deflection of the plate in the form 
of the deflection of a strip parallel to the i/-dircction. We 
omit the derivations and give only the numerical results 
assembled in Table 15. 

Combining the load shown in Fig. G5« with the uniform load 
of intensity </ t ., the load shown in Fig. GG 
is obtained. Information regarding de- 
flections and stre--e.s in this latter cast* 
can be obtained by combining the data 
of Table a with tho-e of Table M or 15, 
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32. Partially Loaded Simply Supported Rectangular Plate. — 
Lot us consider a plate loath'd nnh 1 over the shaded portion 
prst (Fig. G7), (lie sides of which are parallel to tlie j-axis. 1 
Then the differentia! equation for the loaded portion of the plate 
is 

'This case was discie-cd by It. G. Galerkitt, .l/c.wsj'f <>/ Moth., vol. 5a, 
p. 20, ] 925, 
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. V ' ( . 7/i7ri/ , . . vi- u „ m-y . . 7/1 -y 

= 2i[A' n cosli ~ + IL «n!i — + C M — sinh -f 

m *• 1 

l~lt\ * 

— } f>m ; if) 

a ) n WJ 


+ ff n ”9L cosh 
a 


and, similarly, for the unloaded portion of the plate above the 
line //r we take 


4£ 

" = ">’(',1" cosli 23! + K **«* + 1 ■ sinli 2a 
\ « « (t a 

n~ 1 

. „mr// . noriA . r/irr . . 

4- — - cosh — •- ] sin (e) 

a a ) a 


Expression (e) satisfies the differential equation (n), and expres- 
sions (f) and (a) satisfy the differential equation (6). Moreover, 
all three expressions satisfy the boundary conditions ir = 0 and 
d-w/dx- — 0 for the sides x — 0 and x — a. 

It is necessary now to choose the constants .1 II n , . . . , C ", 
in such a manner that the boundary conditions at y — ±l>/2 
and the continuity conditions along the line.- /sand yr are satisfied. 
To represent all these conditions in a simpler form let us introduce 
the following notations: 


rnr vt 
a 


2 d n . 



(h) 


in which tj » and jj ; tire the distances of the edges of the loaded 
strip from the x-axis. Considering the line la, we conclude, from 
the continuity conditions along this line, that 


w — «’ 


and 


Air' 


(hr 

Oy 


for 


y 


*72* 


(0 


Since there arc no concentrated mordents or concentrated forces 
applied along the line at, tie- bending moments ,l/„ and shearing 
forces Q v must be continuous at this/line. Hence 


A-w 

(?;/- 


0-ir' 

(Hr 


and 


tVtl’ 

(hf 


(i 3 ir' 

Ihp 


for 


V = Vi- 


U) 


Substituting expressions (c) and (J) into ICqs. (/) and (j) and 
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i;;:nc notations {},). v.*c- can represent these equations in the 
following form: 


— o_ = 0. 


(4- - 4 Lj 

co-h 2y- ~ (B- — 

51 

} sinh 2y„ 

4- (C- - 

Clj2y-. sinh 2y-, ~ 

(D 

- - B' r j2-t 

OU - A -) 

sinh 2 y - -f- (73_. — 


) cosh 2'/-, 
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731 

) sinh 2y_ 


-f (C~. — Clj{2 cosh 2y„ -f 2y, sinh 2y -) l 

4- (i>„ - Dl 3(2 sinh 2y- -f 2y„ eodi 2y„) - 0.\ 

6U - 41) sinh 2y- ~ f£-. - i?l) co=h 2y_. | 

-f (C„ - Cjf3 sinh 2y- 4- 2y~. cosh 2y„) / 

-f (7>- — DL') ( Z cosh 2y-. -f 2y,-. sinh 2y«) = 0./ 

From these equation.- v.*e find 

A - — .1 h. = a„f y„ sinh 2-/-. — cosh 2y„). 

73- - 73-. = —ajy- cosh 2y„ - sinh 2y„). 

C-. - ^ cosh 2y„. (0 

73- - Dl, ~ — — sinh 2'/,-.. 

Wc obtain four similar equations also for the boundary line j/r 
fv = ij;). Subtracting them from Eq=. (1 ) . ;ve find 


41 . - 4 " - 2 e- sir 
y-. 4-3-. 


sinh (y« — 3-.) sinh (y-. 4* 3-) 
— co-h (y„ -f 3-) 
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7 «-• *5 


— _ — 2 dnh (y_, -f 3-3 coth (y- — 3-) 

K ~ 1?* ~ 2u- -inli fy - — 3_j — co-h (y- 4- 3-) 

-r - 0 ~ ' .-mil fy- ~ 3-j 


0 co-h (y-, — 3-) coth fy- — 3-} 


f ^ — r” •'itih ( 7 *. — d-,) 

■C ~~ ! U, ~ f -*_. -mil ■' y - — 3 -i co-h (y- 4 - 3 -}. 
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To these four equations containing eight constants /t'„, . . . , 
/)" we add four equations representing the boundary conditions 
at the edges y ~ ±5/2. For y — +5/2 we have ir' = 0 and 
d-w'/dy- — 0, since the deflection and the moment M y along this 
edge are zero. Substituting expression (f) in these conditions, 
we obtain 


A' n cosli rt n + AC. sinli + C'„a n sinli n„ 

+ D' n ci* co.-h = 0A (a) 
C"„ cosh {( „ + l>'„ sinli » ^ = 0,j 

where, ns before, 

in rb 


Similarly, for the edge y *- —5/2 we obtain 

.•I ” cosh n„ — /C sinli sinh o 

— /C<t«. cos., 

r;: eo-h rt — 1)’^ sinh rr (),j 


>sh «„ =• 0.1 


(«) 


Equations (<») and (n), together with Kq-. (in), are suflieient to 

determine the eight constants .1 ± and we find for 

them the following values: 


A'r. 


«„ sinh 


CO'lt o 

Tf n 4- d*. 


sinh (<«, 


j. 


h Tf«0 


cosh (n„ + ;i„ + - /rx ) 

■ d. 


0 coth f*/„ — d ) sinh + d^ + Y*>) 

cosh (■/ », + dn) 


— or 


2 cosh «r 


_ «r. sin h (r » — d„) 

**• r; * ~ . | 

ocHi 


sinh (««„ — p„ — -/„) 


* /s T fti. i . 

+ - - cosh («,. - , Jr> - 7„) 


/ n On 


,, coth (7.. - ri.J sinh («„ — ~ d«) 

co sh (7 ■*. + d~) 
<l "' 2 COSlt On 
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Cr. 


a m cosh (y n + fin) 


D n = - 


2 cosh n„ 

(in s inh fin) 

2 sinh a, 


cosh (or» 7m “I" fir\)t 
Sinil (ofr* Tn T fin)' 


Thus all constants entering in expressions (c), (f) and (g) arc 
determined, and wo can now calculate the deflection at any point, 
of the plate. Since the coefficients «„ in the series (d) diminish 
rapidly as m increases, only a few terms of series (c), (f) and (g) 
need he calculated to get deflections with a very high degree 
of accuracy. 

As an example of the application of our general solution, let us 

consider the symmetrical case in which 
a uniform load g is distributed over the 
rectangle prtl (Fig. GS). The maxi- 
mum deflection and tin* maximum 
bending moment in this case arc at 
the center of the plate and are found 
by using expre-sion (V) for the deflec- 
tion of the loaded portion of the plate. 
From symmetry it may be concluded 
that the deflection surface must bean 
even function of g. Hence />’„ and Dn 
in expression (r) equal zero, and the deflection surface is 
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sinh 
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where, from symmetry, »i includes only the consecutive odd 
numbers 1, 3, 5, . . . 

Csiug Kq. (b) of the previous at tide, we represent the deflec- 
tions ic i of the strip {Kq. (</)) in the following form: 
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Hence, 


!- ■ — 1 

4'?a i ( — 1) 2 . m-Oi 

~ Th*m? SH ‘ 2a ' 


(r) 


A? a particular case, when a\ — a. we have a strip uniformly 
loaded along it? entire length, and its deflection is 


Ann 1 V 1 • m ~ J 

xc i - r >. —7 • fin — - 

/Jr" nr a 

rs- 1.3.0.--- 


(s) 


For symmetrical loading, ij; — —t]\ = lq/2, and Eqs. (h) 
l)<’COme 


y n — 0 n ~ 

vhich gives 
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f y , ■ eo>h {ci*, 2y„). 

2 ro-n 

Sub-tituting this and expression (r) in Eq. (/>), wo obtain 
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( 120 ) 


1 .'out tlii- equation the deflection at any point of the loaded por- 
tion o! •};<• plate cart be calculated. 

In th" particular when- n. — n and b\ — b we have, from 
Fq ! /\ o„ " 2 . Expressions (a) Is-eume 



r. 


2 co-h a-. ’ 
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and Eq. (1 29) coincides with Eq. (120) (page 1 28) derived for 
a uniformly loaded rectangular plate. 

The maximum deflection of the plate i.s at the center and is 
obtained by substituting y -- 0, r ~ a/2 in formula (129), 
which gives 


t/ViM. 


Dr 3 



1 . nirrttj 

- ; sin \ 1 - 

nr 2n ( 
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COSH flfro 

ir.r,. ■ ■ 


- 2y, 

-.) d* 7-. si nil (f«„ 

- 2y,,) d 


sinh 2y v 


(130) 


As a particular example let us consider the ease where = a 
and b\ i.s very small. This case represents a uniform distribu- 
tion of load along the /-axis, f 'on-idering as small in Eq. 

(130) and retaining only small terms of the fir.- 1 order, we obtain, 
using the notation yin ■■ y-. , 




y ( a- N? 
/7.t‘ — - 


(- 1 ) - 




^tatih a„ 


ct„ \ 

co-li- o„/ 


(131) 


For a square plan this equation give- 


t!’ ( 




0 . 055 ^: - 0 . 0730 ^;. 


/lr‘ 


7.7; 


In the gener.nl case the maximum deflection can be represented 
in the forms 


ll'a 


yen 3 

~ (ij.j q tor a 


and 




qjy f 

a , for a 
Ur 


b. 


Several values of the coefficient a are given in Table 1(1. 

Returning to the general case where In is not ncce-sarily small 
and a t may have any value, the expressions for the bending 
moments M. and M v can be derived by using Kq. (129). The 
maximum values of these moments occur at the center of the 
plate and can be represented bv the formulas 

(iff — fin ,biq ~ fiP, - ilia ib = Pi P, 

where P — a 7' is the total load, The values of the numerical 
factors fl for a square. plate and for various sires of the loaded 
rectangle are given in Table 17. The coefficients can also be 
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■ • j ; ; I 
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obtained from this table by interchanging the positions of the 
letters fli and In- 

The numerieal factors /! and di for plates with the ratios 
b = ] An and b = 2n arc given in Tables IS and 19, respectively. 

t 

Tahi.i: 10. — C'o«:mc-tKvrs ;! ami fi, roit f.W , ami (M, i.v Par. 
tjm.i.y I.oadcii HiictaMsw. mc I’i.atks with /< » 2n. (r ()..'{) 
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33. Concentrated Load on a Simply Supported Rectangular 
Plate. — The solution of the previous article can be used in dis- 
cussing tin* problem of bending of simply 
supported rectangular plates under a concen- 
trated load. This kind of loading ran he 
obtained by making the sides «. and b t of the 
loaded rectangle of the previous article very 
small 1 and taking c/u,fn ~ l\ Let us begin 
with tiie simple ease in which the load acts at 
a point .1 on the j*-a\is. which is the axis of 
Y svmmetrv (Fig. GPL The deflection of the 

Fkj. o'). . . . * . .... 

strip along the x-axis m this ease is 



tf’i 


2/ , <m'S^ 1 

)n 

?•*•** i 


. mrt . vitx 
mn — - mu - 
a (i 


J The problem of tt mneentrated force neting on a rectangular plate has 
been discussed by several authors, S*e the authors paper in Itauingenirur, 
p. 51, 1022. See also A. Xrnlni, }latt{n^r:uur t p, 11, 1021; mid 11. O. Gnler- 
kin, he. tit., p. M(5. 
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plate along the r-axis in the following form: 
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*3 
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2 Dv 3 ^ 

n — 1 


. vi-rc 

Kill / 

-r — ( tanh ctr, 
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(c) 


This series converges rapidly, and the first few terms give us the 
deflections with sufficient accuracy. In the particular case of a 
load P applied at the center of the plate, the maximum deflec- 
tion, which is at the center, is obtained by substituting 
x = c, = a/2 in expression (r), which gives 


^ mi. 






tanh 

nr\ 


Ctr 




(132) 


n- 1.3.5. • • • 

Values of the numerical factor a for various values of the ratio 
b/n are given in Table 20. 
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It is seen that the maximum deflection rapidly approaches that 
of an infinitely long plate* as tin* length of the plate increases. 
The comparison of the maximum deflection of a square plate 
with that of a cent - illy loaded circular plate inscribed in the 
square (see page 73 > indicates that the deflection of the circular 
plate is larger than that of the corresponding square plate. This 
result may be attributed to the action of the reactive forces 
concentrated at the corner-, of the square plate which have the 
tendency to produce deflection of the plate convex upward. 

To determine the b'-mimg moments in the loaded portion of 
the plate we calculate the second derivatives of expression (b) 
which, for y — 0, become 

1 Tim deflection of plate- by a concentrated load was investigated experi- 
mentally by M. Iterg-trus-i-r; mm- / Vjr/.urijf irf-i/cn, vol. 302, Uerlin, 192S. 
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stanlinlly the same as that near the center of a centrally loaded 
circular plate. The bending stress at a point within this circle may 
be considered as consisting of two parts, one of which is the same 
as that in the case of a centrally loaded circular plate of radius 
n, while the other represents the difference between the stresses 
in a circular and those in a rectangular plate. As the distance 
r between the point of application of the load and the point 
under consideration becomes smaller and smaller, the first part 
of the stresses varies as log («/r) and becomes infinite at the 
center, whereas the second part, representing the effeel of the 
difference in the boundary conditions of the two plates, remains 
continuous. 

To obtain the expressions for bending moments in the vicinity 
of the point of application of the load we use the first of the 
equations (114) (see page 100). In the ease under consideration 
the entire surface of the plate, with the exception of the point of 
application of the load is free from load, and the equation 
becomes 


tVM , ,r-M 
Ax' ' Air 


</) 


At the boundary the quantity M -- -f <U y )/(l 4- >•) is zero, 
since the rectilinear edges (l f the plat*- are simply supported. 
Thus the problem of determining .1/ reduces to one of finding a 
solution of Kq. (/) which i< zero at the boundary and varies as 
log (a ’r) at the point of application of the load. This solution is 
known and for an infinitely long plate can be represented in t he 
following form: 
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rfx — _r) 
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where C is a constant. Ry calc, dating the second derivatives 
A-M /At' and A-M/Ay'- it can be shown that expression (g) satisfies 
I-q. (/)• It seen also that for x o (I and x — a, f.r., along the 
supported edges of the plate, the expression for which the loga- 
rithm is to be taken becomes equal to unity. Hence M is zero 
tit the boundary as it should be. Tor points close to the point of 
application of the loud the quantities t/ and (x — e) are small, and 
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2a- 

Kxpre—ion (a) can then be represented in the following form: 
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r = Vy 2 + (x - c)- 


rc presents the distance of a point under consideration from the 
point of application of the load P. 

In order to determine the constant C, consider the equilibrium 
of a small circular element cut out from the plate by a cylindrical 
surface of small radius r with its axis along the line of application 
of the load. The shearing force Q, along the boundary of this 
element is found from the condition of equilibrium to be 

2rri? r = -1\ 

from which 



Tim ‘■hearing force Q, ran also be determined from the equation 1 



Sub-tifutim: for M its expre-^jon (/<). we find 

~ C 

Q - - o-- 0) 

I? f'>!lov.- from t hi-- equation and from lap (i) that C — —P, and 

)< ;. r in r->\ wit); ( 1 02 1 wh'-t! t!i«’ r- and f-din-ciJon*! 
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we obtain for points close to the point of application of the load 1 

-c 


„ p , rr 2 " si "ir 

M - z~rrc = s loE ~ — • 

2'J sin — 
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For the other points, by using expression (/;), we have 
P 


M 


■It 


log 


, ry t(x — c) 
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. t// r(x -f c) 
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(133) 


(134) 


The expressions for the bending moments .1/. and Af v can be 
derived by using 1 m is. (133) and (134). We begin with the 
points along the x-axR For the.-e (mints M. — M?, and by 
using Eq. (134) we obtain 


0V.-X-* = -- ‘ Un ./ S) 


1 _ -(tl-i) 

/’(l + o, <0s 

• (13o) 
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In the particular ease of the load applied at the center of the 
plate, c — n/2, ami we obtain 


0V r ),„, r-. t.uj.,^ - _ L'l-X.: ' i, IR “ . (13G) 

1 d- sin ~ 
a 

To obtain the le nding moments at points that are not on the 
x-axis, let us consider the deflection surface of tin* plate below that 
axis. The general • \pre--ion for this surface is given by Eq. (f) 
of the previous article (see page 1 -IS). The constants in this 

* This expression cun p-wltty lx- obtained idro by sununntion of series (r). 
For this purpose wo replace tic* products of sines tiy the differences of cosines 
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and use the series — - log 2(1 
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conn* ion for .or; infinitely long plate are obtained from the 
germral '-.'corf "ion- on page- 150, 15! and can bo put in tho 
folio'.viarr form ; 

A - o_/l — y„ noth 2y_j sinh 2y„, 

/£ - —nj\ — y„ ooth 2y-,} f-inh 2y„. 

J/„ - -C. = ’'ir-. f-inh 2y_. 

With tlm-e value- of the constant- and with tho assumption that 
- /n s- v.-rb-J- \n i- infinitely .•■•mall, tho required deflection surface 
of t?i" plate b'-'orn'- 



Ti; 1, value of ov given on page 157 has boon introduced. By 
forming dm <-' <-ond derivative- of these expressions vro find 
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IG'I 


It is ini circsl iiiR to compare this result with that for a centrally 
loaded, simply supported circular plate (see Art. 10). Taking a 
radius r under an angle a to the jr-axis, we find, from Eqs. (90) 
and (91), for a circular plate 


Af x — Af n cos 2 « -{- Aft sin 2 « 

= ~U + «') log “ + (1 - .•).£ • 

Af v — Af n sin 2 a Ar Alt cos 2 a 

J> n P r- 

= “(1 + «•) log - -5- (1 - r)f-~ 

‘1 »> 7* 4 i 7T T' 


(/••) 


The first terms of expressions (100) and (/:) will coincide 
if we take the outer radius of the circular plate equal to 


(2a / t) sin (rr/n). 


Under this condition the moments Af t are the same for both ca«cs. 
The moment Af.j for the long rectangular plate is obtained from 
that of the circular plate by subtraction of the constant quantity 1 
(1 — From this it can be concluded that in a long 

rectangular plate the stress distribution around the point of 
application of the load i- obtained by superposing on the stresses 
of a centrally loaded circular plate with radius (2n V) sin (rrfa) a 
simple bending produced bv tin* moments ~ — (1 — i-)Pf- Jr. 

It may be assumed that the same relation between the moments 
of circular and long rectangular plates abo hold* in the case of a 
lo.ad P uniformly distributed over a circular area of small radius 
r. In such a ease, for the center of a circular plate we obtain from 
Eq. (S3), by neglecting the term containing r 2 , 


AI,. 



,.) log ~ -f 1 


Hence near the cen‘' r of the loaded circular area of a long rec- 
tangular plate we o. .-tin from Eqs. (139) 
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1 We observe Umt x‘- »■« r' - 
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From thi- compari.-on of a lorn: rectangular plate with a circular 
plate it rnnv be concluded that all information regarding the local 
v*rr-~f- r.t flu* point of applieation of the load P. derived for a 
circular plat'- by siring the thick plate theory (see Art. 19), can 
ni-o he applied in the case of a long rectangular plate. 

When the plate is not very long. Eos. id) should be used instead 
of Fq. y, in the calculation of the moments M r and M v along the 
r-nxR Becatt-e of the fact that tanh approaches unity 
rapidly and co-h a-, becomes a large number when m increases, 
tlw differences between the sums of series (d) and the sum ot 
wr-ries (r) can easily be calculated, and the moments .hf r and M v 
along the v-a.xis and clo-e to the point, of application of the load 
ran be represented in the following form: 
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in which y : and */« are numerical factors the magnitudes of which 
d<"|*' nd on the ratio /« 'e. Several values of these factors for the 
case of central application of the load are given in Table 21. 
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> - di-tribnti'-n n-ar the point of application of tlm 
ti.diy the -.-.rn- a* for a centrally loaded circular 
■2-: r; rit* -r-'n). To get tin* bending moments 
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M z and M v near t ho load wo havo only to superpose on the 
moments of (Iso circular plato the uniform bonding by the 
moments jl/' — •jn/y-ltr and .U' — — (1 — v — y^)P/‘\~. Assum- 
ing that this conclusion holds also when the load P is uniformly 
distributed over a circle of a small radius r, we obtain for the 
center of the circle 
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If the load P is applied at a point that 5.- not on the axis of 
symmetry, the general expres-ion-’ (<•), (fj. and (g) of the previous 
article should be used. As an example, let us determine the 
deflection under a load P applied at a point whose y- and »/-eoordi- 
nates are r and respectively. The genera! expressions for the 

constants .1. I).., given on page 151, can ho put in 

another form by sub-t inning 

.. j_ q _ ,r: ~n „. _ v > _ 

/n . Pn “ ^ 1 / <*-. 


and treating b i a* ver\ ‘•mall. Then omitting all the terms con- 
taining h x to a {lower higher than the fi r> t and making ij ~ r, in 
expression (r) of the pr«-\ am-, article, we obtain the following 
result for the deflection <>f the loaded strip (i / — ij): 
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(143) 


By making j / = 0 in this expression we obtain expression (r) 
which was obtained before for the load applied tit the axis of 
symmetry. When the plan? is very long, tanh or„ ~ coth «*> ~ 1, 
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rind n't;'* « <• o-ir a-, Lerorne very large; and vrhen - is not 

large in corn pari -on v.d ?h a. Ko. (1 43; gi vex 
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v'hich can al-o !/~ obtained from I>i. fc) for the symmetrically 
loaded plate. 

34. Rectangular Plates of Infinite Length v/ith Simply Sup- 
ported Edges. — In our previous di-cu.-dori.-: infinitely long p!at/-s 
have tr'-i-n eon-.’d'-r-'-d in several ea-v-., Thn daflaatiorix and 
moment- in -u'-h plate- w-re u-ualiy obtained from the corre- 
-- ponding solution- for a finite plate by letting the length of lh" 
p!a’e iwrers-" indefinitely. In some cas'-s it is advantageon- to 
obtain ^elution- for an infinitely Jong plate first and combine 
fh'-rn its -u'h a v.ay a- to obtain the solution 
for a finite plate. Several examples of tht.- 
merj.od of solution will be given in this 
arth-le. V.V b'gin vdth the ea-e of an infinitely 
long plate of v.idth a loaded along the r-axi- 
a- >-hov.'ti in Fig. 70. Since the deflection 
k Urfa r>: i- ‘-ymrr.etriea! v/jfh respect to the 
r-nxi-. r.e need cotidd'-r only the portion of 
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yiv n m *' ' y" 

J " £ a- " 


m'l r 




T r 


0. 


Taking the solution of this equation in tin- form 


mr'j nty nry rttv 

y„ = .-i „»■'«' + n^, r « 4- rV'« + uj^ e ~ (c) 

a a 


and observing that the defleet ions and their derivatives approach 
zero at a large distance from the x-axis, it may be concluded that 
the constants and IK, should he taken equal to zero. Hence 
solution (b) can be represented as follow.-* 



f. -l 


From the condition of symmetry we have 



This condition i- .-ati-fh-d by taking (■„ ~ / in expression (d). 
Then 
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The constants can b" readily calculated in each particular 
case provided the load di-tribution .along the x-axis is given. 

As an example, tt.- -tune that the load is uniformly distributed 
along the entire width of the plate. The intensity of loading can 
then be repre.-'-nted by the following trigonometric series: 
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in which n, is the load per unit length. Since the load is equally 
divided between the two halves of the plate, we see that 
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from which 
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Expression (c) for the deflections tlu-n becomes 
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The particular case of a concent rated force applied at a distance 
c from the origin is obtained bv making the length 2b of the 
loaded portion of the z-axis. infinitely email. Substituting 
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in Kq. (/), we obtain 
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(14-1) 


an expression that coincides with expression ( 137 ) of the previous 
article. 
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points for which 
follows: 


various other cases of loading by integrating 
the deflection of a long plate under a load 
distributed along a portion 2 L of the z-axis. 
As an example, consider the case of a load 
of intensity r/ uniformly distributed over a 
rectangle with sides equal to 2 b and 2d (shown 
-haded in Fig. 71). '1'aking an infinitesimal 
element of load of magnitude <j2b tin at a dis- 
tance » from the z-axis, the corresponding 
deflection produced by this load at points 
with y > 1 1 is obtained by substituting qdu 
for f/ e and r; — it for // in expression (i). The 
deflection produced by the entire load, at 
y r= d, is now obtained by integration as 



Hiy.l'LY FJFi'F'OItTED RF-CTAFOlLAR t 'L .1 i F, ' 1< I 


'ST' 1 . r.rc . rr-'j . rr.-~ 

- - > — -;n -:n -:n 

r'/o— * rd (1*1*1 


n 


' r . . mr'v - u)\ - — r 
i = r 


mh nn 


cc- 1_ ... 

-(£ + » + <} 


( J) 


By a projv-r chance of the- limit- of imegmiion the deflection 
at point- v.ith v <C *1 can also ho obtained. J. r t n- con -id or 
the d'-Hc^tion along the .r-nxi- trig. 71;. The deflection pro- 
d-mr-d t,y the- upper half of the load i~ obtain <-4 from expression 
ijj by the euan'ity r/,, 2 for y and for d. By doubling 

re-uU ol/ain'd in tin- ray also take into account the 
fiori of the io*.v f r half of tic load and final! v obtain 
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V.*!/ n d — x . t ?;«•- load, indien'otj in Viz. 71. i« expanded along 
;!;<•> e:>t:rt- ban*!; of the p!a*o-j arid th f ‘ cb-fm/eion surface Is a 
f-ybr.'lri'c-.l one. The corn- -ponding deflection, from cxnres-ion 
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The following expressions for bending moments produced by 
the load uniformly distributed along a portion 2 b of the x-axis arc 
rcadilj' obtained from expression (i) for deflection to: 
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These moments have their maximum values on the. x-axis, where 
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In the jinrtieular ease when ,• r- l, r- a/2, i.e.. when the load is 
distributed along the entire uidth of tie* plate, 


Mr \ _ ,• u , i/'^ifl T r) ''O 1 • MrX 

{Alt ) - (.U/.,. •“ - ~ sin — 

r- l/i* fl 


V,u(l + r) \ (-1) _ ri/r/i ( 1 -f r) 

' ” m*' :>2 


i». - • • • 

'1'he maximum moment is at the center of the plate where 
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When b is very small, t>., in theca-e of a concentrated load, we put 
mrb inrb 
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Then, from expression (n), we obtain 
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which coincides with expression (c) of the previous article. 
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In the <■: i ul ‘ of a load 7 uniformly distributed over (ho area of a 
rectangle (Fig. 71). (Ik- bending moments for (ho portion of the 
pint" for which y <s d are obtained by integration of expressions 
(ni) as follows: 
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Tie* moment- for the portion of the plat" for which y < d ran bo 
rahulat/d in a -irnilar mamirr. To obtain the moment « along 
tlw y-nxb, v.e have only to -ub-titute <"//2 for d and y in 
formula' 0 - 5 . 7 ) and double the n-ults thus obtained. lienee 
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When d is very small, Eqs. (MG) coincide with Eq. (n) if wc 
observe that 2 qd must be replaced in such a case by q r ,. When d 
is very large, we have the deflection of the plate to a cylindrical 
surface, and Eqs. (14G) become 
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The expressions for the deflections and bending moments in 
a plate of finite length can lie obtained from the corresponding 
quantities in an infinitely long plate by using the mrthwl of 
images. 1 Let us begin with the case of a concentrated force P 

applied on the axis of symme- 
try - of the rectangular plate 
with sides a and 1 in Fig. 72o. 
If we now imagine the plate 
prolonged in both the positive 
ami the negative //-directions 
and loaded n it h a series of forces 
/* applied along the line tan at a 
distance l> from one another and 
in alternate directions as shown 
in l'ig. 72 h. the deflections of 
such tin infinitely long plate are 
evidently equal to zero along 
the lines Atlii. Mt, CD, 
CjD j, . . . The hemline moment- along the same lines are also 
zero, and we may con-uiei the given plate ,\HC1) as a portion of 
the infinitely long plate loaded a- shown in Fig. 72 h. Hence the 
deflection and the stre— e.- produced in the given plateat the point 
of application 0 tit the concentrated force can he calculated by 
using formulas derived for infinitely long plates. From Eq. (I-l-l) 
we find that tin* deflect ion produced at the 7 -axis of the infi- 

1 This method was used by Dr N.-d.-ii, w Math. Mreh., vol. 2, 

P. L 1022; suit! by M. T. Ihtber, s Z un y. *r. Me.:),, Mech., vol. 0, p. 22S, 
1920. 
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ns i lie distances of the forces from the point 0 increase, it will 
be necessary (o consider only the first few forces near the point 0. 

The same method can lie used when (lie point of application of 
P is not on the axis of symmetry (Fig. 7 3«). The deflections and 
moments can be calculated by introducing a system of auxiliary 

forces and using the formulas 
derived for an infinitely long 
plate. If the load is distributed 
over a rectangle, formulas (145) 
and (1*1 (i) can be used for calcu- 
lating the bending moments pro- 
duced by actual and auxiliary 
loads. 

35. Thermal Stresses in Sim- 
ply Supported Rectangular 
Plates. — J.ot us assume that the 
upper surface of a rectangular 
plate is kept at a higher tempera- 
t ure than the lower surface so that 
the plate has a tendency to bend eonvexlv upward because of non- 
uniform heating. Because of the constraint along the simply 
supported edges of the plate, which prevents the edges from 
leaving the* plane of the supports, the non-uniform heating of the 
plate produces certain reactions along the boundary of the plate 
and certain bending stresses at a distance from the edges. The 
method described in Art. 2-1 will be used in calculating these 
stresses. 1 We assume fust that the edges of the plate are 
clamped. In such a case the non-uniform heating produces 
uniform^* distributed bending moments along the boundary 
whose magnitude is (see page 51) 
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where t is the difference between the temperatures of the upper 
and the lower surfaces of th<* plate and a is the coefficient of 
thermal expansion. To get the bending moments M. and Af v for 
a simply supported plate (Fig. til), we must superpose on the 
uniformly distributed moments given by Kq. {«) the moments 
that are produced in a simply supported rectangular plate by the 
1 See paper by J. L. M.uilliet.seh, Inc. cit., p. 10 1. 
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moment- M' r . ~ —alD(\ -f v)/h uniformly distributed along the 
fdg'"-. Wo shall ii-o (114; Oo page 100; in discussing this 
latter problem. Since the curvature in tho direction of an edge 
h z<TO in the r roc of simply supported edges, we have M' t = vM' n . 
Hence at tie- boundary 

v = E*±2h = ± Mj = alD(l * ± (i) 

1 -f- v 1 f i' h 


Thu- the first of the equations (114) is satisfied by taking M 
constant along the entire plate and equal to its boundary value 
(h). Then the second of the equations: (114) gives 

<rir 0-w _ at (l -f- v) , * 

HP * IP? 'h ' {c) 

Hence the deflection surface of the plate produced by non-uniform 
heating i- the same as; that of a uniformly stretched and uniformly 
loaded root angular membrane and is obtained by finding the 
solution of Kq. (r) that satisfies the condition that v; — 0 at the 
boundary. 

Proceeding as before, we take the deflection surface of the plate 
in the form 

v; - Wi -f {(I) 

in which v j is the deflection of a perfectly flexible string loaded 
uniformly and stretched axially in sue h a way that the intensity 
of the load divided by the axial force is equal to —at( 1 -f r)/A. 
In siu-ii a ca-e the deflection curve is a parabola which can be 
represented by a trigonometric series as follows: 
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can be taken in the form of the series 
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in which Y n is a function of jy only. Substituting (g) in Eq. (f), 
we find 
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From tin' symmetry of the deflection surface with respect to the 
x-axis it may he concluded that Y n must be an even function of 
If, Hence the constant .1 ^ in the expression ( k ) must be taken 
equal to zero, and we finally obtain 
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This expression satisfies the boundary conditions ir = 0 at the 
edges x - 0 and x - a. To sati-fy the same condition at the 
edges g — ±6,2, we miel have 


. . 77i r’i al{ 1 -f- *-) -bi 3 n 

/U codi - = 0. 
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Substituting the value of Jt n obtained from this equation in 
Ei. 1 }. (i), we find that 

w 

\ 

in which', as before, <«.. — m-h/2a. 

Having this expro-u.n for the deflections ir, we can find the 
corresponding values of bending moments; and, combining them 
with the moments (a), we finally obtain 
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The bending moments Af x and M v have their maximum values 
al the boundary. These values are 
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It is seen that these moments are obtained by multiplying the 
value of M n in formula (ft) by (1 — »-). The same conclusion is 
reached if we observe that the moments M’ n which were applied 
along the boundary produce in the perpendicular direction the 
moments 
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which superposed on the moment («) give the value (;i). 

36. Application, of Finite Differences Equations to the Bending 
of Simply Supported Rectangular Plates. — In our previous dis- 
cussion (see Art. 2!) it was shown that the* differential equation 
for the bending of plates can be replaced by two equations each 
of which has the form of the equation for the deflection of a 
uniformly stretched membrane. It was mentioned a bo that this 
latter equation can be solved with sufficient accuracy by replacing 
it by a finite differences equation. To illustrate this method of 
solution let us begin with the case of a uniformly loaded long 
rectangular plate. At a considerable distance from the short 
sides of the plate the deflection surface in this case may be con- 
sidered cylindrical. Then, by taking the x-axis parallel to the 
short sides of the plate, the differential equations (11-1) become 



Roth these equations have the same form as the equation for the 
deflection of a stretched and laterally loaded flexible string. 

Let AB (Fig. 7-1«) represent the deflection curve of a string 
stretched by forces S and uniformly loaded with a vertical load of 
intensity q. In deriving the equation of this curve we consider 
the equilibrium of an infinitesimal element >mt. The tensile forces 
at points m and n have tin; directions of tangents to the deflection 
curve at these points; and, by projecting these forces and also the 
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IS! 


land q dr on ‘.he r-axis, wo obtain 




q dx = 0, 


from which 


a >-tr _ _q_ 
dx 2 S 


(b) 

(c) 


This equation has the same form as F.qs. (a) derived for an 
’•nfutitely loop; plate. The deflection curve is now obtained by 
integratin': Kq. (c) which gives the parabolic curve 

4 o x(n — x) , A 

w — — -s (f/J 

a- 


sati.-fying the conditions tr = 0 at the ends and having a deflec- 
tion <5 at the middle. 



Ttn. 7-S. 


'I t;o “a mo problem can be solved Graphically by replacing the 
uniform load by a sy.-tem of equidistant concentrated forces 
qlr, Ar bring th<* di-:anc« b'-tw.-en two adjacent forces, and 
con>*ntcting the twnruiar polygon for these forces. If A (Fig. 
* 'd<: i- one o: t!i*' » >f this funicular polygon and S t _, and 

are *.h>* *«•»••:!*• Innas j» the two adjacent sides of the polygon, 
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the horizontal projections of these forces are equal to S and the 
sum of their vertical projections is in equilibrium with the load 
q Ax, which gives 


c ,Vi — ?/'( -! ,,V; , , — 

■ o — • o - — 

Ax Ax 


v\ 


q Ax — 0 . 




In this equation ici-i, w*j and are the ordinates corresponding 
to the three consecutive apexes of the funicular polygon, and 
(v'i — u'i.-i)/Ax and (i/'i. — u\)/At art; the slopes of the two 
adjacent sides of the polygon. Equation (e) can be used in 
calculating the consecutive ordinates ic,. v~, .... tCi_i, in, 
u’n i, . . . , u\ of the funicular polygon. For this purpose let us 
construct Table (/). 



(f) 


The abscissas of the consecutive division points of the span are 
entered in the first column of the table. In the second column are 
the consecutive ordinates of the apexes of the polygon. Form- 
ing the differences of the consecutive ordinates, such as ir t — tr,', 
■ ■ • , vl — u-i, i — , we obtain the so-called 

first differences denoted by Air-, Atn_,, Avi, . . . , which 

we enter in the third column of the table. The second differences 
are obtained by forming the differences between the consecutive 
numbers of the third column. For example, for the point h 
with the abscissa J;Ax the second difference is 


A-Wl = AVi — Att’t-i = »\t tl — Vl — {Vl — W’i_i) 

= U't+i — ~Vt + Vk-\- (?) 



FIX PLY Fr PLOPPED RECTA. WLAR PLATES JS3 
V.'irh ?hi- notation Eq. <r) c an be -rrittc-n in the following form: 

A'tr c ,. . 

53 “ -j- M 

Tiii* i- a finite differences equation which correspond 3 to the 
differ* ntial equation '<" t and approaches it closer and closer a. 3 the 
uumb'-r of divider; points of the span increases. 

In a similar manner the differential equations (a) can bo 
replac'd by th r * following finite differences equations: 


y-nr 


av _ ( 

//) 


(0 


To lihi-trate the application of these equations in calculating the 
deflections of the plate jet ns divide the span, say, into eight 
equal part", i.c.. let A z — [n. Then Eqs. (f) become 


eo- 

= ~&T 


-i-ir = 


Ma z 

'(AD 


Forming the -'••rond difference' for the consecutive division points 
t." ; . t-j and »."< in accordance vdth Eq. (o) and observing 


f ;, : ,f 

i:i our 

ca-e rr- — 0 and 

3T = 0 and from symmetry trj 

nrvi 

-V, - 

3/;, we obtain 

the two following groups of 

< fpir* 

Put :.~t 




- 

- «r, - -;:f 

0 - \ 
b: ' r ' 64 Z> 1 


- 2’f; 

' ,v : - -ft 


•V, 

- 2.V, 

- ’0 - -%■ 


T 1 

- 2 '- t , 

rq* 

— U. rr — 

r.j 

- - 2,-, _ 

' • CAD J 

< V ' + K 

* * Of f J • 

- tiT 1 " CHi'lIi, V« »*’ 

obtain the following values fo 


(j) 


r 

d" 


1C ... pi 
••• t — f < r 
'rt 


Io ce : 

~2 of 
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These values coincide exactly with the values of the bonding 
moments for a uniformly loaded strip, calculated from the 
known equation 


M 


f E x _ 2L\ 

2 2 


Substituting the values (/.•) for the moments in the second group 
of Eqs. (/), we obtain 

— 2l/’l = —\N, 

V's — 2 10; + 10 1 = — GA', 
v'i — 2 io. -i- ir~ - — VA', 

icj — 2u’i -r t/’j = — SA’, 

where 


A- „ J‘”L 
G! -I) 


Solving these equations, we obtain the following deflections at 
the division points: 

to, = 21 A', io. - 38.5.V, io 3 « o()A' t it* = 54. V. (f) 

The exact values of these deflections as obtained from the known 
equation 

«• “ 24 “ 2nfZ + x,)f 


for the deflection of a uniformly loaded strip of length a, for pur- 
poses of comparison, are 

to, = 20.7A’, ip- = 3SA r , ir, = 49.4 A’, to, = 53.3A'. 

It is seen that by dividing the span into eight parts, the error 
in the magnitude of the maximum deflection as obtained from the 
finite differences equations (t) is about 1.25 percent. By increas- 
ing the number of division points the accuracy of our calculations 
can be increased; but this will require more work, since the 
number of equations in the system (j) increases as wc increase 
the number of divisions. 

Let us consider next a rectangular plate of finite length. In 
this case the di (lections are functions of both x and y, and Eqs. (a) 
must be replaced by the general equations (114). In replacing 
these equations by the finite differences equations we have to 
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coTiMrlf r t I k* differences corresponding to the changes of both 
th<- coordinate- x and >/. We shall use the following notations 
for the fir.- 1 differences at a point ;!«„ with coordinates mix and 
i,h/. The notation used in designating adjacent points is shown 
in Fig. 75. 

A jlX y-.— l.r. " tC r5t * i — * ir n — l,r.» A*?/ n.r. * a r".(- 1 , r. ~~ tZ'r»,r.y 

^ V'ri.r. tr 1'jW rj,r, ’ tt ri.n- 

Having the fir.-t differences, we can form the three kinds of second 
differences as follows: 



7.'. Tit;. 70. 


replaced by th*‘ following differences equations: 


A„.V _ _ ) 

i> ! " * -i?/ 2 rj ’ ( , s 

A,,ir ^ A r ,ir _.V ( ^ 

Atr 1 ‘ Ay- ~ I) } 

lit tie* ca'-e of a -imply supported rectangular plate M and v are 
equal to re ro at the boundary, and we can solve; Kqs. (ft) in 
Mtere«-.;o:i witl'.Otp iifSV difficulty. 

1<* illn- f rate tin* proci-,. of calculating moments and deficc- 
!! " n " ’ u ' tie- very simple ea-e of a uniformly loaded 

• 'pints- plate Hog. (tit. A rough approximation for M and rr 
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will be obtained by dividing the plate into 10 small squares as 

shown in the figure, and by taking Nr — Ay = ^ in Eqs. (a). 

1 1 is evident from symmot rv that t lie caleulat ions need be extended 
over an area of one-eighth of the plate only, as shown in the 
figure by the shaded triangle. In this area we have to make the 
calculations only for the three points 0. 1, 2, for which Af and w 
are different from zero. At the remaining points 3, 4, o, these 
quantities are. zero from the boundary conditions. Beginning 
with the first of the equations (n) and considering the center of 
the plate, point 0, we find the following values of the second dif- 
ferences for this point by using Eqs. (m) and the conditions of 
symmetry: 

- 2.1/, - 2.1/e. 

A,.,;l/o - 2.1/, - 2.1/c, 

in which .1/, and ,1/., are the values of .1/ at points 1 and 0, 
respectively. Similarly for the point 1 we obtain 

A--.1/ , - .1 /; - 2.1/, -|- .1/e - -2.1/, .1/e, 

A, v .l/, - 2.1/- - 2.1/,. 


The second differences at point 2 can be calculated in the same 
way. Substituting these expressions' for the second differences 
in the first of tin; equations (a), we obtain for the points 0, 1 and 
2 the following three equations: 


•1.1/, - 4.1/, r- 
2.1/ : - 4.1/, -i- .1/ D - 
-4.1/; d- 2.1/. - 

from which we find 


1 r : 

- 2 01 ’ 


1/ - ' '/"* 
" 2 04 ’ 


>l>r 

id’ 

'}£ 

io’ 

>!<Y- 

"l0* 


;!/; 


n qir 
4 04' 


Substituting these values of moments in the second of the equa- 
tions (a), we obtain the following three equations for calculating 
deflections «• o, tc, and w^: 
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•lie, — -life, ~ — -J-V, 

2i r : — -f- Wo ~ ~ FY, 

— -it/'; *4 2 t/’i — — ^ 4 * iV, 


10 - 01 1) 

From t he e equations we find t lio following values of (ho (Inflec- 
tions: 

v, -- ;-£A r , j/'i = v' 2 ~ y^N. 

For tin* deflection fit the center we obtain 

"■ “ P “ wSftte “ °' 00 " ,3 T7 “ n - 0Mo l$- 


Comparing this with the value 0.0 \‘\?,>in’-/Eh' given in Table i 5, 
it can he concluded that (lie error of the calculated maximum 
deflection i« les- than 1 per cent. For the bending moment at 
the center of the plate we find 


M«(\ + r) 


1.3 ft qa- 
2 * 2 05 


O.OloiY/r/ 3 , 


which F le ■ • than the exact value 0.047! )(/«* bv about *U per cent. 
It can he cefti that in (hi* ease a small number of subdivisions 
of the plate gives an accuracy sufficient for practical applications. 
By taking twice the number of subdivisions, i.c., by making 
Ax ■ \<j lo f the value of the bending moment will differ from 
the exact value by h ~- than I p"r cent. 

From I hi* simple example it can be see » that, the use of the 
difference* equation.- gives u- a sati-faetorv result in the case of 
limply -upported and uniformly loaded rectangular plates and 
may Is* applied in praetie.al ea-e^. 1 


! M'.nv i;imn r> it cvi!ii{.!*'i of rt,i< kind may ic found in the hook hy 


t,*r H. M f* r**t j , " I);i- '1 Ji< orii- f pi* t i-ciji r (i'-.vetea” 2d <‘d. ( Berlin, 1032; see 
s'-' ■ - f - Xi'h’Oi, "lS'--t#un«. ;d -ji-e ndinjo r i Pl:id*‘r,” C'openhnRioi, 

I o." > A >*!' *5,'* i of » ;v>- nf.jiroxir [,.*(! ion - m e-ing t lie finite difference-., 
■!. v ! hy H. l.v Ouinn, nruren ilt'-rie Brrriir thing 
• t::.k*c,M c (ir.d Kenforin'r AtihilduiaoTi," Sitzuug'h., Atuu'h- 

r "" if, p JfiJs 'll." ri)!,v' rfi iii'v of ;lij. m'-tho-l '.vn- di-enwd 

1 •* r W, p. or.;— M/r! vnj. f.. p. ns, HC>r,; rtr ,d hv It. Courant, 

y ■ ,'fn' ! Ms'\ , \ ■!. C,, p. :».22, I’.r'Jo. 
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37. Bending of Anisotropic Plates. — In our previous discus- 
sions we have assumed that (he elastic properties of the material 
of the plate arc the same in all directions. There are, however, 
cases in which an anisotropic material must be assumed if wc 
wish to bring the theory of plates into agreement with experi- 
ments. 1 Let us assume that the mater al of the plate has three 
planes of symmetry with respect, to its elastic properties. Taking 
these planes as the coordinate planes, the relations between the 
stress and strain components for a case of plane stress in the 
xy-plane can be represented by the following equations: 


a. = E',( : 4 - E"( u , | 
Gy = E'yty + E"t : ,\ 

~rj ~ 0‘ir.j. 


(«) 


It is seen that in the ease of plane stress, four constants E’ r , E' v , 
E" and G are needed to characterize the elastic properties of a 
material. 

Considering the bending of a plate made of such a material, wc 
assume, as before, that linear elements perpendicular to me 
middle plane (jry-plane) of the plate before bending remain 
straight and normal to the deflection surface of the plate after 
bending. lienee we can use our previous expressions for the 
components of strain: 


f - ~ ** r = --hjnii 

The corresponding stress components, from Kqs. («), are 



(b) 


(0 


With these expressions for stress components the bending and 
twisting moments are 


1 Tin- case of a plate of an anisotropic material has been discussed by J. 
J5oiis.sinc.srj, J. ninth., 3d series, vol. 1879. Fee also Saint Yenant’: 
translation of tin; liook “Tlu'orie de lVIastieite des corps solutes,” by A. 
Clehsch, note 73, p. 093. 
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mutually perpendicular direct ions. The quantities /)-, D u and 
D y can be calculated approximately for a reinforced concrete 
slab by the methods used in investigating the bending of rein- 
forced concrete beams, or they can be obtained with greater 
accuracy by experiment. The torsional rigidity f)~, can he 
calculated approximately by taking the concrete; only into 
account and using its shear modulus G, or a more accurate value 
can be obtained by direct test, as shown in Fig. 25 c. 



J'to. 77. 


Equation (148) can also be applied to the grid work system 
shown in Fig. 77. This consists of two systems of parallel 
beams spaced equal distances apart in the j- and y-direetions 
and rigidly connected at their points of intersection. The 
beams are supported at tie- ends. and the load is applied normal 
to the :r//-plnno. If tie- distances «. and In between t he beams 
tire small in compan-on with the dimensions a and b of the 
grid, and if the flexural rigidity of each of the beams parallel 
to the x-axis is equal to l! x and that of each of the beams parallel 
to y-nxis is etpitd to we can substitute in Kq. (148) 



The quantity 1)\ in t hi< ea-e i- ?cro, tmd the quantity D :v can 
be expressed in terms of the torsional rigidities f’i tmd C; of the 

this subject. See V.-l err. Ir.tj. u. Arcf.it. IV.-., p. 557, 101!. The 
principal results arc collected m Ids boohs: “Teorvn 1’Iyt," I.wow, 1 0*22, 
and “Problfinc der Statil; ticlmeeh wiehtiger ortbotroper Flatten,” Wars- 
zawa, 1 029. Abstracts of bis papers are given in ('omp'.es rcntlus V. 
170, pp. 511 and 1305, 1020; ami v. 1 SO, p. 1213, 1025. 



pimply Frvvnnrr.i) nrj'TAWi.M: vi..\ rrs ifi 

beam- pa mil'-: to th" r- and v-nx" . r< pff.iv-'.y. For thF 
purpo-" <on-td"r th<> tv.;-t of an 'hnunt a- -horn in IV.:. 
77 b and obtain th" fu!!ov.ir.;: r* '!:»* :» *ri'- l^'vi-u th" i r ; ir 

mown*? and th'' uvi-t i' ,: — PtP’j: 


Mr, 


r, /» : <- 

/». /'o' ij'/ 


V' 


r. ,v : - 

<7; '"*7 


Sub-Mtutin:: ? I in th'- "'ptnMon of founibriotn Ifi 
on pace 87. v," find that it; th" of tie* *-y<.o m p pr*-- - nt'd irt 
Fie. 77o the diff'-r-' niini * quntion of th" d* fb-rtion .‘•nr t:n >• i- 


Zivlir ^( r h jl. r J\ rVir /v 'V- 

h : /'V ’ yo ’ n : /P- : r'<y ' <:■ 




v.-hiVh is of th" ‘•ant" form Fq. 1 'V. 

Equation (I4S; oars t-- --olvod by th" rr,"*hod- uu-d its tin- /- 
of an botropi" p'rP'-. \s ■! u- apply 'Ik- Xavi'T rrn'ho-'J A"" 
Art. 27; and as sum" that ’in.- pl.ntob uniformly load'd. Taking 
the coordinate ::ao as .-hov.u: in Eic. of* and r« , j>n , -'-"j)ti»£ th" 
load in th" form of a doubV t Econometric th." dif?< p-aria! 

equation fl*58j k>""o:n".-' 


n':r 


1)~ 4- 2 //v-.-i-i V 

or- 07 - o v 


-s: X 1 1 y f . «rr ;r< r,rv 

r- ^ ‘ - r - 


rn 


( n) 


•].V'. • ■ 


A solution of this equation that .-rt? i - fir--.- th" l*o:tndnry conditions 
can Le taken in the form of the cion id" trigonometrical KTi"s 


tr 


2 


^ . r.TV 

2. nn -:n 

* n b 


(A; 


Substituting this ‘■"ri"'- in Eq. to;, v." find the following fxtw - 
sion for the coefficients /z • 


Or-.-. — 


1 O'/A 


I 


v /m* , 2 m-n‘ rr , n‘ \’ 

"V** ■" -a=i= " - ST /J ») 
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Hence the solution of Eq. ( g ) is 


w = 


I670 

_c 


y. 


. ?n~x . ?i mi 

sin sin — — 

a b 


. 1 . 3 . 5 , • • • 11 -1.3.5. •• • w* 


fm' 

V 


/) a. 4. 


—D \ 
b' u ) 


(0 


In the ense of an isotropic material 71. = D v — II — D, and this 
solution coincides with that given on page 1 IS. 

As a second example, let 11s consider an infinitely long plate 
(Fig. 70) and assume that the load is distributed along the i-axis 
following the sinusoidal relation 

. mrx 

<1 = no sm — (j) 


In this case Eq. (MS) for the unloaded portions of the plate 
becomes 


D f 2‘ 
r dx l 


2 //_?_*£_ 4. j).~~ 

0x z bij'- ' 'Dii' 


0. 


(/■•) 


A solution of this equation, satisfying the boundary conditions 
at the sides parallel to the //-axis can be taken in the following 
form: 


. m-x 

ic — } „ sin > 

a 


(0 


where )'„ is a function of 1/ only. Substituting this in Eq. (/;), 
we obtain the following equation for determining the function 

Y n : 

I\ Y" ~ 2//™ -f - 0. (m) 

The roots of the corresponding characteristic equation are 


r 1..M.4 -- 


. mr III' / ///; _ /X- 

~t\d; - \jbi /V 


We have to consider the following three eases: 


00 


(l) //= > (2) //- - (:t) //- < 00 


In the first case all the* roots of Eq. (a) are real. Considering 
the part, of tho'^ plate with positive 1/ and observing that the 
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1!'3 


notations 


a 


its d«-ri 

vatives 

rnu-t vani-i 

i a* large 

di 

■ can ret 

am only 

the riegativ 

•e root-. 

u.- 

1 


a r// 

"1//- 

IK 

"In* 

^7/. 


' V/>» 

T), 

V7>- 





1 


0 f/7~ 

/// : ' 

IK 

T“7//= 

Ml 

r\ /a ~ 

' \ ? /;j 

IK 

~ \7>- 

ik 





r r. 

M 


the integral of Eq. (w) Ina-omes 

r» vs 7 

r-. ,U. ' -- 

and expression (f) can 1 k> repre-ented in the fonn 

inn 


\r 


{A, 


-f Hf, r a ) sin 




From symmetry we conclude that along th" r-axis 





'T / ~ 


and we fnid 


and 


IT 


0. 


•u 


IT 


= - fV?) >in 


00 


'7) 


The coefficient d,-. is obtained from the condition relating to the 
shearing force Q., along the jr-axis, which gives 

o ( n 'For ..OoA q, . 

W + "«e7 “ ~ 2 ™‘ ~ ' 

Substituting for «? its expression (7), we obtain 

/t _ fjr.erft' _ aq</P 

" 2nrl),(a- - ft*} ~ 2r i m i l)](ei r ^~fF) ’ 
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and the final expression (r/) for the deflection becomes 


w> 


f/r'l ‘ 

2?»FD : (a- - 



rny 

P *) 


. mzx 

sin 

a 


(r) 


In the second of the three cases (o) the characteristic equation 
has two double roots, and the function has the same form as 
in the case of an isotropic plat<* (Art. .'ll). In the third of the, 
cases (o) the roots of the characteristic equation are imaginary, 
and }■„, is expressed by trigonometric functions. 

Having the deflection surface for the sinusoidal load (j), 
the deflection for any other hind of load along the x-axis can bo 
obtained by expanding the load in the series 


7 



sin 


M~ ! 


vrr-jr 

n 


and using the solution obtained for the load (j) for each term of 
this series. Hence, for //- > D s l).j the general solution is 


w 


2 


«- 


in 


liar 


0c 


. v'-x . . 
) sin -—j (s) 


«** i 


in which « and 0 have the meanings given by Kq-\ (/>). 

Having this solution, the deflection of the plate Ijy a load 
distributed over a rectangular area can be obtained ' t >v integra- 
tion, as was shown in the ease of an isotropic plate (*^,>0 Art. 34). 
By applying the method of images the solutions ob* -lined for an 
infinitely long plate can be used in the investigntio: ! (1 f the bend- 
ing of plates of finite dimensions.’ 

38. Rectangular Plates c( Variable Thickness, 1 — In dr i dug the differ- 
ential equation of equilibrium of plates of variable tliirkt-h_ we assume that 
there is no abrupt variation in thickne** so that the ex ]»[)„ for bending 

and twisting moments derived for plates of const a 
■suflicient accuracy to this ea-e al-o. Then 

1 Several examples of this kind are worked out 
Hoc. eil., p. 100. 

: This problem was discus-ed by U. Gran 01.--.on, 
p. 303, 103-1; see also M. Kric Uei-mer, J. .t/nf/i. /•/ 


at thl ^ncss apply with 


lul ' books by Iiuher, 
'Utl'cstr-.lrfAif, vol. 5, 


Fnu’isY FrnonTi.D niTTASnrt.M: vlatks 
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This deflection can he represented, ns before, hy t ho trigonometric series 

1 . mrx -tf/yi* ''sT' 1 ran 

. ?-"• . Km 

nr a z'D-, ^ nr a 

i-i -l.n,:,, .. . 

(c) 




ti'i - 


, ID \ , 

T in'}' 




(Do -r Doj) r> 


Uy substitution we ran readily show that this expression for tr, satisfies F.q. 
(150). It satisfies also tlie honndary conditions tr 0 and ii'icjDz 1 = 0 
along the supported edges x ^ 0 and x ** n. 

The deflection ir : must then satisfy the homogeneous equation 


-M(A> + D t <j)±ir) - 0. 

We take it in the form of a series 


If) 


tr* 


n - I.3..V • ■ • 


.. . eirr 

} „ MU 

n 


(9) 


Substituting this series in F.q. (/), we find that the functions }'», satisfy the 
following ordinary differential equation: 




o. 




Using the notations 

/„ r. a. i( 

we find, from Kq. (h>, 

-- .Ur 0 -’ 

Then, from Kq. (f), ue obtain 

... .1. /tV‘ , ~ r 

. ^ t)> *r l)\tj 

there i.-, 

\ and twist 10 ™ 1 solution of this equation is 

Nfuflicient n< 


(*) 


(0 


0‘) 


(*) 


'^whieh is a particular integral of lap (j). To find this particular integral 
we use the laigrange method of variation of constants; t.r., we assume that 
(in has the form 

On « Ent"~ V d- Fnf'"-’', (0 
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in which L„ ami F-, arc function- of Tire function- have lo be deter- 
mined from the following equation-. 1 * 


from which 


O' 1 -' 

/c' f e.v 


-WV'"- v ! ' 

- f 


n n <l). + li i</} 


" />!»/)’ 


Integrating t lie-c equation*, we find 


- •Lj " ~ :: h‘C ' , "V*- *?• />!»/) 

jrt „//i / ' 1 

i />*»£ 


}■ „ « I — * - /; 

J 2o-,(/>, + 

(V »' + 7V/M 

iw> t r ’ J 2o„(/t. />,v) 

C A ^r‘ n -- ; P- L- , 2e„ (t , f . 

F„ «3 — I ~ .tiff t' — log {/^; -{• 

J 2a„(/; 5 + lt,y) />•. 


,1. 

'2a~,t> i 


V'> - I) ; /* 
/'> 


J 


* ‘ m fh'j) 

r dl2o„{/>, -h />|V)i 

W./>, -5- /byt 


Substituting the-e expn "■‘•ions in K<|-. (fi ami (/:) nml u-ittg the notation-- 3 
luLn 


r t, M /*« 

*•»/»/, /-■,(- n ) j fhtf 

.)-*■» j > « 


we represent functions r„ in the following form: 


Y„ - ii;|i.)R --(/;* + ilu) - c /,,vl /; ( 

- in K ^=(/i. + /i.v) - /;, 


2,.-.i7r -f- /J,v , 

C, Jr 

-2 "Jlh -i- />,?/) ( 

IL ]/ 

+ r„r"-v -f I) n r~ n -y . (in) 




The four Constanta of integration d^, P n , />„ are obtained from the 
boundary conditions along the aides y «=* 0 and ;/ In the oa-e of simply 

Kupported edges these are 

1 E' m and P n in these equations are (lie derivatives with respect to y of 

and Fm. 

3 The integral Ei{u) iH the so-called exponential integral and is a tabulated 
function; sec, for instance, Jnhnko-Emdo, “Tables of Functions,” 2d ed., 
p. 83, Berlin, 1933. 
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(ir)„_ 0 « 0, 
(« r) v .i, ** 0 , 



0, 


= 0 . 


Tito numerical results for n simply supported square plate obtained by 
taking only the first two terms of the series in) are shown in Fig. 79.* The 


4°. a 0- * 



Moment M, 


Moment 

Km. 79. 


Deflection 


y = 0.0103 

y r 0.175 

y - 0.355 

y = 0.494 
y e 0 C 53 


y - 0.812 

y « G 271 


deflections and the moments M , and .If, along the line r »» n/2 for the 
plate of variable thickness art' shown by full lines; the same quantities calcu- 
lated for a plate of constant flexural rigidity I) >-> \(lh -f- Dili) are shown by 
dotted lines. It was assumed in the calculation that D\t> *» 7Dj and 
c ~ O.ltl. 

1 1 best: results are taken from R. (Iran Olsson’s paper, Inc. rit., p, 191. 



CHAPTER VI 


RECTANGULAR PLATES WITH VARIOUS EDGE 
CONDITIONS 


39. Bending of Rectangular Plates by Moment'; Distributed 
along the Edges. — Let us eon-ider u rectangular 
{date supported along the edges and bent by 
moment.*; distributed along the edges ;/ s~. ± h/2 
(Fig. SO). The deflections ic must satisfy the 
homogeneous differential equation 


<Vir M 0 fYtr 


fir 1 


a ,>l, r 
dr -fit r ' <Hj' 


0 


(») 


and the following boundary conditions. 



T'jo. so. 


w - 0, 

- 0 for r «- 0 and x -- a; 

<>s * ' 

00 


in - () fo r y ~ -ijl- 

00 

\<>!r)v' 

r /,w ' -"(S0»-r Wj)i 

(d) 


in which/! and/. represent the bending moment distributions 
along the edges »/ — ±b/ 2. 

We take the solution of Kq. («) in the form of the series 


.. . vizi 

v > = >, ) „ sm » 

* a 

n *- I 

each term of which satisfies the boundary conditions (/>). 
functions Y m wc take, as before, in tin; form 


00 


r J'lie 


Y m = A m sinh ^ + Ii m eosh + C ™H sinh ^ 
a a « (i 

+ DjZi «<l. 2» („ 

n n ' 


which satisfies JCq. (a). 


tot) 



200 


TlimUY OF PLATES AND SHELLS 


To simplify the discussion let us begin with the two particular 
eases : 

1. The symmetrical ease in which = (M u ) u > J/: . 

2. The ant Asymmetrical case in which (M „)»->./* = — (M v ) y t/: . 

The general ease can be obtained by combining those two particu- 
lar eases. 

In the case of symmetry IV. must be an even function of y, 
and it is necessary to pul .l n = = 0 in expression (J). 

Then we obtain, from Kq. (c), 


to 


XT'/,. . mr . ,, wiry . , in-/\ . m- r 

— cosh — -- C n — - smh ) sin 

jZ-i \ a a a } a 

rr 1 


To satisfy the boundary condition (c) we must put 
If r, cosh a n -f- CVa „ sinh n„ = 0, 
where, ns before, 


m zb 

27' 


lienee, 


fin ” C net n tnnh ctnj 
and the deflection in the svmmetrical case is 


(?) 


w 



m- 1 


Op, 


tanh n„ cosh 



Vi-rx 

a 


(h) 


Vi'c use the boundary conditions (</) to determine the constants 
C Representing the distribution of bending moments along 
the edges y ~ ±bf 2 by a trigonometric series, we liave in the 
case of sytnmc • v 


/i(.r) •- "'V . ip, sin (t) 

— — * a 

'''“'.it 

where the coefficients E n can be <•; dated in the usual way for 
each particular case. For instant* , in the case of a uniform 
distribution of the bending moments \ve have (see page 1 GS) 
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,,, , -5.1/r 'S? 1 • »*:: 

Oh) > = — “ «» ~~ 


77i a 


■ ■ ■ 


Substituting expressions (/.) and (0 into condition (dj, we obtain 


•%ri vrr z „ , . n;-r ~SP 

—2D /, — ~C„ cn4i s-m -• y.L~, h:i — 

a- n — -t a 

*s~i 


from which 


/" r O " b ^ 

2 Dr if— : fo-h n„ 


. 771 rj- 


- . * ni ( 

n- "STt n , ( . , r;;ry 

tc = — — TfT >.— =- V A~.i tnnh end) 

co-h o-v \ « 

n-l 

- ri"'{ > j * ( } i ™ !/ Y (151) 

a o y 

In the particular case of uniformly distributed momenta of 
intensity Mr we obtain, by u«ing expression (j). 


2.VrO ; 1 / . . 77! n 

— — x- ~y > \ tanh «„ ro~h •-- ' 

t"D m 1 co.-h «„\ a 

r.-u;. - 


771—1/ . . 77! 

— " sinfi — 


irr/\ . rrirr 
' I s)!l 

o / c 


The deflection along the axis of fymmetn- (u — 0) is- 

, . 2Mtji' "ST) 1 or„ tanh . r/ir:r , 

Wm = — iyr- >. fun — (/;) 

s ' D nr cosh a v 1 

r-.-ia..*-. ••• 

"When a is very large in comparison with 6, we can put 

tanh a n ~ a-. 

and cosh a„ ~ I. Then, by using series (J), we obtain 

*5 

/ .. _ *Vc*= ’S? 1 • "w 1 Mdf 

{W v -n - -K~jr > — Sin = - 

2-D -<t-J 771 c 8 D 

n - 1.3. j, - - . 



202 


THEORY OF ELATES AND SHELLS 


This is the deflection nt the middle of a strip of length b bent 
by two equal and opposite couples applied at the ends. 

When a is small in comparison with b, cosh a„ is a large 
number, and the deflection of the plate along the ar-axis is very 
small. 

For any given ratio between the length of the sides of the 
rectangle the deflection at the center of the plate, from expression 
(*), 

, , 2 Men- "STt =-;J 1 tanh a„ 

j 2i <-'> • 

r~. - 1 ,3.S. • • • 


For a square plate we obtain from this series 


00 


V-O. 



0.03GS 


Men- 

1 ) 


It is seen (hat the deflection of a strip of letigtli n is about, three 
and one-half times that of a square plate of dimension a. Having 
expression (151) for deflections, we can obtain the slope of the 
deflection surface at the boundary by differentiation and we 
can calculate the bending moments by forming the second 
derivatives of ip. 

Let us consider now the antisymmetrical case in which 


/iW = —Mr) ~ sin 

m — I 


7UZX 

a 


In this case the deflection surface is an odd function of y, and 
we must put — 0 in expression {/). Hence, 



n 1 


sinh 


tinry 

a 


-!- D 


Vfri/ 

n cos 

a 


h 



m-x 

a 


From the boundary conditions (r) it follows that 
A n sinh « n 4- cosh = 0, 


I) r\ — * tanh cj,i.'l n, 

OC 



whence 
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«• = Zj 


f . , mry 1 , , inn / , wrjA . mr; 

.-I „( stnh - tanh — - cosh — / sm 

\ tl a-. 'I « / « 


The con.«tart« .1 „ are obtained from condition? (d), from which 
it follow? that 


>--D'S? . nr . , , , . mrrr ''C' . rrirr 

— — — ?mh or n tanh n„ sin = /.E* m» 

a- jZJ a n n « 


Hence, 


. __ O' tlr ^ 

2r : /) "bn 1 sinh or„ tanh 


w = -r-^-v for-, coth n„ .sinli ~ r ~ ? - 

Qr'D^-Jrn- ?mh a rt \ n 

n** 1 

mri/ . Mry\ . wrx /t „ 

cosh — ) ?in (152j 

a a / n 

We can obtain the deflection surface for the general ca.-e 
represented by the boundary condition* {>!) from solution* (151) 
and (152) for the symmetrical and the anti.-ymni' t rical case?. 
For this purpose we split the given moment distributions into a 
symmetrical moment distribution M[ and an antisymrnef rieal 
distribution M", as follows: 

w*\ m > = = imr) +/ s (r)j f 

(K)'i = -W) * t = $[/.<*) 

* *i y — - 

These moments can be represented, as before-, by the trigono- 
metric series 

- 2 £ - -a- 

(I) 
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anti the tot nl deflection is obtained by using expressions (151) 
and ( 1 52) and superposing the deflections produced by each of 
the two foregoing moment distributions (l). Hence 


w 


m . m-T 

, 

n- a 


vr 


tnnh cosh ~ - 

cosh a„\ a 

ri ♦> ] 

mm/ . , JC” ( . . . m~\] 

smh — - ) + i coth B n smh — - 

a it ) smh fl n \ a 

--?"■*=?)} <>«> 


If the bending moments M u — sin ™j T art* distributed 

n «** 1 

only along (lie edge >/ = 5/2, we have /.(jr) — 0. /;£, = 7i" = 
and the deflection in this case becomes 


w ~ 


* „ .. m-rs 

a- 'S' ^ ,l _« 
m- 

»n »*- 1 


1 ( . . , mr/ 

-I it, tanh On. eo -h 

cosh On\ a 

7»ry . . ;«r/A , 1 ( . . . vimj 

smh 1 + -1 n n coth On, smh — - 

a af smh a„\ a 

?)} <»«> 


VITI/ , TIITTU 

cosh 


Solutions (151) to (151) of this article will be applied in the 
investigation of plates with various edge conditions. 

40. Rectangular Plates with Two Opposite Edges Simply 
Supported and the Other Two Edges Clamped. — Assume that 
the edges x = 0 and x = n of the rectangular plate, shown in 
Fig. SO, arc simply supported and that the other two edges are 
clamped. The deflection of the plate tinder any lateral load can 
be obtained by first solving the problem on the assumption that 
all edges are simply supported and then applying bending 
moments along the edges ; / = ±5/2 of such a magnitude as to 
eliminate the rotations produced along these edges by the action 
of the lateral load. In this manner many problems can be solved 
by combining the solutions given in Chap. V with the solution of 
the previous article. 



ri.A r/:< with vM.'inrs f:rr,r: rnshtrwys 


20 h 

Vnifnrmbj l.nndrd Pints :-. — A^-uming that the edge- of t h<- 
p’nTf arc pimply supported. the deflection is peo Eq. 020;, 
page 12? I 

* 

_ 47a* ^ 

:r “ ED EEi 


and the slope of the deflection surface along the edge v = b 2 U 


2 . nrv 

— ro-h '■ 

a 


5 c ; Ilillf 1 - a " fr " **" 

P" a \ 2 codi « n 

VITV . , v:tv\ . . 

— Midi }• icj 

a - r. a } 


j... J_ 
2 p^i'h 



2 cm ^ 




[«„ — tanh a -/I 


fr„ tanh C1~) 3 . O') 


To eliminate thi- slope and thu= to saddy the artna! boundary 
conditions we distribute alone the ode''- y — ±b,2 the lending 


moments M~ given bv the series 




^ ; 




fa: 


s:n 


!>) 


and we determine the coefficient' 7t_. so n« to make ;Jie slope 
produced by these moments equal and opposite to that given by 
expression (b). Using expression (151) 1 for the deflection 
produced by the moments, we find that the rorre-pondims 
slope along the edge y — hj 2 is 


a 

2 7d 



. mr-j 

sin 

JTJtanh a n {a-. tanh — 1} — <r„]. 0!) 


Equating the negative of this quantify to expres-ion (b), wo 
find that 


E. 


Aqn- a„ — tanh ~ a. 




m- a r 


— tanh efr-dar, f: 


{•') 


From the symmetry of the deflection surface produced bv the uniform 


load it can be concluded that only odd numbers 1, 3. 3, 
for rr. in expression (151). 


mud b«- tala 
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Ilcncc the bending moments along the built-in edges arc 






n 1,3.:*, 


jrirX 

a a* — (unis n„(l -f- cr-, l.nnh rx->) 
in 5 rt„ — tatili <*„(«„ tnnh a., — 1) ^ 


The maximum numerical value of this moment, occurs at the 
middle of the sides, where x = a/2. Series (/) converges rapidly, 


T a i ilk 22. — Constants «, »/, fi t and i on a IEi'ctancjcla!! Platt, with 
Two Kihiks iSiMTi.v Scttohtt.d and Two Khoks Clami'i:i>; v <= 0.3 

I. > a 


b 

a 

! 

(i I 

x *t t; n o 

n ' 

qn k 

" " LJA 1 

i 

a b j 

' " 2 y " 2 
M„ „ rf'/o 1 j 

' ” !y y ” 0 

.17, r ’ /ii7'P 

! 

i a 

, X ™ 1/ " 0 

M , ” 


« 

! 

;h 

,S. 

i 

0.0200 

-0 070 

0 021 

0.033 

i.i 

0 0271 j 

-0 070 i 

0 031 

0.037 

1.2 

0 0310 ; 

-0 0s7 

0 03S 

0.010 

1 3 

0 0121 

-0 001 

0 015 

0.013 

1 1 

0 0502 

-0 100 

0 052 

0.0(5 

1 5 

o o:,s 2 

-0 10.', 

0 050 

o.oir, 

i r. 

0 (HISS 

-0 100 

o 

0.017 

1 7 

0 0731) 

-0 112 

O 071 

0.017 

1 s 

0 0700 

-0 113 ; 

0.077 

o.oss 

1.0 

0 osn:? ; 

-0 117 

0 0S2 

o.ois 

2 0 

0 00S7 

-o no j 

0 0S7 

0.017 

3 0 

0 1270 I 

~0 125 ; 

0 III 

0.012 


1 0 1 122 

! I 

-o 12 :. 

i 

o rr> 

t 

0.03S 


t 

/ 

h < <2 



fl 

}, 

Up.,. " <r . 

fl b ' 

- r “ o’ 

x - "t v « o ; 
o * > 

— ( 

il 

** r» - » V 53 0 

O * 


.U, - .i 7 M . 

.'•/« .» 1 

.lf r - 3:7’, ; 

K 

0 02S 1 

~o.os:i 

i 

0.013 | 

0.012 

o 

0 02S 1 

-0 OM 

0.011 

0.012 

1 .5 

0.0270 

-0 0S3 

0.017 i 

0.011 

l.-t 

0 . 0202 

-0 OSi 

0.010 j 

0.010 

1 .3 

0.023;, 

-0 070 ; 

0.020 j 

0.030 

1.2 

0.02-13 

-0 077 i 

U.022 i 

0.037 

1.1 

0.0228 

i 

t- 0.07-1 j 

0.023 j 

0.03f> 
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and ?ii'? maximum moment ran b'* readily calculated in each 
particular ca-e. For example, the fir- 1 three term- of t-erfe- 
f fj give —0.070 70 1 a- t h r - maximum moment in a square plate. 
In the general ea>e t hi.- moment ean is* repri-ented I >y the 
formula fign-, 'vh'-re ;i i- a numerical factor th»* magnitude of 
which depend- on t h" ratio njb of the side- of the plate, Several 
value.-' of thi- coefficient are given in Tab!" 22. 

Substituting the value- (< j of the coefficient « K n in exjire— ion 
f 151), we obtain the deflection surface produced by the moment* 
M „ distributed along the edge- 


Vt 


r . TH-zr 

«in 

2qrp ^ ' n_ 

r'-'lJ ire co-h 

n i/;,', • * * 

cr„ — tanh c'nfl ~ tanii ( wr/ 
— tanh a K (a„ tanh «-i — lj \ o 

— n~, tanh <r. 


inh 

a 

mr 


re- 


e;rv\ 
' J / 


The deflection at the center i- obtained by anb-tituting r — 
»/ = 0 in expre-sion (g). Then 


ff?) 

«/ 2 , 


ftriW 


•* rt — 3 

2''/a ‘ f— 1) - tanh o-> 

z'lJ in’- co-h 

f. - : a .3, - . • 

o„ — tanh o-/l -f- o*-. tanh «„) 
o~. — tanh (/-.{tf., tanh «„ — 1) 


This is a very rapidly converging .e-ri's, and tiie deflection can be 
obtained with a high degree of accuracy by taking only a few 
terms. In the ca c e of a square plate, for example, the fir.-t term 
alone gives the deflection correct, to three significant figure.-, arid 
we obtain, for v — 0.3, 

wi = 0.0234-?™- 
Lie 


Subtracting this deflection from the deflection produc'd at the 
center by uniform load (Table 5, page 133), we obtain finally 
for the deflection of a uniformly loaded square plate with two 
simply supported and two damped edges the value 


w = 0.0200 

hrr 
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In the general case the deflection at the center can he represented 
by the formula 

w = a w 

Several values of the numerical factor « are given in Table 22. 

Substituting expression (y) for deflections in the known 
formulas (99) for the bending moments, wo obtain 


2 qn- VI 

. vin 

sin 

(l a n — 

_■ i .NJ 

It 

//i 3 cosh a n — 

ni ** 

i/i ~y . . 

( « 


— (2c -f* (1 ~ *')«►, 

to 

2qa- ^ 

. m rx 

sin , 

1 1 an — t: 

up cosh o„ <»., — t: 

r-i *■ I.3.B. ■ • 



Wh 

« ) 


(h) 


i mrrtj . . mry 

i (1 - y) — sum — 

1 a it 


-b (2 - (1 — tanh «„) eosh~-j'- (0 
The values of these moments at the center of the plate are 

y i=inL 

7? vP cosh 

m *• 1,3.5, • • 

«r — tanho„,l -p tanh , ,, . , , 

— — y— , . , 2c -b (1 - r)a n tanh , 

a n — tanh a„m„ tnnh a-, — 1) 

= y .< 11 ' jl 

v tt 3 n»h 

m - • • • 

,:m |L "-J 1 + ,:u,h a "'[o - (l - tanh «„). 

« n — tanh n„(«n tanh a n — 1) 

These series converge rapidly so that sufficiently accurate values 
for the moments are found by taking only the first two terms in 
the series. Superposing these moments on the moments in a 



>'!. ■ 
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the moments equal and opposite to ‘that given by expression 
(k). In this way we obtain 

~*) ri4 ' 1 ttn ~ t? inh n„{\ + a m tanh « n ) 
rEtn 3 « r , — tanh a n («„ tanh a n — 1) 

Substituting this in series (e), the expression for bending moments 
along the built-in edges is found to be 






nr 


nixx 

a 


n " 1 



tanh nr„(l - f- n„ taiil i a„ ) 
tanh etr-.frr,-, tanh — I) ' 


The terms in series (/) for which in is even vanish at the middle 
of the built-in sides where r ~ a/ 2 , and the value of the series, 
as it should, becomes equal to one-half that for a uniformly 
loaded plate [see Kq. (/)]. The series converges rapidly, arid the 
value of the bending moment at any point of the edge can be 
readily obtained. Several values of this moment are given in 
Table 23. 


T.mii.k 23 — Ur.Ntitsc, Momknts M, ai.ont, tuk Huilt-in Kdoks 


b/a 

mam 

x ~ iil'l 

x •* 3g/-1 

CC 

0 . 03 '.i 7 /i J 

0 CV*i27 /;* 

— 0 . O.Vvy*/* 5 

o 

n />"• 

0 OOO7 ,!■ 

- 0 . 0.137 si : 


O 032 ///.- 

0 0r»2//yi* 

- 0. 

i 

0 0207./P 

0 03 .V; - t \ • 

- o.ra.ivsj! 

7 

i 

0 021*7-/.* 

0 

- O.Ot $//</>* 

i 

0 021// f>- 

0 012/; IS 

- 0 . 0 /-, 27 7 / 5 

0 

0 02 1 7 7. J 

-n os 277.5 

- 0.0027.7,5 

Concentrated / 

orn- .let: ay on 

the Platr A — In 

this ease again 


the deflection of the plate is obtained by superposing on the 
deflection of a simply supported plate (Art. 33} the deflection 
produced by moments distributed along ,the clamped edges. 
Taking the case of a centrally loaded plate and assuming that 
the edges y — ±b /2 are clamped, we obtain the following 

1 See nutlior’s paper, loc. a it., p. 15G. 
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expression for 4 ho deflection under ihe load 


■* 

pit - r -s? 

“ 2t'I)\ lr ^ 

r.-u;., ■ 



0-1 _ \ 

ro-di 5 n~,/ 


t - "SJ 1 tanlro„ 

•3 ~Ll v\ finh rr„ co-h <r^ *r <r „ 

n ** 1 ,X.*, •• 


(m) 


The first sum in the parentheses correspond* 4 o {he deflection of 
a simply supported plate [see Fq. (132), page JoSj, and the 
second represents the deflection due to the; action of the moments 
along the clamped edges. For th<* ratios h/n — 2, 1, l and \ the 
values of the expression in the parent he.-e- in lap (in) are 0.23S, 
0.43G. 0.44$ and 0.440, respectively. 

To obtain the maximum stress under the load wo have to 
superpose on the stresses calculated for the simply supported plate 
the stresses produced by the following moments: 


M z = -P 


^ A 


tanh a. 


An s’mh «... cosh «„ «„ 

• •• 

[2r -r (1 ~ v)a n tanh a„],\ 


(«) 


21, - - 


"SJ L 

An sinh cosh a„ -f « 

n- 1.3.5. - - • 


tanh a, 

:osh a 

[2 — (1 — ?■)«„ tanh «„]./ 


For a square plate thr-e moments are 

M x = -0.0505P, M, = — 0.030SP. 

The moment M v at the middle of the clamped edges of a square 
plate is 

M v = -0.1 OOP. 

Tlie calculations show that this moment changes only slightly as 
the length of the clamped edges increases and becomes equal to 
-0.168P when a/b = 2. 

41, Rectangular Plates with Three Edges Simply Supported 
and One Edge Built In. — Let us consider a rectangular plate 
built in along the edge y — b/2 and simply supported along the 
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other edges (Fig. SO). The deflection of the plate under any 
lateral load can be obtained by combining the solution for the 
plate with all sides simply supported, with solution (154) for the 
case where bending moments arc distributed along one side of 
the plate. 

Uniformly Loaded Plates . — The slope along the edge y — b/2 
produced by a uniformly distributed load is 



2ga 3 "S? 
tt'D 

n-i.n.r., ■ 


1 . vnrx 

— , sin 

vr (t 


[«* — tanh Or,(l -f • a„ tanh «„)]. 


(a) 


The moments M v = sin (m-rx/a) distributed along the side 
y — b/2 produce the sloiie 1 [see Kq. (154)] 


( ; 


_ _o_ 
) vm * ~ 4 r/J 


1 . Vl-T ... . 

— sin Lr.(ct n tanh- n r 

m a 


n-t.3.5. ••• 

— tanh «„ -}- ct n eoth 5 a r 


eoth a„ — 2 «„). (b) 


From the condition of constraint these two slopes are equal in 
magnitude and of opposite signs. Hence, 



— tanh <*„(1__4* o~ tanh «„) 

o„ tanh 5 n n — tanh -1- eoth 5 — eoth — ~2ctn 


(c) 


and the expression for the bending moments along the side 
v = b/2 is 


m i 

V~r, 


SyjP 


"9 

■ i .3.5. 


vr 


sin 


nirx 


- tanh <y„(] 4- n„ tanh ct„) 


— tanli »»(»„ tanh «», — 1) -f* a. 


eoth «„(«„ eoth a n — I) 

(d) 


Taking a square plate, as an example, the magnitude of the 
bending moment at the middle of the built-in edge from expres- 


1 Only odd uumlx'rs must hi* token for m in this symmetrical case. 
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A, on (A) i- found to Ik* 

TO 


-O.OSJ f]/r 


This moment i- nurnerieaUy Irt rper than the moment — 0.070'/v : 
v.'hinh v.’B« found in tin- previous article for a .‘quart* pinto with 
two od"'-.~ built in. Son-mi vain'-- of the moment a! the middle 
of the built-in side for various value- of tin- ratio n/h art* pivon 
in Table 24. 


Tam.?: 25.— TJ?:?t.?:'*rro*.w .• 

•;n I'.r.-.nrm 

M'l'tr/.r- r 

a U?:'T.‘*n;ct.ut 

I*l *.t?: 

-.vna 0*:»: Jar;?: 1 

it ji.-r I*.- a*.i> 

7iir. 

<h jn.it- Fmrt.r 



Hrj'roiiU'.n 





r r. 0 .3 



l/n 

> 

: j 

TO,-. ?•>- 

- (At ,)#—“/?.>«•' j 

T. 

’ ft. M2 7/ //.'ft 

-ft. 123 7 ? 2 

ft 1237/ 

ft 0377/ 

2 

'■ ft ini 7-j‘ '/;// 

-ft I227-P 

ft Ki *17 / 

ft 0577-/ 

1..' 

: 0.070 7'i* 7;ft 

-ft 11 27/ 

ft ft-,'.'”/ 

ft OM7/ 

5.; 

! 0.0037/ ’Els 

— ft lftt'7'j 5 

ft 

ft 0177 i5 

1.3 

, ft 033 7'/ //."ft 

— ft lft'7 / 

ft 0,3*57/ 

: ft ot:^7 5 

J .2 

■ ft 0 57 //■;«, /;// ’ 

— ft Oft *,7-/ 

0.0!f'7'/ 

ft on?/ 

1.1 

j 0.03% 71 *//;/.» ; 

— ft . 0027'.’ ; : 

0 0117/ 

i ft ft 527-/ 

1.0 

! ft 030 //'i */ /; A 1 : 

-ft ft-. ft/-;* ' 

ft 0317-/ 

; o or:-, >7 / 

1/1.1 

; ft 033 qtA'Et . 1 , 

-ft ftfti^t’ j 

ft 0337'/ 

; ft ft 137'/ 

1/1.2 

; 0.03 s ) '/’/'/Eh* ! 

— ft j 

(1 0327'/ 

ft 0577’/’ 

1/1.3 

i ft Oil qt/'/EIA . 

-0.1037'/ : 

ft 03 1 7'/ 

' ft 030.,'/ 

1/1.4 

ft 05 5 qh'/EJA i 

-o.io-y/ : 

ft ft.307', 5 

j ft 0327'/’ 

1/1.3 

; 0ft 5ft fj'A. El' ■ 

-o 11 y/ , 

0 02y/ 

; ft ft.3i7’,’ 

0.3 

0.033 qh'/Ef.- : 

-0.1227'/ . 

ft 02-37'/ 

! ft ft-' >7'/ 

ft 

; ft 037 tj'S/E>:- ; 

-0.1237'/ ; 

0.0107'/’ 

' 0 (Y) 2 q , A 

1 

Substituting the value 

-: fc) of tin- con-trtnf« E*. 

into expre.—iort 

(154), wo obtain fho dofiootion surfac 

.' produced by th*- moments 

of eons 

train!, from which' the deflection at. th 

c center of the 

plato is 


K 

n — 1 



fwi) 


/5 


f—Jj 2 t a till . 

t r/i 2 ro-h 


4~'// r/i 2 ro-h a. 

For a square plate the fir./, two terms fit this series give 

(wi) 


-r,v-0 


0.01 30 J— 

hlr 
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Subtracting this deflection from the deflection of the simply 
supported square plate (Table f>), we find that the deflection at 
the center of a uniformly loaded square plate with one edge built 
in is 




Values of deflection and bending moment for several other values 
of the ratio n/b obtained in a similar way are given in Table 24. 

Platen under Hydrostatic Pressure . — If the plate is under a 
hydrostatic pressure, as shown in Fig. Gl. the slope along the 
edge y — b/2, in the ease of simply supported edges, is (see page 
209) ' 

K 

. ~ — tanh«„(l +«ntanh «->,)]. (/) 

h J J/i* 1 



The slope produced by bending moments distributed along the 
edge y = b/2 is 



7 ~ * sin - t:\nh- n n — tanh 


n - 1 


-r fin coth 1 nr,, — ruth n„ — 2o„). (g) 


From the condition of constraint along this edge, we find by 
equating expression (o) to expression (j) with negative sign 

t, 4f/ f a : (~1)' >M 

/I. rn ‘ * 

7T" VI - 

. <i-, — tanh <*„(! -(• tanh o-,) 

tanh- K n tanh «t,, 4- u,, cotie a-, — coth <r~, — 2a n 


Hence the expression for the bending moment M v along the edge 
y ~ b/2 is 


MM - . 

“ ~- 5 • >t M 


mrrX 

sin 

nv' a 


n — l 


— tanh a„(] -}* or*. tanh «*,) 


nr*. — tanh «r,(a„ tanh «*, — 1) -j- «*. — coth «„(«„ coth «*, — 1) 

(A) 
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This series converges rapidly, and wo ran readily ealeulnle the 
value of the moment at any point of the 1 milt -in edge. Taking, 
for example, a square plate and putting r - of 2, v.e obtain for 
the moment at the middle of t!w built-in edge the value 

_ rt --- 

This is ('(jtial to one-half the value of the moment, in Table 21 
for a uniformly loaded square plate, ns it should be. \ allies of 
the moment for several points of the built-in edge and 

for various values of the ratio h/n are given in Table 2o. It is 
seen that as the ratio b/a decreases, the value of .I/., alone the 
built-in edge rapidly approaches the value — tyb'x/^n, whieh is the 
moment at the built-in end of a strip of length b uniformly 
loaded with a load of intensity ya/n. 


Tault: 2T). — Vai.urs or rut: Movtcvr M t At/u.o rm: Boii/r-i?; l'.mr. 

V " <>/- 


b/a 

x n /\ 

r - a /2 

Z \<\ 

1 

CC 

-O.O3O7./1* 

-0.0f.27/i s 

-o. or, .'. 7 / 1 * 

2 

-0.03*7 -//’• 

-0.0017./I* 

— O.O.Vty/t* 


—0.03 I 7 /i* 

-O.Or.O 7 / 1 i 

- 0.0307 - n » 

i 

— 0.02.'7 </i’ 

— O.OJ27 >r 

-0,0107/;'. 

i 

-0.0307 , h ‘ 

~o. or. 07 ./,* 

-0.0007,;,* 

i 

-0.03 1 7 ^ 

-0.00i7.tr 

-0 0727 ■/>■> 

6 

-0 O3i7.tr 

-0.0027.tr 

-O.OOI 7 .V 


42. Rectangular Plates with Two Opposite Edges Simply 
Supported, the Third Edge Free and the Fourth Edge Built In or 
Simply Supported. — Assume that the edges x — 0 and x — a are 



simply supported (Fig. Sin). The edge y = b is free, and the 
edge y — 0 is built in. In such a case the boundary conditions 
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are 


to = 0, 

= 0 for x = 0 and x — a; 
dx- ’ 

(o) 

if = 0, 

cT 

II 

^s. 

u 

O 

O 

II 

k\& 

(b) 


and along tin.* free edge [see Kqs. (106), (107), page 90] 


= \M + (2 


. dhr 


dr- dy 


V~>. 


=0. (c) 


Let us consider the particular case of a uniformly distributed 
load. In such a ease we proceed as in Art. 29 and assume that 
the total deflection consists of two parts, n.s follows: 


u* = tri -r If;, 

where u\ represents the deflection of a uniformly loaded and 
simply supported strip of length a which can be expressed by the 
series 


«*i 


•b/n 1 "S? 



mrj* 

a 


and a*; is represented by the series 


(d) 


, = ’S? 


tf; = 


. Iflrx 

) „ sin r 

a 


n » - ■ • 


where 

y„ = 




. vizi/ mm . , mry 

cosh -f Ji „ — suth 


a 


a 


a 


O’) 


. . ms-!/ . mry . mr. 

-r ( ~ stub — -- + — -- cosh 

a n 




if) 


S t -:es of) and (r) satisfy the boundary conditions («), and the 
four constants in expression (/) must be determined so as to 
satisfy the boundary conditions (b) and (c). Using the condi- 
tions ' b) . we obtain 
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intensity of the load distributed along the free edge instead of 
zero on the right side of the equation. The particular case of a 
concentrated force applied at the free edge of a very long plate 
was investigated (Fig. Sib). 1 It. was found that the deflection 

Table 2G. — Dr.rLKmo.vs and Bending Momkvts kok a UviroitMi.r 
Loaded Plate with Two Oitomtk Kdc.es Simply Suppouted, tub 
T umi) Etna: 1’itnr. and tiik I'ockth Built In 
.• ~ 0.3 


b/a 



j X n a/2, >/ rn (j 

x « a/2, y •= 0 


J* 

\ 

j m. 



o 

i 

37 ql'/EIS 

0 

-0.5007!,* 

% 

J 

i 

03 ijU'/EI . 1 

: O.OO7S7T 

-O.-tOfy!,* 

i 

'J 

0 

G35 qh‘/EI. : 

i 0.021*3'/ .•* 

-0.3107!,= 

l 

0 

:m o t h< i:i.' 

1 0 055S7(i* 

-0.2277?,= 

I 

0 

123 El.- 

0.C1H727 «* 

-0.1107!,= 

» 

n 

15 t ?■.!* El.’ 

o 12371 = 

-0.12171= 

o 

0 

U',\ q-E El.'- 

0. 1317. •= 

-0. 1257c* 

3 

0 

100 qiE ’7.7S 

0 1337 .' = 

-0.12571= 

ec 

0 

PT, 

0. 1 337 .; = 

-0. 1257,1= 


along the free edge can be represented by the formula 





The factor /; rapidl; diminishes as the distance from the point 
A of application of the load increases, Several values of this 
factor are given in Table 27. 


T MILK 27 


X 

0 

1, i 

1. : 2 

! 1 

* f 

25 

/.- 

0.527 

u I7u ! ; 

0.3 SO 

| 0.213 I 

0.050 


The bonding moment .!/„ along the built-in edge is a maximum 
at 0 where its numerical value is (d/ v b_ n. y _ c - — 0.50SP. 

The case of a uniformly loaded rectangular plate simply 
supported along three edge. 1 ; and free along the edge y = b (Fig. 

•Poe C. \Y. MacGregor, Mich. Etujiw criitrj, vol. 57, p. 225, 11)35; also 
D. L. Holt, J. Appl Mich., vol. 1, p. S, 1037. 
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SI a) ran be treated in (lie khw manner as the previous <•: vo in 
which tin- edge y ~ 0 was built in. It is neew-sary only to 
replace the second of the boundary conditions <b) by the condition 



Omitting the derivation'-, we give here only the final numerical 
results obtained for this raw. The maximum deflection occurs 
at the middle of the free edge. At the *-ame jioint the maximum 
ltending moment M? takes place, dhee values of deflections 
tc m „. and (M T )r*,. are given in the second and third columns 
of Table 2S. 1 The last two column*-' give the bending moments 
at the center of the plate. 


Taiux 2*5. — Dr.n.Kcnoss a?.t> Moviwr- r: V::n nnot.r J.oa r,n> 

ItnrTANori.Aii I'i.'.ti:* v.iTii Tiiur.r. Krai • Hivrnr Fcr ronrim am> 
Tin; J'oriwa JJd'.i: I ‘jot. 

»- - 0 .:! 



7 ft /2 

, J - h 

X ~ «/2 f 

y - '/. 2 

h/n 

— - -■ 

— 

■ 



«V„. 


M, 

.i/. 

l 

n. 077 r, rs/sr 

0.000 qn' 

0 0.'i:»y ;> 

0 022/w* 

7 

> 

0 . 1057 qa'/EE 

0 0V{ q<l‘- 

0 055'j'i 1 

0 0:107/1 » 

1 f\ .4 

0.1117 qa'IEIA 

O.OSS/y-i* 

0 O.5O7.J* 

0 03271' 

1/1.3 

0.1102 q,i‘/EE 

0.00 t^e 

0.001 7.1* 

0 O.'tv'P 

1/1 .2 

0. 120.5 qn' , , ! IJA 

0. W)q>r 

0 t>yi;-i- 

0.030 7, .5 

1/1.1 j 0. 1315 q'i K jE\A 

0. 107(J'/ 5 

0 07 171 s 

0 0377 P 

1 

0 MOt q'A/EIA 

o ii2r> 5 

O.OM^jJ 

O.O3O71J 

1.1 

0 . MO! qnOEE 

0 il7r;rP 

0 . 

0 0107.** 

1.2 

0.1511 qnOEIA 

0. 121 qn* 

0 OflO/y/J*- 

0 ouqr- 

1.3 

0.1517 qn'/Eh- 

0. 12 1 qn‘ 

0 OOP/'t’ 

0 OVJq -r 

1 A 

0. 1.57.5 qa'/ElA 

0 . 120 qn‘- 

0 IWqrt* 

0.0127 1 ! 

1.5 

0.1500 V/i/c 

0 !2Vye ! 

0 HI 17a* 

0.0127/1* 

2 

0. 1010 q'Y/EIA 

0 U‘, 2 q’A 

0 1 1:57s- 

0 on 7., 5 

O 

*■* 

0. 1000 q'l'/EIr 

0. YS’.qn' 

0 1227'i 5 

0 0507.;- 

r J', 

0. 1002 qa'/E>S 

0. 1 q/I- 

0,125///;' 

0 0377/1 ! 


43. 


— Rectangular Plates with Two Opposite Edges Simply 
Supported and the Other Two Edges ^Supported Elastically.— 


1 This table was calculated by 15. G. OrtWkin; rce Hull. Pt,bjUch InK 
vol. 2 t,, p. 124, St. Petersburg, 1015. / 
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Let us consider (he case where the edges t = 0 and x = a 
(Fig. SO) are simply supported and the other two edges arc sup- 
ported by clastic beams. Assuming that the load is uniformly 
distributed and that the beams are identical, the deflection 
surface of the plate will be symmetrical with respect to the 
x-axis, and we have to consider only the conditions along the 
side y = b/2. Assuming that the beams resist bending in 
vertical planes only and do not resist torsion, the boundary 
conditions along the edge y = b/2, by using Kq. ( 1 OS), are 



where El denotes the flexural rigidity of the supporting l>eams. 
Proceeding as in the previous article, we take the deflection 
surface in the form 


where 


If — ti's -f If;. 


(b) 


and 


tc, ~ 





1 . 7urx 

— . Sill 

jm* a 


(<•) 


y. 


sin 


VI TX 


(-•') 


rt - l ZX. ' 


1‘roin symmetry it can be concluded that in expression (f) of the 
previous article we mu u put V n ~ l) n — 0 and take 




The remaining tv.< 


mr / . Jury . . jnr 

, cosii p sum 

a a 


?)• 


0) 


[•on-tants .i„ and are found from the 


boundary conditions (ay from which, using the notations 


in rP 

2 a a ” 


El 

al) 


- X, 



PLATES WITH VARIOUS El Kill COSDITIOSS 


221 


we obtain 

Is- 

/1„(1 — r) cosh a„ + CO'll rr^ -$- ( 1 — rjct „ J-JIHl «-,} — 

— <i n [(l — r) sinh ov. -f- ??j— X ro-h »„J -f /^[H 4- >') fdnh nr,. 

- (1 — r)a n codi - mr>.n n silll) »„] =- ; ;yy 

7/7 


Solving these equations, we find 



}'(1 -f - >') sinll or,- — r(l — r)om oo-h — ttirX(2 rn=;h or., 

4- or., sinh «„) . 

(3 + 0(1 — »’) Onlj codi — U — >') : o- 

4 2rnrX ro4i : fr„ 


4 i-(l — !•) si till a~ 4; MirX ro-li er„ 

wi s r s (3 4- >•)(! — •') • K inh o-> codi a-, — (1 — vj~n^ 

4* 2wrX oo-lr or.. 


bn 


The deflection surface of the plate i« found bv substituting the-e 
values of the constants in the expro-ton 


■ 7 ri< 

1C = W\ 4- U'2 = “ 






4- /!« co«h 


Mir)/ 

a 


r . VlTlf . , Mir 

If n — - si nh 


iriA . 7?irx 

— — } sin 

a ) a 


V>) 


If the supporting beams are absolutely rigid, X — « in expres- 
sions (f) and (g) and 4 n and Ii n assume the same value as in 
Art. 29 for a plate all four sides of which are supported on rigid 
supports. 

Substituting X = 0 in expressions (f) and (g), we obtain the 
values of the constants in series (/<) for the ease where two sides 
of the plate are simply supported and the other two are free. 

The maximum deflection and the maximum bending moments 
are at the center of the plate. Several values of these quantities 
calculated for a square plate and for various values of X are given 
in Table 29.' 


1 'Hie table was calculated for the writer by K. A. (biltf.ev, Man. Inrt. 
Engineers, of Ways of Communication, St. Petersburg, 19M. More recently 
the problem was discussed by K. Muller, Ingminn-Archiv, vol. 2, 1032, 
p. 606. The tables for non-symmetrica! cases are ealculated in this paper 
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Table 29. — ■Deflections and Bknihno Moments at the Center of a 
Uniformly Loaded Square Plate with Two Edges Simply Sup- 
ported and the Other Two Supported by Elastic Beams 

.. - 0.3 



0.0179i7« ; 

0.0 ITT ?!! 1 * * * 

O.017.'fy« 5 

0.0 105,,,: 
0 . 0 \:>:>qa- 

O.Olir^n 1 
0.01107a 1 
0.03707a! 
0,031 '. 7 a! 

0. 00.777a! 


44. Rectangular Plates with all Edges Built In.' — In discussing 
this problem, we use the same method a-' in the cases considered 

previously. We start with the solution 
x.'fi of the problem for a simply supported 
-j . rectangular {date and ytiporpo-T on the 
ijltl delleetion of such a plate thedeflcciioii of 
j the plate by moments distributed along 
the edges (see Art. 20). These moments 
we adjust in such n manner ns to satisfy 
the condition dir/dn — 0 at the boundary 
of the clamped plate. The method can be applied to any kind of 
lateral loading. To simplify onr discussion we begin with the case 
of a uniformly di-t*' utod load. The deflections and the moments 



I'd;, sg 


1 For the mnlhctnn . .0 literature on this subject ice ‘‘Encyklopftdie tier 

Mftthomntisehen We- a •••'•..if ten," vol. •», .art. 27 (Tedotie-Timpe), PP- 103 

mid 1 SO. The recent n f< n n. t-s on the mine subject arc given in the paper 

by A. E. II. l/ove, 1‘roc. .fur. Mail.. Six., vul. 20, p. ISO. Tlie first numer- 
ical results for calculating -trc-'cs and deflections in clamped rectangular 
plates were, obtained by 15 M. Kojalovich in his doctor's db-'crtation, St. 

Petersburg, 1002. Further prugrt"-.! was made by J. G. Boobnov, who 
calculated the tables for deductions and moments in uniformly loaded 
rectangular plates with clamped edges; .see BoobnovV ‘‘Theory of Struc- 
tures of Ships,” vol. 2, p. -tr.7, St. Petersburg. 101-1. The same problem was 
discussed td u o by 11. Ib-i.rkv in bis di-sertntion “Her Spaunungssustand in 
reehtcekigen Platten," Mtmieli, 1013. Ib-neky V method was recently used 
by I. A. W 0 jtns 7 .uk, J. .1 ;i/d. Mich., vol. 4, )>. 173, 1937. The numerical 








platps with v.uanrs r.tsn: rnsnmoSF 


22 ?, 


in thb ra-' f ‘ will b n symnvt rice.! with respect to the coordinate axes 
chown in Fig. 82. The deflection of a simply support' d plrvtr*. ns- 
given by En. (126) (page 128), is, represented for (ho now coordi- 
nates in t h r ‘ following form: 


«r 

rr — t 




’S? 

m 1 

rr; -if . o-. ? atih er-, -f 

to< a v ~ '2"codr«r 

■2 , 

— co-Ji 

»>r?/ 

a 

r-.-l ■ 








mry\ 

(n) 



2 eo-t) or-, r. 

« / 



whore or-, = mrbj2n. The rotation at the edge v — bf 2 of (lie 
plate is 



< n~~ 1 

r 3tr\ 2qa x NJ f-J)' " =” v.tt 

by) - jJ: ~ ~ K D rr? f ’ n 

- r-. - I,-!,'. * * • 

[or-. — tanh a n (l 4- tanh «.,)] 

« 2.~ 5 
_ 2-7U 5 "S? f-1) * 




m' 


r-.- 1-1.5 


roi~I{(. -tnnhfrA 

O \co-h* nr-, / 


f/,) 


Let us consider now (he deflection of the plate by the moments 
distributed along the edge.- y — ±h/2. From considerations' of 
symmetry we conclude that the moments ran be repre-ented 
by the following series: 



The corresponding deflect ion ir. is- obtained from expression (151) 
by substituting r ~ af 2 for r and taking m — I, 'A, 


results obtained by Wojtaezak in this way for a uniformly loaded plate 
coincide with the values given in IJoobnov'a tabK Our further di*eu«ion 
makes u.-e of the method that was developed in the writer's paper, Proc. 
'Ak I rdrrn. Cong. Appl. Meek., Cambridge, Ms 1 -;., 1035; the method is more 
general than those previously mentioned; ft can bo applied to any kind of 
loading, including the case of a concentrated load. 
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Then 


W\ 


--Sn 2 r.J=£L «, 22(23 

2t -D -xU m- cosh a„ a \ a 


ttt( vixy . , m-y 


sinh 


m — 1,3,5, * 


„.k m ~y\ 


— « n lanh (ir, cosh ~~J' (d) 

The rotation at the edge y = b/2, corresponding to this deflec- 
tion, is 

* n - 1 

AhcA a ^ t , (-1)” 5 " v\rx( i , 

i j — — — - - J> h n cos 1 tanh 

\<>V/v- b s 2 ~ D ^ m n \ 

+ (ik) (C) 


rt 1,3.5 


In our furtlier discussion we shall need also the rotation at the 
edges parallel to the Forming the derivative of the 

expression (d) with respect to x and putting x — a/2, we obtain 


_ n ''S’ /; 

2x1) *2-1 "m eo<h n»> 

ri - 1.3.5. ■ • 

J_ v &*__ 

■il) cosh 1 «„ 

w- 1,3.5. ••• 

i sinh a„ cosh V> ^' > — 2 y cosh «„ sinlt ~~~y m (/) 

The expression in parentheses is an even function of y which 
vanishes at the edge.- y — ±b/2. Such a function can be repre- 
sented by the series 


— «„ tanh cosh 


mxj f/\ 
«/ 


(" 


;.orr// . . rarf/ 

- sinh 





, »-»/ 
■ * <0> T 


(?) 


in which the co. icnts .4, are calculated by using the formula 

.+$ 


Ai = | | ( sinh cosh 


— 2t/ cosh a „ sinh 


»tr?A tVt/, 

~r) C 0 S T rfy ' 
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from which i: follows that 


IGm'- 1 )_=' 
rrr- c- 


1 


ro=l5‘ cr-,. 


Sufe-titti'inc t ni~ in expressions fc) and ■'/} , t.t obtain 


(61: - 




t'-lj * 


n: 

— -G+s) 


Co- “V ■ s' A) 
o 


In a similar manner expressions can ’no obtain'-d for deflec- 
tions tti and for the* rotation at c-dn’s for the ra.- f ' tvh fi n- moments 
AT- an? distributed alorm the edere.-: r — ±c/2. As-riming a 
svxnrnetrical distribution and taking 


f.V,),, = l = 2 r " 1} *’ F ~ ro ~‘ ”P 


‘ : t 


vre find for this 02 .- 0 . by usinc c-*:pre--ions A) and (A), that 


(f),. 


_L ^ 


2rD 


rJ~ r L 


rr.ru I . „ 

co- . ' ( ta.un 3.. 


where 3~ — rr-a/2b. and that 


+=*f*} * 


(t). 


r ; D?/ 


v .. 

!;: 1 




n: t v - 0 - ivr ... 

,sv .&:??**-' ’ 

\A- * m'J 

^ hen the moments ( c) and d) act simultaneously, the rotation 
at the edges o? the plate is obtained by the method of superposi- 
tion. Taking, for example, the edge y - 1/2, we find 
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"S' 

2;rA> 


m — 1 


eS—~~— cos 




m ** 1,3,... 

( tanli H — ) 

\ cosh- a n J 


4 a- N? /■*„ -V^i 

z"-l)b m 3 -£-l 

n — 1 .3.5. • ■ • i " 1,3.5, 



?HirZ 


fl 


COS 



Having expressions (fi) and (/), we can now derive the equations 
for calculating the constants A'_. and /V. in series (c) and (f) which 
represent the moments acting along tiie edges of a clamped 
plate. In the case of u clamped plate the edges do not rotate. 
ITencc, for the edges i/ — ±h 2. v.e obtain 



In a similar manner, for the edges x — ±af 2. we find 



(m) 


(«) 


If we substitute expressions (/<) and (/) in Kq. (nt) and group 1 
together the terms that contain the same co< (fsrx/o) as a factor 
and then observe that Kq. ( m ) holds for any value of x, we can 
conclude that the coefficient by which cos (>Vx/n) is multiplied 
must be equal to zero for each value of ». In this manner we 
obtain a system that consists of an infinite number of linear 
equations for calcuLtmg the coefficients A\ and /■’; as follows: 


- ,„i, 

TT J 4 \COSh- n. / 

■r/tanh n, -f- ; Y : ) 

2 \ (t ,/ 


Sin 


"S' 

*- i.n.A. 


r, 

in 


V^ilY 

[is ‘ r»7 


0. (o) 


A similar system of equations is obtained also from Kq. («)• 
The constants A’,, A7 .... A,, /' 3 . . . . can lie determined in 

1 It in assumed that tin* order of summation in expression (l) is inter- 
chnngcnhle. 
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r^rh particular cas*-* from th r **,vo -y.-*'m= o: cuua'ion- ny tts" 
method of -u" r < -:vf approximation-. 

To iJiu-tmte t hi- method kt u- con-:der t !,'* rase n: a -qua:" 
plate. In erh a rav- th" di-tributk-n of th" fv nding moTiv-nt - 
alone; all sddo of th" -ouar" i~ t h" sarr.". Hence A, ~~ /,. and 
:}ir. tv.'o sv^tem- of eutsatior.-, nor;' :or '-d ah-ove, are identical. 
'Pip form of tHc* C' 0 <*ri*!ori' ; 


E.f . . \ , S: 

7\ tann c< “ ^hTaJ ~ 7 


^ £ 


i 






o» 

co-h* «, 


t ran or. 


the coefficient? 


in tue-e 

* 


Substituting the numerical valu"- of 

c-oua’ions and con-id"rin:: only th" fir-' lour roctitesents, vrr 
obtain the foliovrina system of four equation- v.-jth four unknovn 
E :? E : . E: and E,: 

1.S033E: 1 4-0.0701E: -fO.OlSSE: -f 0.0071/7: * 0.0077 A* 

0 .076-1 E ; —0 4045/:’;! -f 0.0330/;; ~<X015f‘E; = 0.01232E 


0.01SSE; — 0.033OE; ~0.22.75E 
I.0971E; 

rhere K 


-0.01 62 E: 


0.001 GOA* 

0.OT71E; -r0.0152E: -f0.01f.-3E: -HUo.Wf: » O.OOOI2A*. 


r-p. 

wv 


-■•ra'-'-E. It may be that the term- along the 
diagonal have the Larne - 1 co" flick nts. Hcr.ee obtain the hr-* 

approximation.- of the con-tar,*- E-, E: by considering 

on the left sides of If:-. ! p< only the term- to th" k-ft of th" h".nvy 
Sine. In such a r.*ay v;c obtain from th" fir- 1 of th'" equations 
E ; = 0.3700 K. Substituting this in the s-eond equation, v.e 
obtain E : = — 0.0305E. Substituting th" value- of E ; and E-. 
in the third equation, v.e find E-. — —0.0 ISO Ah From the Inst 
equation *.ve *h"n obtain E- = — O.OOS3A*. Substituting the-e 
first approximations in the terms to the rial it of the heavv 
line m Eos. f p). re ran calculate th" .-"cond approximations, 
vrhieh are E, = 0.3722A'. E : = -0.03S0A*. Ei = -0.017SA'. 
Et — — O.OOS5E. Repeating the calculations again, we shall 
obtain the third approximation, and so on. 

Substituting the calculated values of the coefficients E>, 
E 2 . . . . in series c c). v:c obtain the bending moments along 
the clamped edges of the plat". The maximum of the absolute 
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value. of t hose moments is at the middle of the sides of the square. 
With the four Eqs. (p) taken, this value is 

\Mv\ u „l r - 0 = \Ei - E» + E* - E-\ = 0.051 7y«=. 

The comparison of this result with Boobnov's table, calculated 
with a much larger number of equations similar to Kqs. (p), 
shows that, the error in the maximum bending moment, by taking 
only four Kqs. (p). is less than 1 per cent. It may be seen that we 
obtain for the moment a series with alternating signs, and the 
magnitude of the error depends on the magnitude of the last 
of the calculated coefficients E*, .... 

Substituting the values of E\, E?„ . . . in expression (d), we 
obtain the deflection of the plate produced by the moments 
distributed along the edges >/ ~ ± b/2. For the center of the 
plate (x — y — 0) this deflection is 


V— o — 


.. _ . . 'V. 1 tanh tt . 

m - cods «, 


pi- j.n.:.. • 


0 . 0153 ^, 

J'Jr 


Doubling this result, to tnke into account the action of the 
moments distributed along t ho sides x ~ ~(t/2; at.d adding 

T.mii.i: 30 tii'niirriuNs am* Hcmiinc. Mmsc.vts is UNiroasiLY 
I.oAtn.ti ltr.er\\<;ci.\)i 1’i.nr. unit Beu.r-ts lawns 
. « 0.3 



■1. 

(-U, • i.l/.b-i 

0.013s qs l 

0 05137'!* 

-0.05137!* ! 

0.0101 7! • Eir - 

0 05s 1 7 r 

— 0.053%!* I 0.02017!* 

o.oiks 7'i* 

O O ..3117 

-0.05517'i* : 0.02997!= 

0.020971* Eh‘ 

0 0 >s77>!= 

-0,05037-!* i 0.03277!* 

0.022C.7I* El.- 

0 07207 s* 

-0.050%!* ; 0.03197!* 

0.02-in 71* /;/.* 

0 07577 s* 

} 

0.0251 71* El.- 

-0 07S0, V m* 

-0.05717-1* i 0.03S19 I* 

0.0200 7!* El. 1 

-0 07997!* 

-0.057171* ! 0.03927!* 

0.0207 qn ‘/Eh 1 

-0 OSIgyu* 

-0.05717'!* ! O.OIOI7!* 

0.0272 7 (P/E/A 

-0 OS227'!* 

-0.05717!* 1 0.01077!* 

0.0277 qn'/EE , 

-0 OS297a’ 

-0.05717J* 




0, 02317'!* 

I 0,022%!* 
| 0.02227!* 
S 0.02127 a* 

i 

! 0.01937.!* 
| O.OIS27!* 
; 0 . 017 - 17 != 
0.0165?«* 
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nor t 


to the deflection of *he simply support* d -'inane plate fT.nble 5), 
vrc- obtain for th*- fKfh’c'inn a* rh° cf-nv-r of uniformly loaded 
setiare "late with clamp*'*:! cdc r > 


f IT , - 


•: 0.04-43 - 0.0-300} :'.V. - O.W37-* 

A/-.- Aft* 


ic> 


S'cv!* 1 * calculation- can i-** made for nnv ratio of th r * *. ai r - 
of a rcetanculsr plntm Th f - r<vul t - of t • cnl-nLa? ion- arc 
gtvr-n in Table 30A 

,i 5 a Foeor.d example let t:- cor.-dd 4 " r b~-r:dir.c of a n-ctancular 
plate trith clamtvd edee.- hv a loaf! P concentrated at t n r ' center. 
Wo becin attain with the case of a -imply supported rectangular 
plate. Ueinc the re.-*:!*' of Art. 32. vo- f.r.a from expre.— ion (f) 
’Tee pace I-4S) for the un!oad r d portion of the plate ami for y > 0 


2(.a co-h Of 


. . . r : rv , r . rrry . ^ rvry 


- B1 rinh 

o 


-f Bl------ co-h -'in ‘V) 

o c» / ^ ' 


When the plate L< loaded alone a narrow Ft rip of tlm width o ; 
extended alone the r-am-u the con-:?ant.- Al. Bl. . . . , calculated 
from the pm era! oxnresFion- on naee 150. are 


,, _ rrie-. a-. \ 

= 7 ; \ Finn a_ ; )■ 

‘zC co-n a_ \ co-t: «_/ 


Bh 


art -c- 


c: 


v\~h-n- 


tanh or-,. 7)1 


r;rOtC_ 


where, for a concentrated load P at the center of the plate. 

- _ 2 PaH-YpT 

^ Dr'm' 

SuDFtuuting into expression fr). vre Snd 

1 The table was calrAatc-fi bv T. H. Evans: $r* J ! P ~; ’r, c i 
p. A-T, 1539. ‘ T 
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w = 



cr 

n — 

i 




Pa- 

X ( 

-i)J 

- Cl ft 

m-x 

1 — 1 ( ci Ttll Cf 


2- 3 D 


m s 

.in 

a 

[ (‘O-h cr*\ 


m 

“ 1.3,.*.. • • ■ 







— \ cosh 

7/1-1/ 

sitih 

inrri i 

— tanh sinh 

mr y 

COStl »„/ 

a 


a 

a 

a 


, , t n-ry 

cosh — - 

a a 


to 


Taking the coordinate axis a« shown in Fig. 82, ut must substitute 
t -f- o/2 for .r in expression (s), and we obtain 


ir 


7V X 1 

2r 3 /i 


1 _ r/i rj'j 

or « 


^tanh <rr n 



n:rf/ 

o 


Midi 


v-y 

a 




t:\nh a sink 


7/1 rf/ 

a 


inr] jar;/ 
COSll 


The angle of rotation along the edge // — fc/2 is 



To X» 1 >urjr tanhjor-, 

2r : /> — j?i : * o eosfi 

^ • - • 


(0 


To calculate tin- bending moments along the clamped edges we 
proceed as in the pre\iou*- case and obtain the same two systems 
of Kqs. (m) and n The expressions for ir. and rr ; are the same 
as in the previous < or, and it will be m-cr-sary to change only 
the first term of t'eso equations by substituting expression ( l ), 


instead of 



in Hu. i.ai), and nl-o a corresponding expres- 


sion for 



m l'.q. in). 


For the particular ea-e of a square plate, limiting ourselves to 
four equations, we find that the left side of the equations will be 
the same as in Kq. (/>). The right sides will be obtained from the 
expression (/), and we find 
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l.$033Ej -r i 0.0705/7; ~ O.OI55E- ~ 0.007 1 E : - -0.1*2*/', 

0.070-tE; -r OAO-IjEi T j 0 0330E-. — 0.01 OOE; ~ —0.002 00/’. 

O.OISSE:— 0.0330E; r 0.2230E; ~ t 0-0103 Et -- -O.OOOOM/'. 

0.0071 E ; -r O.OloOEj -r O.0I03Ej ~ 0.155xE T - --0.000005/0 


Sol vine this ?y-v-»n of equat ion- by *-Mcr< 
a- before. ve find 



E; = — 0.1025/0 E: - 0.0203/', Et r- 0.0052/', 
E; *= 0.0015/'. 


Substituting the-e value- in e>:pre-*-Sor: *V), th" Is-ndiag moment, 
for the* middle* of th r * s:d<* y -- 5/2 can Is* obtained. A more 
accurate* calculation 1 gives 



Comparing this remit with that for th" uniformly loaded square 
plate, ve conclude that the uniform load produ r e- monvnt- at 
the middle of the ride.' that nr<- I"-- than half of that which th" 
same load produce- if concentrated at th" center. 

Having the moment- along the riamtH-d edge.. ve can calculate 
the corresponding deflection.-* by n-ing Eq. 01). Sup'rpo-ing 



deflections produced by the morn "at- on the deflection-? of a 
simply supported plate, we obtain th" deflection- of the plate 
vrith builtrin edges. By the same method of superpo-ifion the 
other information regarding deflection of plates with built-in 

1 Ir: this calculation '-even equations, in-*, toad of four equation? taken 
above, were use'!. 
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edges under a central concentrated load can be obtained. Some 
results of such calculations are given in Table 31.* 

It is seen that the moment and the deflection approach 
rapidly constant values, corresponding to b/n — «, as the ratio 
b/a increases. 

45. Continuous Rectangular Plates.— A rectangular plate of 
width b and length supported along the edges 

and also along the intermediate lines as and It, as shown in big. S3, 
forms a simply supported continuous plate. The bending of 
each span of such a plate can be readily investigated by combining 


X 



‘ Ct ■ 



(W 


I'm. s:i. 


T» 


the known solutions for laterally loaded, simply supported 
rectangular plates with those for rectangular plates bent by 
moments distributed along the edges. 

Let us begin •• • • h the symmetrical case in which 


a i — — n 3 -- a 

and the middle .span is uniformly loaded while the side spans are 
without load (Fig. S3M. Considering the middle span as a 
simply supported rectangular plate and using expression (b) of 
the previous article -ee page 223). we conclude that the slope of 
the deflection surface along the edge Xz — <i/2 is 

1 The table was raleulatid by Dana Young, J. AppL Mrch., vol. C, p. 
A-ll-l, 1939. To obtain the moments with the tour correct figures it was 
necessary to use in this calculation .-.ven coefficients A* anti seven coefficients 
F in Kqs. (m) and (n). 
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2 cb' S? 
r<D 


r-V) * 


Hp J (~4~- - lanh gA 
5 \ro-fl' / 


vrbere S-. ~ ivrnjlh. Owing to tlx- continuity of the plate, 
bending moment.- 3/. are di-tribu?ed along the edge-: — gro/2. 
From symmetry it is seen that the.-e monx-nts can lx- rcpr < -ented 
bv the following series: 


- 'S 




The defections vj produced by tjje-c rnonx-at- can i— obtained 
from Eq. 051), and the corresponding .-lope alone: the edge 
a; = a/2 [see Eq. (e), page 224] is 


.«>./„ -2 


_A "S’ 

2r/) ' m 


m-njf . , g-> \ , , 

x — tanh )• frt 

b \ eo-lr g„/ ' 


From the condition of continuity v.e conclude that the -urn of 
e repressions fa) and (c) representing the -lope of the plate along 
the line z; — a/2 mn-t lx- equal to the -lope a Ion a tlx* same line 
of the deflection surface of the plate in the adjacent ?p:in. Con- 
sidering thi= latter span as a -imply supported rectangular plate 
bent by the moment- (b) di-tribu»M along the edge x t ~ —a/2, 
we find the corresponding deflection x. of the plate by using 
Eq. (154) f sec- page 20*) from which follow# 

* c - -" l 

_ &V X* r m-ryi — l) ~ 

K, -?35 2 l £ ’ COi —m~ 

r-. •* 1,3. y, ' - • 

1 1 fr, . , j. 0 , rnrri mrcj . . mrrj\ 

tar,h *■ co=h ~c r fmh -r) 


- —l-irU- wlh M„h egf _ eg! 

smh &,v ^ b h 
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The corresponding slope along the edge x 3 = —a/2 is 


anM 

Ki>T 3 Jx>- 


b \ &,, , 

.1 4 ~]) 771 ' 

'** m — i ,n.r>. * • • 


cosl , S?(hml, ft, + ™tl, ft + (t) 

The equation for calculating the coefficients /;' m is 



<lr-J x..,. a - ' \flJsA,-? \<5x. 


Since this equation holds for any value of y, we obtain for each 
value of 777 the following equation 

ntf ~ tan!l d-. + —tV) 

tt\D 7H*\eosh* d„ J 2rrl) in \ cosh- d~/ 

- 435 M'"" 1 ' ^ + t0 "‘ s “ + d?s; ~ w 

from which 

F _St It 

r : 77i 3 

d-, — tanh d~> co-dr d~. , ■, 

3 tanh d-> eixlr fir-. -r cotii d„ co-dr d„ -f 33„ — f?« eotlr d-» ” 

It is seen that deerea-e.- rapidly as 7a increases and approaches 
the value —2 qb' it' nr. Having the coefficients calculated 
from {(j), we obtain tin- values of the bending moments AT- along 
the line II from exprr-.-ion ({»). The value of this moment at 
y — 0, i.c., at tin- middle of the width of the plate, is 




">■ iu-\Y 


Taking, ns an example, b «, we have d^ » irnr/2, and the 
formula (g) gives 

Ei = ;; 3 - -^-0.0002, 

- -.SgL’0.0020. 

*» 

— — 0.03Sl</« : . 
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If £ side span i~ uniformly iorab-d. n> -hovrn in Fir. S3 1 *. th r ‘ 
dofb-ction surface i- no 'omar - r:; e * ri <■;-.] vdth r-u- r* to ?;;>• 
vertical axis of svmr r. r try of :h f - j‘!u* f . and th" I«"r:'!:r;c mom'-nt 
distributions a: one :h« ilru-- and ff nr>- no* id' nth ah Lot 


S; * C(.- 


Z '-D s r.«. 

To calculate the c'K-fn'-bnt- and v.v donv<- tv.o 
of c-cuation? from :h r - condition- of continuity of ;h'- d f d:'-'ei'fr: 
surface of the rdat f * alone th* - I : r; and Con-id' nine *h<* 
loaded span and u-fr.c onpnr-f'.n- -'cj and v.v- find Vr.:A d." 
slope of the deflection surf::'--: at th" point'- of th'- -upport .* ■ . 
for C; = C; = C; = c. i- 

/<r_-\ 2o : XT' ! ' — I rrv/ s, 

WJ.-.-i r«x> '"'vp ro ' w?;**, 

- taah 5^ - /*•» • - r/ >-h ‘ f ' (t.onh 

3 3 \ 

# , n • H-z wi- \ , - 

~ oo‘ri 5_. -r rrn )• T) 

co-h- g n s:nh- ‘ 

Considering nom the m!dd! r - span a- a re'eanauhir nine- ;y-nt ov 
the moments 3f- distributed alor.a the lir;*-- » - and if and riv»'S 
by the series r r.). -.re find, by usins Ivj. / I.>3) (-ee pace 2<jJ), 

It * 

feA _ -1 'ST mr».r /r . 

WJ*--£ 4r/0 ^ n 




From expressions f:j ar.d (j f v;n obtain the fo-Iotvinu system of 
equations for eaiculattns coefficients and F„’. 
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A m ^ s + E m (B m + C m ) = -B m (E„ + E m ) - C„(E m - F m ), (k) 


where the following notations are used: 


cosh 2 p r . 


— tanli p m , B r 

P m 

sum* Pm 


— (-* 

\cos 


osll Z p. 


+ tanli p r 


COth Pm. 


The slope of the deflection surface of (he middle span at the sup- 
porting line It, by using expression (j), is 


(£) .--^,2 *= 2 - 

z, ”Z m-i.n.:,. 

+ + <r " - *• - as&s)’ • 

This slope must be equal to the slope in the adjacent unloaded 
span which is obtained from expression (r) by substituting F n for 
E m . In this way we find the second system of equations which, 
using notations (/), can be written in the following form: 

BJEm + Fm) 4- Cm(Fm ~ Em) - - (B n + C m )F„. (m) 

From this equation we obtain 


r F 

l r\ As f. 


f n ' Bm 


‘ ” + C’„) vv 

Substituting in Kqs. (/:), we find 

r , _ , S'/a 2 2(/l„ + C„) 

n Vm 3 (Cm - 'Bm)- -T(Bm + f„) 2 ‘ 1 ' 

Substituting in each particular case for .1„, B„ and Cm their 
numerical values, obtained from Kqs. (/), we find the coefficients 
Em and and then, from expressions (/<), we obtain the bending 
moments along the lim •s ,S'.S‘ l uul It. Take, as an example, b = a. 
Then Pm ~ mr/2, and we find from Kqs. (/) 

/li = — 0.GG77, /#, - — 1.1GG7, C, = -0.793G, 

/la - -0.9983, /i 3 « -1.0013, C 3 = -0.99S7. 

For 7/1 larger than 3 we can lake with sufficient accuracy 

*‘ln ‘ B m ” — 1 . 

Substituting these values in Kq. (a), we obtain 



plate:-, with VARIOUS EDGE CONDITION'S 237 


_ ?CG : , ,,, rr 

jfcl- = ~ O.i <20. E% — 


Fm 1 


12406, 


-§H).2500. 


* r“<c- 7~~ r; 




intent at the middle of nr.'' support as is 

: = fF- - Ej -r Ej - - ' - ; = -0.04245a 1 . 




For the rl r’c r,; the support ti me o.otatn 


■* , ' St '!5r7 ’ 


= rp . _ F* -f- F s — - ' * } = 0 /j042?2% 


Having the herding rr-0rr.rr.r5 along tne lines or support, the 
defections of the pls.ro in each spar can resdiiv ho oiotaired hv 
surerrosing on the do flections 
crodueed nv the lateral load the '-"F s—hrm 

dereotio ns due to the moments 
vnuorf= 


' imO-t-.-. 


r 


r 

r C% 


i O', 

f / t 


Ine eonattons oorameu. :or / r 

r 


three spans ear readilv ho gen- 
eralized and expanded for the 
cate of ar." number of span?. In ^ 
this mar an. ecuation similar to FT 


%' r ' '1 -/,. r 
r , "f /-% 


rc; 


/ - 

Ct; 


Fig. £4. 


tne ttree moments equations or r ' -• 
continuous beams rill he oh- 

adjaeeut spans f and f ~ I of the length m and o.^ : . respectively 
'Tin. 84 ;. The corresponding values of the functions flj are 
denoted bp- Ag. FI. Cu and Aim jKp. Girl The bending 
moments along the three consecutive lines of support can be 
represented by the series 

i 


rr.— I 


rr.znj 




(-1) 2 Fh : 00s 

o 


M% = 2 C-hi- hi COS 




r- 2 f-« ! 


tk — I 


Ffr'- cos 


rfims 


b 


rr. = ISV. - - - 

prAfen rn a sry-^ba- dmerer-t ~z . 7 ■*&?. dkczsKd fc- B. G. 
Gslrirn meisstK Thin Plates.” Mceowy 1&33. Cor-tL-aom plates ox 
^sre c rxscssTL b~ IV 1L irvzurari, G/fi. Gr.*. /G r g-t ISSs. 
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Considering Hie span i + 1 and using expressions (a) and (j), we 
find 

*s n — 1 


( dW \ 2 

\Bx W ) «« tt'D 


( — 1) - min , 

— cos — —d J+ 1 
vr b 


tr. m — 1 

!!?. . \ (>os 1 Hl}Lup< j. E u ')B i+l 

4 ttD ^ m ( b Uri i y ” 

- (/••?-« + £iOC|+']. (p) 

In the same manner, considering the span ?, we obtain 

«■ m — I 


fdw\ 2r h \T -sn (-1) 2 ' m-y 

WJ, “ eZJ Z —m— ™“ —■< 


m - 1 ,n.r. 


vv 

n- I 


I ( })_ *_ { . 0< Ul~M\(pi-\ a. pi )fii 

+ 4 -D m 6 U n + ” 


m- 1.3.5. 


+ (/<•. - 7iir‘)cy. (?) 

From the condition of continuity we conclude that 


(S'l) » 


Substituting expressions (/i) and (</) in this equation and observing 
that, it must be sat isfied for any value of ij, we obtain the following 
equation for calculating K‘ r ~', E' n and E ' r [ 1 : 

Fa-'UK - (\) -t- i:u(it, + ru + Bu ’ d- c- 1 ) 




■ Z-p^'L • * • 1 » 1 + «) • (1 55) 


Equations (/;) and (>«), which we obtained previously, are par- 
ticular cases of this equation. We can write as many Eqs. (155) 
as there arc intermediate supports, and there is no difficulty in 
calculating the moment- at the intermediate supports if the ends 
of the plate are simple supported. The left side of Eq. (155) 
holds not only for uniform load but also for any type of loading 
that is symmetrical in each span with respect to the x- and 
y- axes. The right side of Eq. (155), however, has a different 
value for each type of loading as in the three moments equation 
for beams. 
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46. Bending of Plates Supported by Rows of Equidistant 
Col umns . — If the dimensions of the plate are large in comparison 
rrith i he distances a and b between the columns (Fig. 85) and the 
lateral load is uniformly distributed, it can be concluded that the 
bendins: in all panels, which are not close to the boundary of 
the plate, may be assumed to be identical, so that we can limit the 
problem to the bending of one panel only. Taking the coordinate 
axes parallel to the rows of columns and the origin at the center 
of a panel, we may consider this panel as a uniformly loaded 
rectangular plate with sides a and b. From symmetry we con- 



ic) 

Fig. S5. 


elude that the deflection surface of the plate is as shown by the 
dotted lines in Fig. 85 b. The maximum deflection is at the center 
of the plate, and the deflection at the corners is zero. To sim- 
plify the problem we assume that the cross-sectional dimensions 
of the columns are small and can be neglected in so far as deflec- 
tion and moments at the center of the plate are concerned. 1 We 
then have a uniformly loaded rectangular plate supported at the 
comers, and we conclude from symmetry that the slope of the 
deflection surface in the direction of the normal to the boundary 
and the shearing force are zero at all points along the edges of the 
plate except the comers. 2 

1 In this simplified form the problem was discussed by several authors; 
see, for example, A. Xadai, “ Uber die Biegung durehlaufender PLatten,” 
Z. angetc. Math. Meek., vol. 2, p. 1 , 1922, and the book bv B. G. Galerkin, 
“Thin Elastic Plates,” Moscow, 193-3. 

1 The equating to zero of the twisting moment M IV along the boundarv 
tollows from the fact that the slope in the direction of the normal to the 
boundary is zero. 
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Proceeding as in the case of a simply supported plate (Art. 29), 
we take the total deflection w in the form 


where 


«» = Wi + W 2, 


Wl 


jp' /, _ izA 2 

384 D\ h- ) 


(«) 

(&) 


represents the deflection of a uniformly loaded strip clamped at 
the ends y = ±b / 2 and satisfies the differential equation (101) 
of the plate as well as the boundary conditions 




( (Pin tiucA 


The deflection w>. is taken in the form of the series 


= 0. 


(c) 


i I N? VlTX . 

1C; = Ac + > l n COS (</) 

r\ ■* • • • 

each term of which satisfies the conditions (r). The functions 
Y n must be chosen so as to satisfy the homogeneous equation 

- 0 (r) 

and so as to make ir satisfy the boundary conditions at the 
edges y — ±b/2. Kquation (r) and the conditions of symmetry 
arc satisfied by taking series (r/) in the form 


u>5 — A o -H 




n~ 2,1.1'. 


( , , ms-J 

1 . 1 ... cosh - 

V « 


sinh 

(i 


irry\ m-r 

— - ) cos * 

a ) a 

(f) 


where the constants Ac, A„ and //„ are to be determined from the 
boundary conditions along the edge y ~ b/2. From the condition 
concerning the slope, viz., that 




we 'readily find that 


tanh ct r 
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in which, as before. 


C£r-. — 


m-b 
2 a 


00 


Considering now the boundary condition concerning the shearing 
force, we see that on a normal section nn (Fig. 855) of the plate 
infinitely close to the boundary y = 5/2, the shearing force Q.j is 
equal to zero at all points except those which are close to the 
column, and at these points Q.j must be infinitely large in order to 
transmit the finite load \qab to the column (Fig. 85c) along an 
infinitely small distance between x = a/2 — c and x = a/2 -f- c. 
Representing Q y by a trigonometric series which, from symmetry, 
has the form 


Qy — Co I '/h Cr-. 


and observing that 

Q, = o 


r* = 2,4.5,- ■ 


cos 


mxx 


a 


(0 


for 0 < x < ^ — c, and that 


f: q - ix - -x’ 

o c 


we find, by applying the usual method of calculation, that 

r - <!<& _ P 

0 2a 2a 

and 

» £ 

ft m-zx P j 

W. — - Q.J cos dx — (— 1) 2 J 

ajo a a 

where P = ga5 is the total load on one panel of the plate. Sub- 
stituting these values of the coefficients C 0 and C*» in series (z), 
the required boundary condition takes the following form: 


(Qsr) 6 


_r / < d '' w \ 
\dy z 1 da: 2 d y) y = b - 


cos 


n =2,4,6,- 


rmrx 

a 


2a 



242 


THEORY OF PLATES AND SHELLS 


Substituting expression (a) for w and observing that the second 
term in parentheses vanishes, on account of the boundary condi- 
tion dw/dy = 0, we obtain 





from which, by using expression (/), we find that 

m 3-3 p 2 

D~~[(A^ + 3/i„) si nil + Ji n a„ cosh a n ] = (j. 


Solving Eqs. (g) and (j) for the constants A n and R n , we 
obtain: 

,. __ _ Pa- , ..j Or. - f- tan h 

" ~ 2m 3 - 3 /) ' sinh tanh or„’ 

H "' = sirTlTTZ' ^ 


The deflection of the plate takes the form 


m-rx 


w 


r / h \ ( i _ frY 4. . ln a. 32 * X* . 

3S4/A Ir j 1 2r 3 1) ^ m s sinh tanh 


rn •“2.1.0, • 


, , m~y . . mrr . . mr y 

tanh a„ — - smh — — («„ -f- tanh n „) cosh — ~ 

o a « 


a n 


(D 


The constant .Ip can now l»- determined from the condition that 
the deflection vanishes at the corners of the plate. Hence 


and 



0, 


Ao 


qn'b 

2rV> 



-'J.-l.r,, 


Ct m 


+ ta nh «n 
tanh 3 «„ 


(m) 


The deflection at any point of the plate can bo calculated by using 
expressions (!) and (in). The maximum deflection is evidently 
at the center of the plate, at which point we have 
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cb' cc z b { — l)~ a* -r tanh «„ 

~ 3 $ 4 D 2 t 3 jD 4 n 3 sink «„ tarth ctm. 

m « 2,4.6. 

as 

_ ccJb ^ _ g-r, -f tanh «rA 

2x 3 D ri 3 \ r tank- / 


(«) 


Value? of this defiection calculated for several values of the ratio 
b ’ o are giver, iu Table 32. Values of the bending moments 
and calculated by using formulas (99) and 

expression. [l) for defiection are also given. It is seen that for 


Taels 32 . — -DsTLECTtoss xxr> Mourners at the Cextse or a Pastel 

» = O.S 


l : a = 


1 


1.1 1.2 


l.< 


1.4 


1.0 


2.0 


cc 


v = c^r- 1 * « ='0 .06540.0532 0.0467.0.0423 0.0591 0.036$ 0.0319 0.02S4 

En? \ I i ! i ! 

2I S = S^\S = 0.03-59 0.0292 0.024$ 0.0210 0.01S6 0.0169 0.0135 0.0125 

31, = c-.cc-S- ='0.0$o9 0. 0572 0.0377 0.03S-5 0.0392 0.0393 0.0412 0.0417 

' i ! i l 


i > c the maximum bending moment at the center of the plate 
does not differ much from the moment at the middle of a uni- 
formly loaded strip of length 5 clamped 
at the ends. 

At the points of support of the plate 
there are concentrated reactions 
acting, and the moments calculated 
from expression (l) become infinitely 
large. To obtain the actual stresses 
in the portions of the plate near the 
columns, the cross-sectional dimen- 
sions of the columns should be considered. Let us begin with 
the case ot a circular column. The calculation of the bend- 
ing moments, using expression (Z). shows 1 that in the case of a 
square panel (c = b) the bending moments in the radial direction 
practically vanish along a circle of radius e - 0.22 a (Fig. S 5a) so 
that the portion of the plate around the column and inside such a 

1 Such, calculations were made by A. Xadsq see his book “Elastisehe 
Flatten.'' p. 155. Berlin. 1925. 
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circle is in the state of a simply supported plate. Hence the 
conditions of bending around a column are as shown in Fig. 86, 
and the maximum stress is readily obtained by using formulas 

(75) previously derived for circular 
plates (see page 67) and combining 
coses 3 and S in Fig. 30. 

The bending moments corresponding 
to the centers of columns of rectangular 
cross section can be calculated by 
assuming that the reactions are uni- 
formly distributed over the rectangles, 
shown shaded in Fig. S7, that represent 
the cross sections of the columns. 1 In 
the case of square panels and square 
columns we have c/a = dfb = /:, and the moments at the centers 
of the columns and at the centers of the panels are given by the 
following formulas: 



Fig. S7. 


(iVx) „ = (iV„) 

x — y m ■ : 


h i ’)<]»■ 

4 . 


(1 ~ /:)(2 

12 


. 1 'STt 2 . . mirk . mz{2 - /: 

+ -rp > — r~. . • smh ■ „ - cosh - 

TT z k->—J sinh rn- 2 2 

« 1 


- sin mirl: ; 


sinh »ir/:sin mxk \ () 
4 L 12 + irV:-^ ( wrsinhwir J (!) 


The values of these moments, calculated for various values of I: 
and for »> — 0.3, are given in Table 33. 

It is seen that the moments at the columns are much larger than 
the moments at the panel center and that their magnitude 
depends very much on the cross-sectional dimensions of the 
columns. The moment- at the panel center remain practically 
constant for ratios up to I ; — 0.2. Hence the previous solution, 
obtained on the assumption that the reactions are concentrated 

1 This ease was invrstigaii'd l>y S. Woiimwsky-Kriegtw, see Z. angnr. 
Afath. Mrch., veil, 14, j>. 13, lir.ll; -no nl-o tin- papers by V. I .ewe, Baum- 
Qctiieur, vol. 1, p. 031, 1020; and by K. I'rry, Huuingcnicur, vol. 7, p. 21, 
1020. 
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at the panel corners, is sufficiently accurate for the central portion 
of the panel. 


Table 33. — Moments at the Center and at the Corners of a Square 
Panel of a Uniformly Loaded Plate 
v = 0.3 


c[a «• h 

a 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

~ P'la 7 

CM)t.v-o = pi'ja 7 

Qtmx. » VP 

t 

H 

Pi -i 

— t/i 

0,03 69 


- 0.142 

0.0348 

- 0.101 

0.0334 

0.842 

— 0 . 073/1 
0.0313 

- 0.0528 

0.0287 

0.419 

U 



1 


The shearing forces have their maximum value at the middle 
of the sides of the columns, at points m in Fig. 87. This value, 



for the case of square panels, depends on the value of the ratio k 
and can be represented by the formula Q = yqa~. Several 
numerical values of the factor y arc given in Table 33. It is 
interesting to note that there is a difference of only about 10 per 
cent between these values and the average values obtained by 
dividing the total column load qa 2 ( 1 — /c 2 ) by the perimeter Aka 
of the cross section of the column. 
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Uniform loading of the entire plate gives the most unfavorable 
condition at the columns. To get the maximum bending moment 
at the center of a panel, the load must be distributed as shown by 

the shaded areas in Fig. SSa. The solu- 
tion for this case is readily obtained by 
combining the uniform load distribution 
of intensity rj/2 shown in Fig. SS b with 
the load rj/2 alternating in sign in con- 
secutive spans shown in Fig. SS c. The 
deflection surface for the latter case is 
evidently the same as that fora uniformly 
loaded strip of length a s'nnplv supported 
at the ends. 1 Taking, as an example, the 
ease of square panels and using the values in Table 32, we find for 
the center of a panel (Fig. SSa): 





2 r/ 


0.0031 


in? 


') t ■( 1 1 1 

ffs-i 2 T) 


0.1 02S 


qn x 

El?’ 


= \q • 0.0359a 1 -1- ,*«'/«’ = O.OSOiV/a 1 , 
(iUv)r-v-n - • 0.035D« 5 + - 0.0367?« 3 . 


The case in which one panel is uniformly loaded while the four 
adjacent panels are not loaded is obtained by superposing on a 
uniform load q/2 the load r//2, the sign of which alternates as 
shown in Fig. SO. In this latter case each panel is in the same 
condition as a simply supported plate, and all necessary informa- 
tion regarding bending can be taken from Table 5. Taking the 
case of a square panel, we find for the center of a panel that 


O'Or-v-o ~ g 'l ' 11 , 


* 1 ( i 

+ ;// • 0.01-13 




(^r)r-y-o = o - U/ • 0.0359n= 4- bj • 0.0 t7«Vr = 0.01197a 5 . 


The cast; of bending of a long rectangular plate supported only 
by (he two parallel rows of equidistant columns (Fig. 90) can also 
be solved without any difficulty for several types of loading. 'W e 
begin with the case in which the plate is bent by the moments M v 
represented by the series 


1 It is assumed that tin- columns are not rigidly connected with the plate 
and enn produce only vertical reactions. 
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= Mo -f 2 En C0S ^cT' (q) 

y 2 tn =2,4,6, ••• 

Since there is no lateral load, the deflection surface of the plate 
can be taken in the form of the series 



m =2.4,6. — 


the coefficients of which are to be determined from the following 
boundary conditions: 




= a, + 2 

771 — 2 , 4 , 6 , 


D 


cFu? 

dy 


, + (2 ~ v) 


d z w 
dy dx-] v = 



E„ 



(«) 


and from the condition that the deflection vanishes at the 
columns. Substituting series (r) in Eqs. (s), we find that 




A 


m 


Br. — 


_Mo 
2D ’ 

a-E m (1 -f- v ) sinh dm — (1 — v)am cosh ay, 
M-m-D (3 -f- r)(l — v) sinh am cosh a m — 0^.(1 — v)~ 
Q Em Sinh CCm 

Mm-D (3 -r v) sinh a*, cosh ay, — oy,(l — v) 


(0 


Combining this solution with solution (1), we can investigate the 
bending of the plate shown in Fig. 90a under the action of a uni- 
formly distributed load. For this purpose we calculate the 
bending moments M v from expression (f) by using formula (99) 
and obtain 
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ifb- gill N? (- 1 )- 

12 2 r m 

m- 2.1.0, • • • 


1 + >' 
tanli a„ 


— !’) 
sinh- a n 


cos 


wi-x 

a 


(«) 


Equaling this moment to the moment ( 7 ) taken with the nega- 
tive sign, we obtain the values of and E„ which are to be 
substituted in Eqs. (/) for the constants .1 t , .-!„ and in expres- 
sion (r). Adding expression (r) with these values of the con- 
stants to expression (/), we obtain the desired solution for the 
uniformly loaded plate shown in Fig. 90 n. 



ft... so. 


Combining this solution with that for a uniformly loaded and 
simply supported strip of length b which is given by the equation 


tr 




we obtain the solution for the ease in which the plate is bent by 
the load uniformly distributed along the edges of the plate as 
shown in Fig. 90l». 

47. Bending of Plates on Elastic Foundation. — A laterally 
loaded pinto may rest on an elastic foundation as in the ease of a 
concrete road or foundation slab which is supported by the 
mictions of the subgrad'-. A plate resting on an elastic founda- 
tion tuny also be supported along its boundary. An example of 
this is shown in Fig. 91 where a beam of rectangular tubular 
cross section is pressed into an elastic foundation by the loads P . 
The bottom jilate of the beam, loaded by the elastic reactions 
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of the foundation, is supported by the vertical sides of the tube 
and by the vertical transverse diaphragms indicated in the figure 
by dotted lines. It is usually assumed in discussing bending of 
plates of this kind that the intensity of the reaction of the elastic 
foundation at any point is proportional to the deflection w at that 
point. 1 With this simplifying assump- 
tion the differential equation for the 
deflection of a plate on an elastic founda- 
tion becomes 


d 4 w 


+ 2 




+ 




dx 4 dx 2 * dy 2 dy 


<L 

D 


kw 

~D’ 


(a) 


< o --> 

-Q|cn 

f 


A 

» 

1 

t. 


where q, as before, is the intensity of the 
lateral load, and kw is the reaction of the 
foundation, k being expressed usually in 
pounds per square inch per inch of deflec- 
tion. Sometimes this quantity is called 
the modulus of the foundation. 

Let us begin with the case shown in 
Fig. 91. If w 0 denotes the deflection of 
the edges of the bottom plate, and w the 
deflection of this plate with respect to the plane of its boundary, 
the intensity of the reaction of the foundation at any point is 
k{w o — w ), and Eq. (a) becomes 



p p 




v w ° 


tip i "W 


Fig. 91 . 




AAw = w 0 


w ). 


(&) 


Taking the coordinate axes as shown in the figure and assuming 
that the edges of the plate parallel to the y- axis are simply 
supported and the other two edges are clamped, the boundary 
conditions are 

- °’ (£?)..„_ - w 

1 An example of a more rigorous treatment of the problem in ivhich the 

foundation is considered as a semi-infinite elastic body and the general 

equations of elasticity are used to determine the reactions is given in a 

recent paper by A. H. A. Hogg, Phil. Mag., vol. 25, p. 576, 1938. 
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The deflection w can be taken in the form of n series: 



The first, series on the right side is a particular solution of 
Eq. (b) representing the deflection of a. simply supported strip 
resting on an elastic foundation. The second series is the solu- 
tion of the homogeneous equation 

AAw -f jrjjtr = 0. (/) 


Hence the functions have to satisfy the ordinary differential 
equation 


yiv 

4 m 



«= 0. 


Using notations 




2ft - \ 


ul + X‘ + A 


hi - Vui 


+ 


(?) 

(/*) 

(0 


and taking the solution of Eq. (p) in the form c" J , we obtain for 
r the following four roots: 


r - (3 -r — )3 -r iy. ft - iy, -B - iy. 

The eorrespondiiig four independent particular solutions of 
Eq. (p) are 

< s ~ v cos y n y f co< y n ii, ( x - v sin -)•„)/, \n y n y, 

(j) 

which can l>e taken abo in the following form: 

cosh Bn!/ cos y n y, sink d,,v cos cosh BnV sin y„tf, 

sink B-.V sin y n y. (k) 

From symmetry it can be concluded that Y n in our ease is an 
even function of y. Hence, by using integrals (/:), we obtain 

Y n — A„ cosh Bn’/ cos y„y *f Bn sink B,y/ sin y r .!/, 
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:d the dsSectiou of tbs piste is 



~ A_ c-osb £-y cos 7 ~y -f- B~ sinh 8~y sin. 7-yj- (fj 


'This expression satisfies tbs boundary conditions (c) . To satisfy 
tbs conditions (dj vre must c-booss tbs constants A— and so as 
to satisfy tbs equations 


4J:tj r : . 

1 r < 

Dv 

/mV- r ?A 1 ” 

r 

\ G* ^ #} 


£*5 y-b 
— cos — 


. , 5_q - rJ> 
-r smh — sin -k- 


o.\ 


(m) 


— B m y m ) stub — cos — 


(A^r„ - BM cosh ^ sin ^ = O.j 


Substituting tbsss values of A-. and in expression (J), vre 
obtain, tbs required deflection of tbs plate. 

Tbs problem of tbs plate with all four edges simply supported 
can be solved in a similar manner. Tbs Xavier solution can 
be used in this case also. Taking tbs coordinate axes as shown, 
in Fig. 59 (page 113}. tbs deflection of tbs plate is 


ic — 



(n) 


As an example. 1st us consider the deSection of the plate by a 
xorce P concentrated at a point f£.y). Using tbe energy method 
(see Art. 25} . tbs strain energy of bending of tbe plate from 
Eq. (12A) is found to be 


ins strain 


energy of tbe elastic foundation is 



( 0 ) 


Op) 
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We use the principle of virtual displacements to determine the 
coefficients A„„ from which it follows that 


. . nt;r£ . v~ij 

PoA„n sin sin —j— 

a b 


DA, 


-(V + Vi)dA t 


Hence, 



Substituting these values of the coefficients in series (n), we 
obtain the deflection 


ic 


, „ . 7/is-t . nzq 

, .. sin sin 

•1/ "S^TN^i a b 


<16 


+ p ) : + 


sin 


rn-rx . 

sin 

a 


»->/ 
b ‘ 


(?) 


Having the deficction of the plate produced by a concentrated 
force, the deflection produced by any kind of lateral loading is 
obtained by the method of superposition. Take, as an example, 
the ease of a uniformly distributed load of the intensity q. 
Substituting </</£</?; for P in expression ( q) and integrating between 
flic limits 0 and a and between 0 and b, we obtain 


H>7 N? 



sin 

mrr 

a 

. tlTtJ 

SU, - F 




f tn" 

»A ! . 1 

P*. - ' "> % • • 

• « T.3.-V • 

. -vm 



When 1: is equal to zero, this deflection reduces to that given in 
Kavier solution (122) for the deflection of a uniformly loaded 
plate. 

Let tts consider now the case represented in Fig. 02. A large 
plate which rests on an elastic foundation is loaded at equidistant 
points along t he-r-axis by forces/'. 1 We shall take the coordinate 

1 This problem tins been decie-ed by II. M. Wcstcrganrd; sec Ingeniihcn, 
vol. 32, p. 513, 1023. Practical applications of the solution of this problem 
in concrete road design are dt-cu-sed by II. M, Westergaard in the journal 
Public Haiti*. vol. 7, p. 2.j, I92t>; vot. 10, p. 05, 1920; and vol. 14, p. 1S5, 
1933. 
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axes as shown in the figure and use Eq. (f), since there is no 
distributed lateral load. Let us consider a solution of this 
equation in the form of the series 


w 


, \r mrx 

c = Wo -f Xj CO " 


in which the first term 


2,4 S', - 

->V 


w 0 * Vf/, cos + sin 

2V2«/; V V§ V2/ 


'*) 


(/) 


represents the deflection of an infinitely' long strip of unit width 
parallel to the y - axis loaded at y — 0 by a load P/a d The other 
terms of the series satisfy the requirement of symmetry' that the 



tangent to the deflection surface in the ^-direction shall have 
a slope of zero at the loaded points arid at the points midway 
between the loads. We take for functions Y„ the particular 
integrals (j) which vanish for infinite values of y. Hence, 

T„ = A T .e~?~ v cos 7r-.?/ -r BrVT**'' sin '/„?/. 


To satisfy the symmetry condition 
in this expression 






0 we must take 


Hence, by introducing the new constants A' n — A„jy m , we 
represent the deflections (t) in the following form: 


v> - Wo -T 2 A 'rr. «*3 COS 

m **2/4/5, 

-T Pm sin yrr.y). (u) 

Eq. 237 , p. 296 . 
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In order to express the constants A' rt in terms of the magnitude of 
the loads P, we consider the shearing force Q v acting along the 
normal section of the plate through the ar-axis. From symmetry 
we conclude that this force vanishes at all points except the 
points of application of the loads P at which points the shearing 
forces must give resultants equal to —P/2. It was shown in 
the discussion of a similar distribution of shearing forces in the 
previous article (see page 2)1) that the shear forces can be 
represented by the series 


Q, = 


jP 

2« 


P 

a 

n 


2 <-« s ~ 


v\tt 

a 


The shearing force, as calculated from expression (a), is 






<r-u\ 

dtp 




(fc T ~(l) COS 


VlzX 

a 


Comparing these two expression* for the shearing force, we find 


A’ 


n~\y 

■2ul);LnJ:il -f yl5 


or, by using notation-' if), 




/*(- 1)*' 


al)\\/ Ai + ul 
Substituting this '-xpres-ion (it), wo finally obtain 


a X 

• r ° + s 


( — 1 )-■ inzrX 4 . , 

- co-j — — e >-'(•)„ cos Tr,?/ 

\A« + at, « 

-f 8 „ sin *>•„?/). (r) 


The maximum dcllcrtion is evidently under the loads P and is 
obtained by substituting x — a/2, y — 0 in expression (r), 
which gives 
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PX 


2y/2 ak 


ak 2 j 

m = 2,4,6, * 


7« 




(156) 


The deflection in the particular case of one isolated load P 
acting on an infinitely large plate 1 can also be obtained by setting 
a = cc,in formula (156). In such a case the first term in the 
formula vanishes, and by using notations (i) we obtain 


w — = 


PX- -sr< 2* l yx* + ij4 - j4 
2V2vb " a ^ 


771 = 2,4,6, • 


PX 


2y/2 


! r 51 /vx 4 + m 4 — m 2 , 7 

wjo V + 


Using the substitution 


we find 


yp 


2wV v? + 1 

PX 2 f- 1 du PX 2 . 

2 V2 Trkjo V2’i+« 2 8// 


With this magnitude of the deflection, the maximum pressure 
on the elastic foundation is 


(p) ra ?- r . IvWc 


PX g _ P pfc 
8 8\D 


(158) 


The maximum tensile stress is at the bottom of the plate under 
the point of application of the load. The theory developed 
above gives an infinite value for the bending moment at this 
point, and recourse should be made to the theory of thick plates 
(see Art. 25). In the above-mentioned investigation by Wester- 
gaard the following formula for calculating maximum tensile 
stress at the bottom of the plate is established by using the thick- 
plate theory: 

(ov)e*x. = 0.275(1 -r r)^ logic (j^)- (w) 

Here h denotes the thickness of the plate, and 

‘This case was considered by H. Herz, Wiedemann’s Annalen der 
Physil; -uni Chemie, vol. 22, p. 449, 1884; see also his “Gesammelte Werke," 
vol. 1, p. 288, 1895. 
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b = \/Tl}c*~- \-~h- — O.G7oft, when c < 1. 724ft, 
b = c, when c > 1.724ft, 

where c is the radius of the circle over the area of which the 
load P is assumed to be uniformly distributed. For c = 0 the 

case of the concentrated force is 
obtained. 

The case, of equidistant loads 
P applied along the edge of a 
semi-infinite plate, as shown in 
Fig. t>3, can also be treated in a 
similar way. The final formula for the maximum tensile stress 
at the bottom of the plate under the load when the distance a 
is large is 

(<r,)„ It = 0.520(1 + 0.54 r)~ log,„ - 0.71 j, (x) 

where b is calculated as in the previous case, and c is the radius 
of the semicircle over the area of which the load P is assumed to 
be uniformly distributed. Formulas hr) and (x) have proved 
very useful in the design of concrete roads, in which case the circle 
of radius c represents the area of contact of the wheel tire with 
the road surface. 

The case of a rectangular plate of finite dimensions resting 
on an clastic foundation and submitted to the action of a con- 
centrated load has been dbem-ed by 11. llappcl. 1 The Ilitz 
method (see page 121) was used to determine the deflections of 
this plate, and it was shown in tin* particular example of a cen- 
trally loaded square plate that the series representing the 
deflection converges rapidly and that the deflection can he cal- 
culated with suf r dent accuracy by taking only the few first 
terms of the ser ? The case of an infinite plate supported by 
an elastic found .ion and loaded by equidistant equal loads 
was discussed by \’. Lowe. 3 

1 II \mx, II., Moth '/. , vol. 0, p. 10’20. 

5 The problem of n jm tv pints on nn elm-tie foundation has also been 
investigated experiment .11 v : s>*c the paper by J. Vint and W. X. Ivlgood, 
Phil. Mng., 7th 5>er., vol IP, p. 1, 1035; and that by G. Murphy, Hull. Iowa 
Eng. Erpcr. Sin. 135, 1037 

J Li:wi; ( V., Bauingcnieur, vol. 3, p. 453, 1023. 
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CHAPTER VII 

PLATES OF VARIOUS SHAPES 


48. Equations of Bending of Plates in Polar Coordinates. — 
In the discussion of symmetrical bending of circular plates polar 
coordinates were used (Chap. III). The same coordinates can 
also be used to advantage in the general case of bending of cir- 
cular plates. 



If the r and 6 coordinates are taken, as shovm in Fig. 94a, 
the relation between the polar and Cartesian coordinates is 
given by the equations 

t- — x- 4- y-, 8 = arc tan y/x, ( a ) 

from which it follows that 


dr 

dx 

ae 

dx 


— cos 6, 


.1 

o 

r- 


5r = y 
dy r 
sin 6 86 

r ’ dy 


sin 6. 


x 

e> 

r- 


cos 8 


CO 


Using these expressions, we obtain the slope of the deflection 
surface of a plate in the x-direction as 


die _ 3r _j_ dw dd _ dw 1 dw . 

dx dr dx ' dd dx dr C °~ r dd " 1 


(c) 


A sumlar expression can be written for the slope in the ^-direction. 
To obtain the expression for curvature in polar coordinates the 
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second derivatives are required. Repeating twice the opera- 
tion indicated in expression (r), we find 


0-w 
Ox - 


( 


■) 


0 1 . . 0\f Ow lOw. 

— cos 0 sin 0 — )! -r- cos 0 — sm 0 

Or r 00/\0r r 00 

0-w „ „ n 0-w sin 0 cos 0 . Owsin-O 

Or- 00 dr r T Or r 

0 <)w sin 0 cos 0 ^ 0-w sin 5 

*” 00 r- 1 0Q- r- 


(d) 


In a similar manner we obtain 

0-w _ 0-w . _ n Q 0-w sin 0 cos 0 Ow cos 5 0 
Oy" Or 5 ' 111 ~00 Or r Or r 

..Ow sin 0 cos 0 0‘w cos 5 0 . 

"‘V - + 3«?— ’ w 

0 5 ir t) 5 ic . . , 0 : ir co- 20 Ow cos 20 

— — -- sm 0 cos 0 4- v-. - - — — - 

Ox Oy Or- Or 09 r oO r- 

_ Ow sin 0 cos 0 ^ 0-w sin 0 cos 0 

~~0r r 00'- ?- W 

With this transformation of coordinates wo obtain 


, 0-w , O'-w 0-w , l 0 tr . 1 0 : w . . 

Atr ~ {• • — - 4- - — -f- — — • (a) 

Ox'- Oy- Or- r Or r- 09- J1 

Repeating tin’s operation twice, tin* differential equation (101) 
for tin* deflection surface of a laterally loaded plate transforms 
in polar coordinates to the following form: 


44 ,,' = 


1 0 , l 0'-\/0hr u 1 Ow 
r Or " r- 00- )\ Or- ‘ r Or 


» 


1 0-w\ 
r- 09- ) 


1) 


(159) 


When the load i- symmetrically distributed with respect to the 
center of the plate, the deflection ir is independent of 0, and 
JCrj. (lf>9) coincides with Kq. (7>S) (■*.-, >e page 5$) which was 
obtained in the case of symmetrically loaded circular plates. 

Let us consider an element cut out of the plate by two adjacent 
axial planes forming an angle ilO and by two cylindrical surfaces 
of radii r and r + tir, respectively (Fig. We denote the 

bending and twisting moments acting on the element per unit 
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in which Wo is a particular solution of Kq. (150) and w, is the 
solution of the homogeneous equation 


( 21 + i 1 + 1 + 1 2 £i + i ^Hi) . o 

\dr- r Or T r- 00- J\ Or- r dr r- DO- ) 


(162) 


This latter solution we take in the form of the following series: 1 


W\ — Iio 4 ^ R n eos jiiO 4 ^ /C sin mO, (163) 

r: *» 1 n •- I 

in which Rn. R\, • • • • L’o R' : , . . . an; functions of the radial 
distance r only. Substituting this series in Kq. (162). we obtain 
for each of these functions an ordinary differential equation of 
the following kind: 

( d- . 1 d m-\(d-IU . 1 dll* m-R„\ n 

\d? + r dr ~ 7 )\ <t> S r 1/7 ~ ~) = °' 

The general solution of this equation for vi > 1 is 

R n = .Ur" 4 + (V 1 "' + (?) 

For »« ~ 0 and m — 1 the solutions are 

A’o ~ ,*U -}- //rr : 4 Cc log r 4 /Lr : log rj 

and / (wi) 

I{\ - .1 ,r 4 />i'" 4 C t r ! + /l.r log r. ) 

Similar expression.- can be written for the functions R’ n . Suls- 
stituting these espre—ions for the functions R n and R'„ in 

series (163), we obtain the general solution of Kq. (102). The 

constants ,1„. //„. . . . , in each particular case must be 
detennined so as to satisfy the boundary conditions. The 
solution R P , whi'h i- independent of the angle 0, represents 
symmetrical 1 h- ! ng of circular plates. Several particular 
cases of this kin * have already been discussed in Chap. 111. 

49. Circular Plates under a Linearly Varying Load. — If a 
circular plate is acted upon by a load distributed as shown 
in Fig. 1)5, this load can always be divided into two parts: (1) 
a uniformly distributed load of intensity ?.(/>* 4 7>i) and (2) 
n linearly varying load having zero intensity along the diameter 

* This solution was given bv A. f'lelech in his “Throne tier Kkwtieitiit 
fester Kiirjier," lSt>2. 
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CD of the plate and the intensities —p and at the ends A 
and B of the diameter AB. The case of uniform load has already 
been discussed in Chap. III. We have to consider here only the 
non-uniform load represented in the figure by the two shaded 


triangles. 1 


The intensity of the load q at any 
point with coordinates r and 9 is 


pr cos 8 


(a) 


The particular solution of Eq. (159) 
can thus be taken in the following 
form: 

. pA cos 9 

Wo = A- 

a 

This, after substitution in Eq. (159), 
gives 

1 


4 = 


Hence, 



192 D 


pA cos 9 
Wo ~ ~192aD" 


Fig. 95. 




As the solution of the homogeneous equation (162) we take only 
the term of series (163) that contains the function Ri and assume 

Wi = {A x r + BiA + Ci?' -1 + Dir log r) cos 9. (c) 

Since it is advantageous to work with dimensionless quantities, 
we introduce, in place of r, the ratio 


r 

P ~ a 

With this new notation the deflection of the plate becomes 
w = to 0 + wt = j|!^(p 6 + A P + B P S + Cp~ l 

+ Dp log p) cos 6, {d) 

1 This problem has been discussed by W. Fliigge, Bauingenieur, vol. 10, 
p. 221, 1929. ! 
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where p varies from zero to unily. The constants A, B, . . . in 
this expression must now he determined from t lie boundary 
conditions. 

Let us begin with the ease of a simply supported plate (Fig. 
95). In this ease the deflection ir and the bending moment 
M r at t lie boundary vanish, and we obtain 

- 0, (.V,),_i = 0. ( c ) 

At the center of the plate (p — 0) the deflection w and the 
moment M r must be finite. From this it follows at once that 
the constants C and I ) in expression Ul) are equal to zero. The 
remaining two constants .-1 and B will now be found from Eqs. 
(r) which give 

(«’)<•- 1 - +.1 -h B) cos 0 = 0, 

+ »•) + 2(3 + ,)/i] cos o = 0. 


Since these equations miW be fulfdlcd for any value of 0, the 
factors before cos 0 mn-t vaui-h. This gives 


and we obtain 


1 *b .1 -}- B o, 
1 { r» !•) 2t3 -b (■)/} « 0, 


n 


-to 
;t •** c 


I -}* C 
o -r- f 


Substituting the-.- value- in expre— ion (d), we obtain the deflec- 
tion re of the plate ie. the following form: 


... - ' 


i'i . 


e->, 

192’ 3 t- i }// 


(3 4* Op") cos 0. 


CO 


For calculating the bending moments and the shearing forces 
we substitute expression if) in Kqs. (100) and (101). from 
which 


AT, s= CTfn ,-) p ( i _ p-) p_ 


M, 


pa- 

•VS (3 + r) 


p{(>» d* c)(l 'h 3 c) 


(?) 


(1 -I- or) (3 + Op-] cos 0, 
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Q r = 24 +v) ~ m + v)pn cos '' 

a - -2ti°+v ) p[2r ° + - 3(3 + ^ ffl ' n *•] 

It is seen that (M r )^. occurs at p = 1/ V3 and is equal to 

Ci 72V3 

The maximum value of iW< occurs at 


(h) 


p = -%/ (5 r I'jH + 3vj/\/3fl -p 5v)(3 *F v) 
and is equal to 

<£ ~f v)(T -f 3c) 

~ 72 3 + v 

The value of the intensity of the vertical reaction at the boundary 
is 1 


■V 


.n = m ro , q 

lir ' rdO 4 0S 


The moment of this reaction with respect to the diameter CD of 
the plate (Fig. 95) is 


T 

4 f ~ cos 0 a 1 cos 0 d.0 ~ 

Jo 4 4 


This moment balances the moment of the load distributed over 
the plate with respect to the same diameter. 

As a second example let us consider the case of a circular 
plate with a free boundary. Such 

a condition is encountered in the rib V " — a — ri 

case of 
supporting 

result of wind pressure, a moment " r— 

M will be transmitted to the slab 
(Fig. 96). Assuming that the reactions corresponding to this 
moment are distributed following a linear law as shown in the 
figure, we obtain the same kind of loading as in the previous 
case; and the general solution can be taken in the same form (d) 
‘Tlie reaction In the upward direction is taken positive. 


ition is encountered in the rib W — ° ' 

a circular foundation slab r-.. ..■■■, , 

ting a chimney. As the -p j t ~ 


uj : 


p 

—X 
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(M r )^ * 0 , ( 10 ,-. 


0. 


(0 


ns before. The boundary conditions at. t ho outer boundary of 
the plate, which is- free from forces, are 

r r)0 / 

Tiie inner portion of (he plate of radius h is considered absolutely 
rigid. It. is also assumed tiiat the edge of the plate is damped 
along the circle of radius b. Hence for p = b/a — ft the following 
boundary condition must be satisfied: 




Pjl) 


O') 


o. 

o, 

0. 


n 


c 


1 ) rr 12. 


Substituting expression ( it ) in F.qs. (f) and fj), we obtain the 
following equations for the determination of the constants: 

4(0 + c) + 20 d* c)// d- 2(1 - r)C (1 + «')/; 

4(17 + c) + 205 d- v)H d- 2{ 1 - r)C - til - »•)/) 

■S3 1 d- 2d'/f - 28 -C d- D 

From these equations 

y !(2 + .•)_+ (1 - + ft 1 ) 

u ~ (:fd-7) d- (f- rjft 1 ’ 

0 ‘1(2 + i-)ft ‘ - Ct d- -b £ l ) 

Cl d- c) d- (1 

Substituting these values in expression (</) and using Kqs. (ICO) 

and (101). we can obtain the values of 
the moments and of the shearing 
forces. The constant .1 does not 
appear in these equations. The cor- 
responding term in expression (r /) 
represents the rotation of the plate ns 
a rigid body with respect to the diam- 
eter perpendirular to the plane of Fig. 
'.Mi. Provided the modulus of the 
foundation is known, the angle of rota- 
tion can be calculated from the condi- 
tion of equilibrium of the given 
moment M and the reactions of the 
foundation. 

Using expression (</), t ho case of a simply supported circular 
plate loaded by a moment .1/ at the center (Fig. 07«) can be 


zh_ 

V | r>,> 




(o.) 



I— 4^4: 


‘ M 
(c) 

J’jo. <17. 
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The case in which the outer boundary of Die plate is clamped 
(Fig. 97c) can be discussed in a similar manner. This case is of 
practical interest in design of clastic couplings of shafts. 1 The 
maximum radial stresses at the inner and at the outer boundaries 
and the angle of rotation <? of the central rigid portion for this 
case are 

(<T r )i— ■’< = Wr)r-~a — Oi-i.^5, 

V ‘ a,i:ir 

where the constants «, nr* atul n ; have the values given in 
Table 31. 


Tutu: 3 ! 


ft - b/a 

a 

1 «« 

a* 

0.0 

1! 17 i 

7 10 


0.0 

io :>i 

12 So 


0 7 

a-; 2:, 

25 «5 


0 s 

i 

$2 20 

tie ;.o 

| 


60. Circular Plates under a Concentrated Load. — The ease of a 
load applied at the center of the plate has already Ix’en dis- 
cussed in Art. 19. Here we shall assume that the load P is 
applied at point .1 at distance l> from the center 0 of the plate 
(Fig. 9S). : Dividing the plate into two parts by the cylindrical 
section of radius A a< shown in the figure bv the doited lino, we 
can apply solution <103) for each of the>e portions of the plate. 
If the angle C is mea-uml from the radius OA. only the terms con- 
taining cos mO should be retained. Hence for the outer part of 
the plate we obtain 


t — AV -f- A’., cos mO, 

n ~ 1 


ip) 


1 Tir.isssTit, H., Ingn\i?<ir- 1. vut I, p. 72, 1020. 

5 This problem was j-olvn! ! .v ( 'ieb-rh, L*. n!., ;>■ 2<'A See nbo A. FOppl, 
Sitzungrb. baytr. Abvl. It - , .l.-ihrg., p. 1 1012. The discussion of the 

same problem hy using hijmlnr coordinates was given by K. Mrhm, Eisrnbnu, 
p. 100, 1020; nnd by W. Fliigre, “Die Stonge Heo ehmtng von Kroisplntton 
water Kinrelheton,” llerlin, 102S. See also the paper by 11. Schmidt, 
I ngrnirur-A rcKiv, vol. 1, p. 1 -! ?, 10.00. 
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where 

Ro = A 0 + B 0 r 2 + Co log r + D 0 r 2 log r, 
Rx - A t r -f Bir 3 + Cir~ l + D x r log r, 


R m = A m r m + B m r~™ + C m r m+2 -f Z> CT r— «. 

Similar expressions can also be written for the functions R' 0 , 
R[, R' m corresponding to the inner portion of the plate. Using 
the symbols A' m , B' m , . . . instead of A n , B m , . . . for the con- 
stants of the latter portion of the plate, 
from the condition that the deflection, the 
slope and the moments must be finite at 
the center of the plate, we obtain 

C'o = D' 0 = 0 , 

Ci = D[ = 0 , 


BL = R>L = 0 . 

Hence for each term of series (a) we have 
to determine four constants for the outer 
portion of the plate and two for the inner Fig. 98 . 

portion. 

The six equations necessary for this determination can be 
obtained from the boundary conditions at the edge of the plate 
and from the continuitj r conditions along the circle of radius b. 
If the outer edge of the plate is assumed to be clamped, the 
corresponding boundary conditions are 

(»)~. = o, = 0. (c) 

Denoting the deflection of the inner portion of the plate by w x 
and observing that there are no external moments applied along 
the circle of radius 6, we write the continuity conditions along 
that circle as 




dw _ dw i d 2 w _ d 2 Wi 

dr dr ’ dr 2 dr 2 ’ 


for 


r = b. 0 i ) 


The last equation is obtained from a consideration of the shearing 
force Qr along the dividing circle. This force is continuous at 
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all points of the eirele except point A, where it lias a discon- 
tinuity due to concentrated force P. Using for this force the 
representation in form of the series 1 


£(i + y 

~l\2 ' 

r\ « 1 


cos md'ji 


(c) 


and for the shearing force the first of the expressions (1G1), 
we obtain 


D~(Av')r^ - D^AAtr^, - -Q 4 - ^ rn * 

n «• I 


(!) 


From the six Kqs. (r). Ul) and ([), the six constants can be cal- 
culated. and the functions Jt n and J(’ n can be represented in the 
following form: 




K “ o 


, . , ,.v , r , («- -f h : )(a- - r : ) 
(r- + lr) Jog - T 2/t . 


h\ = 
K = 

rtr, = 


P 

Sr/3 
P 

Srf) 

__ /»/.» j 

lGr/7 

_ 

/ > h'' j r« 

Sm(;n — l)r/^{<t : '' 


/> , (a* -f- r-)ut- — h-) 
u In- 

1 , 2>n ! — L'-)r (2n : — lr)r s 4r , a 

r ‘ (Plr lr "r 

2 in- — b'-)r , i<r — Irpr -lr f a 

a : !r ‘ n b - r 


(m — l)fr — inn 1 -f- (mi — l)r ; 


mi in — l)h : r : 
wi 4-1 «• 


/(' 


+ i(r- - -+“}&*)}• 


74 ," 


4* ’i — i) 




l 


mi IS __ 1 / nV” \ 

in *r l <: T mi -f 1 \T>/ _ j 


Using these functions, we obtain tin- deflection under the 
load as 

P (a- - h'Y- 




l(ir/J 


( 16 - 1 ) 


’This •'fries is nimloiams tn itie series tlis.t «» it-eil in the case of rec- 
tangular j'tntes see p. 2-' 1 . 
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sntmii 1 


&rj - o — 0 this f omrala coined des vrith formula T2> for a 
loaded nlste. Tire ea.se of the piste vttb swplp snpported edge 

Tee oroblem in vinca s circular ring piste is dam ped slo: 
tite lane'' ebae "r = b); and loaded dp s eo sees crated torce 
at tire enter bonndarv Tin- 53/ can. also 
be solved bp tiding senes (cjs In this 
ease tbs foonndsrp conditions for tbs 
clamped inner feormdsrp 


fir). 


»-• (iL “ «• ® 



For tbe enter b-onndarp. — inch is loaded onlp in one point, the 



it PT- XOO". 


bending moment Af r at tbs innsr botmdarp is 


f3X r },. 


!„f— <1 ~ 



tee variation of tbs moment along 
- Hmssras. E_. for. c2., p. 265. 


the inner edge and also along 


bJid 
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a circle of radius r = 5a/ 1 G is shown in Fig. 100. It can be seen 
Hint this moment diminishes rapidly as the angle 0 , measured 
from (he point of application of the load, increases. 

Cl. Circular Plates Supported at Several Points along the Boundary. — 
Considering (lie ease of a load symmetrically distributed with respect to the 
center of the plate, we take the general expression for the deflection surface 
in the following form:' 

tr ™ ir.i + ici, (a) 

in which ic £ . is the deflection of n plate simply supported along the entire 
boundary, and tr t satisfies the homogeneous differential equation 

•lAtr, «* 0. (i) 

Denoting the concent rated reactions at the points of support 1, 2, 3, . . . by 
,V i, A'« A', and using series (/;) of the previous article for represen- 

tation of concentrated forces, we have for each reaction A’, the expression 


where 


* 2 r "- 


o. " 0 - 


(c) 


7 , being the angle defining the position of the supjmrt i fPig. 101), The 

inten-ity of the reactive forces at any point of 
the iKiundary is then given by the expression 



"S' 


+ 2 rn “ ( ' f) 
r*. ** t 


in whirh the summation is extended over all 
the eoneent rated reactions (<■>, 

'fhe general solution of the homogeneous 
equation lli) is given by expression (Kill) (page 
‘200). Assuming the.' the plate is solid and omitting the terms that give 
infinite, deflections and moments at the center, we obtain from expression 
(103) 

tt'l vlo -}• IUr~ -f- 1 .1 ,,r" •• C„r“* : ) ia.s c: n 

r.-l 

->• ^ i.ll,.'" a. sin tnp. fc) 

PI - 1 

1 Severn! problems of this kind were disen-sed by A. Nndni, 'A. Pkysik, 
vol. 2ff, i>. flf.fi, 1922. 
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ttJZ CO 


manes ere hare the follo-sdur conditions at it 1 ; 


(fl 


' I ~ rs»I / 

in TtrieL JiL and O r are grven Lj Eos. (1 ffi, and flOI}. 

Lex us consider a particular case m. ~L:eh the plate is supported at t~ o 
co rats rrhlcb are the ends of a diameter. We shall measure 5 from this 
dxaraeteT. Then -yt = 0 . 7 * =» rr, and me obtain. 

Pc- £ 
f.r = in ^ 


2PS ~ x,/y) 


- 2 [; 


T 7)1 
T 






— jc’ re COS m6 Or fj) 


r 


jr. r v?.~ 1) ’ Cl — 7; V. — l/in 1 mOu-f-i} 

e=2 .CC — 

in —Lice tr t is the defection of tte simplv supported and symmetncallT 
loaded plate, P is tLe total load on. tLs plate and p = T /c. When the load 
is applied at the neater, me obtain from expression, f ?), 07 assuming * = 0.25, 

Pc- 

= 1-31— t » 

PrA 

tej'-xjtJL = J-3-^7 


For a rmnormlr loaded plate me obtain 


= 0.2oO 


C'Z* 


f’h)c = x,? = J — 0.371 


Z> 

os' 




_ tTto solutions o; the type 0?>, the case shornr* in Fig, 102 can 
also he obtained. 

When a circular plate Is supported at three f 
points 120 dez- apart. tLe defection 


tLe center of the plate, mheu the 
plied at tLe center, is 

(t. J u—4 3. 1 7 


:u at twee 7 — ■ — /> x 

1 produced (f /-A 

the Load is X — 

i 


vv ten the load is 1 


Fro. 102. 

’7 distributed, tLe defection at the center is 
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The ease of a circular plate supported at three points was investigated by 
experiments with glass plates. These experiments showed a very satis- 
factory agreement with the theory. 1 

52. Plates in the Form of a Sector. — The general solution developed for 
circular plates (Art. -IS) can also he adapted for a plate in the form of a 
sector, the straight edges of which art: simplv supported. 1 Take, as an 


example, a plate in the form of a 



fa) (b) 

I'm. tat. 


semicircle simply supported along the 
diameter AH and uniformly loaded 
(Fig. 103). The deflection of this plate 
is evidently the same as that of the 
circular plate indicated by the dotted 
line and loaded ns shown in Fig. 1036. 
The distributed load is represented 
in such a case by the series 

V -!<? . 

7 ^ y’. — st n tuff, (a) 

mr 

r-.~ I..V-. • ■ • 


and the differential equation of the deflection surface is 


1 V !-/ . 

.lAtr -7 s . —■ s:n riff. (6) 

1) — fiT 

e. - 1 ."I . . . 

.c The particular solution of tliis equation that satisfies the boundary con- 
ditions along tie- diameter Alt b 


V 

■— * !o " \ — t’ Afli 


Mil Ml*. 


(C> 


The solution of tie- lioinoge:.- .ei- ihfo-rvutial equation (tfi'2) that satisfies 
the condition’) along the iham> ’ ’ '•!! is 


uq 




/> —r*' * 1 1 sin r:0. 


{J) 


< 

Combining e.xprr- -ions (<•) ami -b, e, >■ obtain the complete expression for 
the (h-fleetion tr of a semicircular plate. The constants .t„ and ll„ :m‘ 
determined in each particular cp-e from the conditions along the circular 
boundary of the plate. 


1 The: e experiments were made by Nadai, hsr. c:!., p. 270. 

5 Problems of this kind were dbeu-sed by A. Xndni, cf. Ter. deaf. lng., 
veil. 7,9, p. 109, 19!.' See a ho the b<*»k by G.-derkin, loc. eii., p. 237, in 
which numerical tables for such c.t-es an- given. 
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In the case cf 2 simply supported plate ns 

fc>«« = 0 , 


- 4 ~)] ~ 0 - 

cr- \r cr r- or* / Jr-c 


Stmetftrrtlnx the sum of series 'c] and bf,. for tr In these equations, rre obtain 
tLe folloTurg eruations for calculating .4- 2 nd 2?*: 

= ~ rcr ., f; _ jy-1^4 _ JT^jj 

A-rSS'rVr'L - l; — tvJtt. - I A A- R-^' f rr. — l/m ~ 2 — x '2 — rt;j 

4 cchI 2 — p '4 - rSd 
r'lPifj — 7 n*>^» — rdjfl 

i r 2 X?m 

, csSV; -f-a-fy; 

c^T'.Pltj — n -,'2 ~ rxl'ri ~ 4 T -f- ?/P? 
cSTn — 3 — ~j 

B " ~ a«-V^4 ~ n, "4 - m-..> - i'i - r,II>' 

TThh these trains of the constants the expression for defection. cf the plate 
becomes 


fe i 

>£— * * c c T.'iPlf) — rrA/A — 


n ~ 5 


c^ z'.'t'. 'A — rr't'2 — n/jr. ~ \ r \ ■— *7 1 


n -f 3 — ? 


c 7 c ~ t nr , A — tr.} 


nfA - rU/rr. - Pi ~ r>lf 


sti rrS , 


v^tzh *ci? erpr^S'Tn for tb» c^errtrrs, the heThCrrhz rcoraer^s are readily 
chtarned frem H/?n. i *Wf)i m 

In a similar manner ~e can obtain the solution for any sector rrlth an 
angle x--’h £ hems a gr/en Integer. The final expressions for the defections 
and bonding moments at a grren point can be represented in each particular 


3iV = Sccy 3/; = fi-syi-. 


~ » r — cn a. 2 arc 5; are nutter: cal factors. Several values of these factors 
tor points taken, on the axis cf symmetry cf a sector are gr/en In Table 35. 
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Tabu: 35. — Valees or the Facto its a, 0 and fl , ron Vabiocs Angles z/k 
OF A SlXTOll SlMI'I.r SorrOKTED AT THE JiOUNDABV 
i* = 0.3' 


r/A- 


t/1 

r/n 

r/2 


r/a ~ 1 

<T 

» 

Pi 

o.tmoc. 

0.0021 

0.0101 

0.0013 

-0.0015 

-0.0025 

0.003(1 

0.0002 

0.0003 

0.0177 

0.0310 

0.0357 


r/n ~ J 


0, 


r/a 




r/n - I 


( o.oo3r.;(i.(Kiwi o.oisn 0.0053 o.oigi o.otr.o; o 

0. BOLT'D. 0! ECO. 025 Vo.ntopo.ogislo. 0213’. 0 
|0.02Hl|o.03.V! 0.0352[n. 02220. 03Slj0. 02V, | 0 
O.OSSf. O. OSES 0. 051 5 0.0'', 12 0. 0*517 O.OtOS 0 

! I I i I S 


Pi 


0.0025 

' 0 . 001 ! 

[o.ooss 

! 0.0221 


The coso in which n plate in tin' form of n sw-tor is clamped along tlic 
circular boundary ami simply supported alone the .straight edges can be 
treated by the same method of solution as that mod in the previous case. 
Tho values of the coefficients « and g for the points taken along the axis of 
symmetry of the sector art; given in Table 30. 


Tabu: 30. — Values or the ( ’oeiticients « and fl ron V,uttot:s Angles 
z/k or a Sectoh f 'limbed along the (‘iiutlau Hoi.-ndaiiy and 
Siv.clv SriToitrr.n along the .SruAtGitr IIogks 
r *’ 0.3 


- IX- 


r/n 

l 

r* 1 , 

r Vt 

» 

*7« 

' ' 

- : 

r/a «» 1 

T/K 


a 1 

I 

J 

f 

tt 


a 

! ;i 

a 

a 

z. M 

0 

1 

00(1'. 

-0 (KKW 0 

0021 

0 00.07 

; 

0.0(131 

, 0.0107 

0 

-0.0250 

r '3 

n 

(KUO 

- 0 (SUB, 0 

tvw2 

0.01 13 

0.0051 

0.0123 

0 

-0.0310 

r/2 

0 

IXViO 

0 tvv.s 0 

Oil! 

0,0-272 

0.0 mo 

0.0113 

0 

-o.otss 

- 

0 

0330 

0 (1175 0 

030 n 

0 0110 

0.01 07 

. 0 0010 

0 

— 0.0750 


u U» I'l w. 1*104 . tl t".HU r 

i S T t 


It can be seen that in thi» r:e>' tie- maximum bending stress occurs at the 
mid-point of the eic Sr edge *tf the rector. 

If tin' eirruhir <• <tf a uniformly loaded plate having the form of a 
Lector is entirely free, tie- maximum deflection occurs at the mid-point of the 
unsupported circular edge. For the e when r/h *» y/2 we obtain 

mi* 

UV»« 


The bending moment at the same point is 


M, - 0.1:1319.1*. 
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53. Beading of Circular Plates Resting on an Elastic Foun- 
dation.— We shall consider here only the case in which the load is 
symmetrically distributed with respect to the center of the plate. 
We shall also assume that the intensity of the reaction of the 
foundation at each point of the bottom surface of the plate is 
proportional to the deflection of the plate at that point. In 
such a case the deflection is independent of the angle 6 (Fig. 94), 
and the differential equation (159) for the deflection of the plate 
reduces to the equation 



In this equation q is the intensity of lateral load, and k is the 
modulus of foundation. Thus I;w represents the intensity of 
the reaction at each point on the bottom surface of the plate. 

Let us first consider the particular case of a plate loaded at the 
center with a load P. 1 In this case q is equal to zero over the 
entire surface of the plate except at the center. By intro- 
ducing the notation 

h _ 1 . 

D p’ ( G ) 

Eq. (165) becomes 



Since k is measured in pounds per cubic inch and D in pound 
inches, the quantity l has the dimension of a length. To 
simplify our further discussion it is advantageous to introduce 
dimensionless quantities by using the following notations: 


ic 



Then Eq. (b) becomes 



(c) 



Using the symbol 




’ T f s u P^em was discussed by Hertz, loc. tit., p. 255. See also 
iroppl, \ orlesungen uber tecbnische Mechanik,” vol. 5, p. 103, 1922. 


A. 
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we then write 

AA z -f- z — 0. (e) 

This is a linear differential equation of the fourth order, the 
general solution of which can he represented in the following 
form : 

s = + BX s {t) + CA'aOr) + DX t (x), (/) 

where A, are constants of integration and the functions 

A’i, . . . , A< are four independent solutions of Eq. 0). 

We shall now try to find a solution of Eq. (/) in the form of a 
power series. Let a r .T n he a term of this series. Then hv 
differentiation we find 


A(fl r .x’') = «(« — lja-.z'' -1 -f nanX"-- — 7i'a n x r '-~ 

and 

AA(« r ,T n ) = 7i"(/i - 2 )‘(Ux r -\ 


To satisfy Eq. (c) it is necessary that to each term a r .x'' in the 
scries corresponds a term * sueh that 

rr(n — 2 ) : a..r—‘ -f rr o. (g) 

Following this condition, all term< cancel when the series is sub- 
stituted in Eq. (»); hence the series, if it is a convergent one, 
represents a particular solution of the equation. From Eq. 
(g) it follows that 

fl. 

Observing also that 

AAutr) - 0 


n-(n ~ 2) : 

and AA{fi;x : ) =r 0, (0 


we can conclude that there are two series satisfying Eq. (r), viz., 


A', (:r) « 1 


and 


2 • • •}- 1 2 : • -F • G : • S ; 


r!J 


2* ■ *»• • 6* • S* • lth • 12= ‘ 


(J) 


A : (j) - .x- tJ5 . j.-. + ; J: . 0 r; s - . j 0I 


■1--6- •8-‘-ll) : ■ 12 : • 1-F 1 
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It may be seen from the notations (c) that for small values of the 
distance r, i.c., for points that are close to the point of applica- 
tion of the load P, the quantity x is small and series (j) are 
rapidly convergent. It may be seen also that the consecutive 
derivatives of series (j) remain finite at the point of application 
of the load ( x = 0). This indicates that these series alone are 
not sufficient to represent the stress conditions at the point of 
application of the load where, as we know from previously dis- 
cussed cases, the bending moments become infinitely large. 

For this reason the particular solution X 3 of Eq. (e) will be 
taken in the following form: 

X 3 = Xi log x + F z {x), (k) 

in which F 3 (x) is a function of x which can again be represented 
by a power series. By differentiation we find 

AAX 3 = + log * AAXi + AAF 3 (x); 

and substituting X 3 for z in Eq. (e), we obtain 
4 r/ 3 V\ 

l ^ + l0g x( ~ AAXl + Xl) + AAF ^ + Fs ^ = °- 


Since Xi satisfies Eq. (e) and is represented by the first of the 
series (j), we obtain the following equation for determining 

F»(x): 

J = 

x dx 3 \ 2 2 • 4 2 

6 • 7 • 8 • x 4 10 • 11 • 12 • x 8 


AAF 3 (x) + F 3 (x) = -- (FX 


+ 


,+ 


)• 


(0 


2 2 • 4 2 • 6 2 • 8 2 2 2 • 4 2 ■ 6 2 • 8 2 • 10 2 • 12 2 

Taking F 3 (x) in the form of the series 

F s (x) = 5 4 x 4 + Isx 8 + & 12 X 12 -f- • • • (m) 

and substituting this series in Eq. ( l ), we determine the coeffi- 
cients 6 4 , b s , b 12, ... so that the resulting equation mil be 
satisfied. Observing that 

AA (& 4 X 4 ) = 4 2 • 2 2 • hi, 

we find, by equating to zero the sum of the terms that do not 
contain x, that 

2-3-4 


4 2 • 2 2 - b 4 = 4 


2 2 • 4 2 
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or 


b< = 


2-3 -4- 


JL 

128* 


2 ‘ • 

Equating to zero the sum of the terms containing r‘, we find 

25 


fig — — r-s- 


In general, we fimi 


"-j i 

fin - (- 1) 1 — — ;yy, 

n-(n — 2)- 


1,75!), -172 

. . »f« - 1)(« - 2) 

''n-< *r 


2- • • G : • •••,!- 

Thus the third particular solution of Kq. («•) is 


A'j - A'i log x 4- , 1 ,-f 


go 




12H 1 ,709.472 


(«) 


The fourth particular integral A'< of Kq. (<) is obtained in a 
similar manner by taking 

A\ = A': log X + l\(s) - A't log X + 

— . 1 (■} . 1 ’ .'b' j. s . ..Vto .i. . . . / 0 ) 

in- ■ s : \ -t 1 • G 1 v ■ o : • • • - 107 ' ' J 

By substituting the particular solutions < J), (n) and (o) in 
<*.vpres-ion if) we obtain the g'-nera! solution of Kq. (e) in the 
following form: 

; r; .{A _ jl j. — . . . ^ 

V ‘ S : 2 ; • - 1 - • G : ■ S- ) 

if j- — ~ X -.. !- . — — £*- _ . . . \ 

\ v- • G- * r • G- • 8- • 10- J 


4- m 


4- c 


( 1 - ™ -l- . - — T ~ - — . . . ^ 

\ 2- • ‘1- * 2 : -l- • 0- • s- J 


log x 4- 


25 


1,769,472 


\ 


j* 4- 


+ l> 


Y-_ , __* w 

v V- • G- 4 s • G- * 8= • U> : 
\ . , 5 , 1054 • It)- 1 \ 

] lo2r + MS(S ~ .H2S0S- 1 T J W 

it remains now to determine in each particular ease the con- 
stants o reintegration .1, . . . , 1) so as to satisfy the boundary 
condition; . 
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Let us consider the case in which the edge of the circular 
plate of radius a is entirely free, the boundary conditions for 
such a case being given by Eqs. (j), Art. 48 (see page 259). 
Using for the moments M, and shearing forces Q r the first of the 
equations (160) and the first of the equations (161), respectively, 
we write the boundary conditions as 


/ fPv) j_ 1 dv A 
\dr- ' v r dr) T ~« 

d ( d-yj 1 dt/A 

dr \ dr 2 r dr / r _„ 



(q) 


In addition to these two conditions v/e have two more conditions 
chat hold at the center of the plate; viz., the deflection at the 
center of the plate must be finite, and the sum of the shearing 
forces distributed over the lateral surface of an infinitesimal 
circular cylinder cut out of the plate at its center must balance 
the concentrated force P. From the first of these two condi- 
tions it follow's that the constant C in the general solution (p) 
vanishes. The second condition gives 


(r^ d<, i..+ p = o ' « 

or, by using notation (a), 



< lh» 
dr 2 


I dw \ 

" r r dr J r „ e 


2 rre -f- P = 0, 


(») 


where e is the radius of the infinitesimal cylinder. Substituting 
h for v> in this equation and using for z expression (p), we find 
that for an infinitely small value of x equal to e/7 the equation 
reduces to 


from which 



• 2-tt* -f P = 0, 



CO 


Having the values of the constants C and D, the remaining two 
constants A and B can be found from Eqs, ( q ). For given 
dimensions of the plate and given moduli of the plate and of the 
foundation these equations furnish two linear equations in A 
and B. 



2S0 


THEORY OF PLATES AND SHELLS 


Lcl us lake, ns nn example, n plnlc of radius n *= 5 in. and of such rigidity 
dial 



We apply at die center a load /' such that 

I) „ ----- e- 102 • 10" s . 

Sr hp 

Using this value of D and substituting Iz for ip, we find, hy using expression (p) 
and inking x «= a/i «=> J, that Kqs. (q) give 

O.oOO.t ~ 0.2,10/1 *- 1.002/1 « -1.002 • 102 • 10“*, 

0.GS7.-1 - S.1S.0// r- li.OO/> « 11.00 • 102 • 10-h 


These equations give 

.•i r, SO • 10-k // rr —0-1 • 10-k 


Substituting these values in expression (;»! and r>-taininK only the terms 
that contain r to a power not larger than the fourth, v, e obtain the following 
expression for the deflection: 



■* ;»! 

■ 

/ 

r' \ 

~ 

1 C er Iz - 


8<: 

; • io-'l 


r- 102 • 10-’-- : log r 


The deflection at tin- center (s *■- 0> is then 

; lev -• •!.'! • !0* ! in., 


and the deflection at the houndary Lz r ‘ 1* is 

•ipv :W.l • t(V * in. 


The difference »if these de(!ee , .t>>>i'* is comparatively suriil, and the pressure 
distribution over the foundation differ- only 'lightly front a uniform 
distribution 

If we take the radius of the plate two times larger ft: ~ 10 in.) and retain 
the previous values for the rigiditn - of the plate, z becomes equal to 2 at the 
boundary, m 1 l.q-. (q) reduce to 


These c(|iiation>- gin 


0.S2O.I a. 1 pvllfi c. l.Oils/), 
2 titi.'i.i — .*..7 j:>/»‘ ir,.;«7/>. 


.1 tl.'.Kifi 100 • 10' 1 , It 

The deflection is obtain, •{ from c\pr»—-ion (;>) as 

tc « Iz - r.j-ioo • 10 1 | - 10.*» • I0~*{ 


■ ior. • i O'*. 
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T::<; de flections at the wzt'sx and at the horundary of the plate are, 
respectively, 

ar —, = 2. -O'* in. and = OAF - I<r* Ir;. 

It 1* t seen that, If the radius of the plate I- tv.-Iee a? large at the ouar;t Ir.y l, 
i'.j. di-trlhurior; of pressure over the foundation I* already vary far from a 
uniform or; a. 

If r.v; take an infinitely largo plate which was considered by JL I fort % 
page 255j, the deflection under the load is, from Bo. IJ57/ f 

= — = r/A = 2, I * - 5 - 102 - Ifr* *= 1.00 - Kr* in. 

2,y j 

Having as expression for the deflections or, the heading moments are 
obtained from Boy, (%('/>,. At the point of application of the load these 
moments become Infinitely largo, and the results obtained hy using the thick 
plate theory fsoa page 250, racist Le applied rri calculating stresses at that 
point. 

The general solution ff, of Bo. f<> oar; also Le represented f/y Bessel 
functions for which there are numerical tabloid Ir; this manner the dis- 
cussion. of various cases of bending of circular plates resting or; ar; elastic 
foundation oar ho considerably simplified. 2 

The strain or. orgy method also ear; ho "tori for calculating tho deflection 
of a circular plate roof lag on ar; elastic foundation. For example, to obtain 
a rough appumxi.matlor; for tho case Ir; which tho defection at tho center does 
not differ much frorr; tho deflection at tho hour; fa ry, we take for tho oof Mo- 
tion tho expression 

or = A — Ar 1 , rr, 

where A and A aro two constants to be determined from tho condition that 
tho total energy of tho ay-torn Ir; stable eoulllbrlurn I.? a minimum face 
Art, 23), From expression fr, wo conclude that tho deflection surface has 
a constant curvature eoua! to 2/t. Ifo.ooo tho xtrarr; or;orgo r of tho plato of 
ra/ihis a. as gfror; hy Bo. 147, fpago SO,, fa 

Ft - 4A J /Ara*fl -f- a}. 

Tr.o .strain or; orgy of tho deformed elastic foundation f>; 

f 2r f A i i \ 

Ft = — • -r dr dS = -A -f- -A -f ). 

Jo Jo 2 \2 2 d / 

Tho total potential energy of tho system for tho case of a load A ap, piled at 
tho center 

F --= 4JB* /Ar^T d- d- rk f \APP -f §AAo- ! -f iAW*> - FA, 

: Foe, for ezarnplo, ,jahr.kio-Ernd.o, ,: Tah!% of Fo-nctfor;*," Berlin, IfAFt. 
*Se< : paper hy F. .mhlolchor, “Festschrift zur IlrmdortJ&hrielor der 
'I echnlsoher; Kochachule Karkraho,” 122S;ar.d J..F Koch, %%«», Fo. fj, 
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Taking the derivatives of this expression with respect to constants A and B 
and ('(plating them to zero, we obtain 


.1 + lln' 


2 u>on + >■) 


T 


+ o /f " 



Taking the previous numerical example (page 2S0; in which 


we find 


l - n, 



P 

Sr An* 


102 • 10 -*, 


A - tiy.,,. ~ 1I.S • 10-* in. 


This result is about 0 per cent h- . than the value -13 • 10 _! in. previously 
obtained, To obtain a better accuracy more terms should be taken in 
expression (r). 

When the deflection and the reactions of the foundation are found bv the 
energy method, the calculation of clrc-se- can be made by considering the 
given plate to be a circular one symmetrically loaded by the calculated 
reactions (see (’hap. (II). In this way a better accuracy wilt be obtained 
than if an approximate expression, Midi as expre* <i<«n (r), were med in 
calculating curvatures and le nding moments. 

If the foundations arc m.Mimcd to !»• a finbinfinil*- elastic body instead 
of conforming with the .simplifying assumption regarding reactions made in 
our previous discus dun, tic problem of bending of circular plates supported 
by an elastic foundation becomes more complicated. This problem has 
been discussed by I). !,. Ho!!.* 

G4. Circular Pinter, of Non-uniform Thickncrr..— Circular plates of non- 
uniform thickne - 1 arc : onetime-- encountered in tie ib-ign of machine parts, 
Mich as diaphragm* of .' team turbines and pi-tons of rcciprocatingengines. 
Till 1 thickness of Mich plate* i«, u-ually a function of tie radial distance, and 
the acting load is symmetrical with r>-;e-t t*> the center *>f tie plate. We 
ahull limit our further deem don to this symmetrical ca 

Proceeding as was explained in Art. 15 and u-ing the notations of that 
article, from the condition of equilibrium of an el-meit ft* shown in Fig. 2$ 
(page oG) we derive tie following equation: 


d.U, 

M. • r - M, •- <>r .. I). 
dr 

in which, as before, 



* Proe. fd/i Intern. Cunt}. .1 />;(. Med,., Cambridge, Muss., 193$. 


(a) 


(M 
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v’here 


<p ~ 


t. hn 

Tr 


fc) 


and Q is the shearing force per unit length of a circular section of radius r. 
In the ease of a solid plate, Q is given hy the equation 


Q 


r, 


2irrJo 


5 2rr dr. 


(d) 


in which q is the intensity of the lateral load. 

Substituting expressions (ft), (cl and (d) in Eq. («) and observing that the 
flexural rigidity D is no longer constant but varies with the radial distance r, 
we obtain the following equation: 



Thus the problem of bending of circular symmetrically loaded plates reduces 
to the solution of a differential equation («) of the second order with variable 
coefficients. To represent the equation in dimensionless form we introduce 
the following notations: ( 
a is the outer radius of the plate, 
ft is the thickness of the plate at any point. 
hfj is the thickness of the plate at the center. 


r 

a 


= z; 



CD 


We also assume that the load Is uniformly distributed. Using the notation 


Eq. («) then becomes 


0(1 - v^rpq 

v “ ~ftT~’ 


^!f a. fl 4. d log 7 /A oV _ / _ s d log yA pz 

dz 5 ’ \z * dz /dz \z J z dz / y* 


(!J) 


(100) 


In many cases the variation of the plate thickness can be represented with 
sufficient accuracy by the equation 1 

JE1 

V = « 0 , (ft) 

1 The first investigation of bending of circular plates of non-uniform thick- 
ness was rna/le by H. linker, £p?c. Turfdnmvseem, vol. 15, p, 21, 1918. 
The results given in this article are taken from O. Fielder's doctor's disserta- 
tion, "Die Biegung kreksymmetriseber Flatten von vcraderlicher Dicke," 
Berlin, 1928. See also the paper by It. Gran Olssori, Jnqenieu,r-Arckiv. 
vol. 8, p. 81, 1937. 
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in which fl is ft constant tlmt must he chosen in each particular ease so as to 
approximate as closely as possible the actual proportions of the plate. The 
variation of thickness along a diameter of a plate corresponding to various 



values of the constant /( is shown in Fig. 101. Substituting expression (i\) 
in Kq. (100), we find 


rfV 

,lx- 


g-m 


ElI 

-pit - . (0 


It can he readily verified that 


fig J 



01 


is a particular solution of Kq. (i). One of the two solutions of the homo- 
geneous equation corresponding to Kq. ft) ran he taken in the form of a 
power senes; 


N^.T(1 *-/(a v y ) ■ • • (•>,■ _ 1 

2 . .{ C, ' (i . . . 2« . 2fi.-'Jo -b 

n — 1 


m 


in which a , is an arbitrary constant. The *<t, i;o! solution of the saute equa- 
tion becomes infinitely large at the center of the plate, i.c., for x •» 0, ansi 
therefore should not til- considered 111 the rrue of n plate without a lade at 
the center If *n!u'i,>ns < j) mid if:) are comhiti'-d, the general solution of 
Kq. 0) for a solid plate ran be put in tin- following form: 



I lie constant f! in each particular e.a-e must b>* determined from the con* 
ditionat the boundary of the plate Since s.-ries < I ■ ) i*- uniformly convergent, 
it can be differentiated, and the expressions for the bending moments can 
be obtained by substitution in 1 q» 1 1>). The deflections can be obtained 
from Kq. (c). 

In the case of a plate damped at the edge, the boundary conditions arc 
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and the constant C in solution (I) is 


a 


e 

£ 


(3 — v'lfH.eOz-i 


(«) 


To get the numerical value of 6' for a given value of /?, which defines the shape 
of the diametrical section of the plate (see Fig. 104), the sum of series (/:) 
must be calculated for x = 1. The results of such calculations are given 
in the above-mentioned paper hv Pichler. Tin's paper also gives the 
numerical values for the derivative and for the integral of series (k) by the 
nse of v.'hich the moments and the deflections of a plate can be calculated. 

The deflection of the plate at the center can be represented by the formula 


a v- - = anp — a- 


G(1 — A')a A q 


Ehl 


(o) 


in v.'hich a is a numerical factor depending on the value of the constant fi. 
Several values of this factor, calculated for v = 0.3, are given in the second 
line of Table 37. 


Table 37. — Numerical Facto ns a. and a! top. Calculating Deflections 
at the Center of Cihculae Plates of Variable Thickness 

v = 0.3 


p 

| 4 

3 

2 1 1 

° 

|| 

-2 

1 - 
— o 

! _4 

! 4 

1 

a, 

of 

I). 0801 

[0.2233 

I 1 

0.0639 1 

0. 19-14 1 

1 1 

i ! i I i 

,0 . 0505,0 . 0398 0 . 0313 0 . 0246 

[0. 1692 ( ! 0. 147l[o. 1273|o. 1098 

:0.0192’ 

jO.0937 

0.0152 

0.0791 

I 

*0.01195 

*0.06605 


The maximum bending stresses at various radial distances can be repre- 
sented by the formulas 


Wea — 



f \ ■ 3 ? sI 

— j-7l , 2 " 


(P) 


The values of the numerical factors y and -yi for various proportions of the 
plate and for various values of a: = r/a are given by the curves in Figs. 105 
and 105, respectively. For /? = 0 these curves give the same values of 
stresses as were previously obtained for plates of uniform thickness (see 
Fig. 29, page 61). 

In the case of a plate simply supported along the edge, the boundary 
conditions are 

{Vi)z-1 = 0, (J/r)*_l = 0. ( 9 ) 

Investigation shows that the deflections and maximum stresses can be 
represented again by equations analogous to Eqs. (o) and (p). The nota- 
tions a’, -(’ and y\ will be used for constants in this case, instead of <*, y and y x 
as used for clamped plates. The values of a! are given in the last line of 
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derek/pe d for a ring plate of constant thickness. The procedure of calcu- 
lation. is teen similar to that proposed by E. Gramma! for calculating stresses 
in swtstzns ci=r3»' 

55. Iton-linear Problems in Bending of Circular Plates. — 
From the theorr of bending o? bars it is knovm that, if the con- 
ditions at the supports of a bar or the loading conditions are 
changing vdth. the deflection of the bar. this deflection will no 
longer be proportional to the load, and the principle of gripe r- 
position cannot be applied. 2 Similar problems are algo encoun- 
tered in the case of bending of plates.* A simple example of this 

2 Gauasc, E-. TEnf^n PolTs.v.. J., rob 338, p. 217, 1023. The analogy 
cjxsfirg between the problem of a rotating disk and the problem of lateral 
feint or a mrmlar plate of variable thickness vae indicated by L. FoppI, 

cr.cmr. J/c'l. J •/ear,., vok 2 , p. 62 , 1622 . iron-symmetrical bending of 
drrriar plates of ncn-uneorrr. thickness is discussed by G. Olsson, Ingtnieur- 
Arer.ur, voL 19 , p. 14 . 1625 . 

1 An example of such problems t» dismissed in the author's "Strength of 
Materials,” voL I, p. 157 , 1620 . 

1 See E. Glrkman, 0 ?r S'cfJbzH, voL 18 , 1531 . Se-rerat examples of such 
problems are discussed also hr £ paper by E. Hofmann, g. an^ew. 3 /aft. 
Med-,., voL IS, p. 229 , 1638 . 
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kind is shown in Fig. 100. A circular pinto of radius a is pressed 
by a uniform load rj against an absolutely rigid horizontal 
foundation. If moments of an intensity j\f a are applied along 
the edge of the plate, a ring-shaped portion of the plate may he 
bent as shown in the figure, whereas a middle portion of radius b 
may remain flat. Such conditions prevail, for example, in the 
bending of the bottom plate of a circular cylindrical container 
fdlcd with liquid. The moments .V„ represent in this case the 
action of the cylindrical wall of the container, which undergoes 
a local bending at the bottom. Applying to the ring-shaped 



r»<i. me 


portion of the bottom plate the known solution for a uniformly 
loaded circular plate (see expression (m) in Art. dS], wc obtain 
the deflection 

tc ~ C'l -f C; log r -f- C : r- -f- C t r : log r -f- (a) 

For determining the constants of integration C x , . . . , C< we 
have the following boundary conditions at the outer edge: 

(tr),_ = 0, (Mr)r^ - -iU e . (h) 

Along the circle of radius b the deflection and the slope are zero. 
The bending moment .V r abo nuM be zero along this circle, 
since the inner portion of the plate remains flat. Hence the con- 
ditions at the circle of radius !> are 

= 0, ^ _ - 0, (,V r ) = 0. (C) 

By applying conditions (b) and (c) to expression (a) wc obtain 
the five following equations: 
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C'i -f C 2 log a -f C f /P — log a = 

Ci 4- C 2 log b -f C*&* -r C t b* log & = 

C'rf 4- Ci 2(v + 1) 
or 

-f- CV3 -f 2 log a -f- 2 j/ log a -f- E) = 

C r ^~ + C*2{^ 4- 1) 

-f- Cb(3 -f* 2 log 6 -r 2v log b + v) — 

c£ -f C*21> + C'«&f2 log & 4- 1) = 
o 


fja ( 

Wj 

64/7 


(f(P 

W> 


(3 -f - f') 


?& 4 

10/J 


(3 4- y) 


1 


fjb % 

Wj 



CX) 


Me 


nor 
~ a 32 


and 


« - p* a 
** p 32/j 

(e) 


a 2 
o 


By eliminating the constants Cj, - - . - Cb from these equations 
we obtain an equation connecting M c and the ratio b/o., from 
which the radius 6 of the flat por- 
tion of the plate can be calculated 
for each given value of M a . With 
this value of b the constants of 
integration can be evaluated, and 
the expression for the deflection of 
the plate can be obtained from 
Eq. (a). Representing the mo- 
ment M r . and the angle of rotation 
<fe of the edge of the plate by the 
equations 
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Fio, 110. 


and repeating the above-mentioned calculations for several values 
of the moment if/*, we can represent the relation between the 
constant factors a arid /? graphically, as shown in Fig. 110, for the 
particular ease 1 r = 0. It is seen from this figure that /? does 
not vary in proportion to a and that the resistance to rotation 
of the edge of the plate decreases as the ratio b/a decreases. This 
condition holds up to the value a — o at which value /? = 1, 
b/a = 0, and the plate touches the foundation only at the 
1 This case k dfeemssed Jn the paper by Ilofrn&nn, he. cil., p. 287. 
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center, as shown iti Fig. 109ft. For larger values of a, i.c., for 
moments larger than M„ — ftqu-/'A2, the plate does not. touch 
the foundation, and the relation between « and ft is represented 
by the straight line AH. The value M n — bqn-/?,2 is that value 
at which the deflection at the center of the plate produced by the 
moments M„ is numerically equal to the deflection of a uni- 
formlv loaded plate simply supported along the edge [see Eq. 
(03)].* 

Another example of the same kind is shown in Fig. 111. A 
uniformly loaded circular plate is simply supported along the 



edge and rests at the center upon an absolutely rigid foundation. 
Again the ring-shaped portion of the plate with outer radius a 
and inner radius b can he treated as a uniformly loaded plate, 
and solution (a) ran he te<d. The ratio b/a depends on the 
deflection o and the intensity of tie* load q. 

G6. Elliptical Plates. I’niformhj l.«ad>d Elliptical Plate xrith a 
Clamped Ed pc . — Taking the coordinates a.- ,-hown in Fig. 112, 
the equation of the boundary of the {date F 


The different i.a! equation 

A^tr - l (b) 

and the boundary condition-; for the clamped edge-;, fa., 

i r -- 0 and ~ — 0, (c) 

on 

are satisfied by taking for tin- deflection tr the expression* 

1 This solution ntul tin* solution for a uniformly varying load q are obtained 
by C5. II. Itryun; see A. 1.. II. Five’;. boot., “Theory of I’la-tisitv,” -tthed. 
]>. -IS t. The rase of an ellijUiiat ptati- of variable thii-tan-s is lii-cu-soil by 
Ci. Ols-ion, Ingcnirur-Arel.ir, vnl. '), p. IDs, jn.'ts. 
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J, _ t _ Ay 

‘V O- fj-J 


0 ) 


zo- z r-.rS y v r,r-a '- zhe boards : tj hr rir> me of h.q. <c}. 

z (r£; in h JZ. 1 1 /- Tv'S See that t 1 e equation 


XT? 


JJ 


J 2 A r 24 , 16 \ 
..c 4 ' ‘ c^V 


467 ; 


x=. since enpr&ssion fd) satisfies inq. ib) and the tyrndary 
sent- the risorons solution for s tmifomiiv 


deb elliptical piste vbth a clamped edge. SrbsTttating 

sx v sx s 0 fn GZur^SJIGIl '(Tj «. TTy rp^r tT;. siv 6 Ti qt Eo. 

37 £5 ci*** of tTjr dLt.'g tc6 os-ntGr- If c ^ 

rarn for tiro defection the value previonsij derived for 
sniped ofrcnl 

zT.zizr 777 *E clsmtr^d snG- Lsviiic stisji 2*0- 
Tbs bending and tvdstirr moment- are obtained by sab- 
htnting expression fqj in Eqs. hop .and f 100 ) _ In this ~ay 


rfeotion tbe 

TE! 

P Late j_isq. 

''P/ 2 ; 

i"*M ea:ml : 

to t 


jr — _£,/ nm _n S ~ \ _ _* T _ 3 m ^ y- __ i 
Vcm *■ cr- ) ~~’ 1 [_ c 4 ‘ cE- 1 c- 

j j_ ^7 

1 7 mo 1 ; e* 6 s 


(«) 


:or tee center 0: tire piste snq for tbs ends of tbs horizontal r-.-b~ 


err 1 - . — Zr~ rf ' L — ~ \ 


and Ofbr^.,^ 


Sm-D 

G 1 




Cf) 

7. tor tire moments J4 at the center and at the ends of tbe 

- d r’^-T=z - •rf'-T b, p - -,j ana 04;^.,^ = 4 ) 

it is seen^that tbe manimnm bending stress is obtained at tbe 
enos of tbe snorter principal ads of tbe ellipse. Haring the 
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moments M~, M v and M„, the. values of the bending moment 
M n and tlie twisting moment A/ nf at any point on the boundary 
are obtained from Kqs. (e) (Art. 22, page 9-1) bv substituting 
in these equations 


cos « = 


(hj _ & Ijr . 

a Is -\/i ii'y- + hV" 


sin o — 


dx __ a- ii 

d* u'u" -f- b'r' 


(h) 


The shearing forces Q. and () y at any point are obtained by sul)- 
stituting expression (//) in Kqs. (102) and (103). At theboundary 
the shearing force (}.. is obtained from I*,q. LI) (Art. 22, page 0-1), 
and the reaction F„ from Kq. (n) of the same article. In this 
manner we find that the intensity of the reaction is a maximum 
at the ends of the minor axis of the ellip-e and that its absolute 
value is 


.... u'hCUr ~ h~)<i 

~ 3/i « -f -r 2 n-lr 

’l'lie smalle.-l ab-nlute value of I „ b at 
axis of the ellipse where 


for a > b. (i) 
the ends of the major 


tllrlit- 
hi 1 -t- MA 


(I'J, .. 

For a circle, n — />, and we find MV). 


:VH)q 


(J) 


- qai 2. 


Elliptical Plots v'lth <: El')' <:*:>! l!<r,{ by <3 I'r.ifo-mly Varying 

J'rf?uri\ .\*.->nninir flint y -• >: v. »> Sind that 1 !<j. ffc) urn! the IwMinilftry 
conditions <n are ;:iti-fe-d l*v tnhtnj.* 


ir 



(It'S) 


From this expression the bending moments niel the reaction*. nt the boundary 
CJia la* cjilciilntei! n.s in tin* j»r«*t «•:»*■»•. 

Uniformly Lootin'. El!ij>'.ti-.:1 Pints v si/. Simply S'l/ipii'ts'! — The 
solution [nr this c;i->- 1 - more <-t>:u|>h**nte<l than in the ca-'-ef chunped edges; 1 
therefore we give hen* »nh -eiin- tins.1 nutuerir.nl results. Assuming that 
o/b > 1, we represent tie- iletl.-etioti am! the bending moments at the center 
hy the formulas 




(tr),.,._c « 0^—, M , »=■ Ay'P, M,j »» 


(*) 


* Sec H, 0. Gnlerkin, Z, angeir. Moth. Mrc).., vol. 3, 113, 1P23. 
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T'.'i valra* of t he w.rscgr.* fgc-.or* «. 5 gcd jS r for T&rfcris values of the 


ratio c o sad ft 


Gw are gr/er: in laofs 25. 


Lxaxs Sf. — F actors <a. r.. &. ri? Foa.t>:rxss <ki roe T.'rrrrosirr.r I/?/-DZt> f.rro 
SniFLT Srpaozr sn Entrance r. Plates 
g = 0.3 


nib l l.l 1-2 1.3 1.4 1.5 2 ' 3 ! 4 ! 5 | * 

i f i 

i ! | i 

« = 0.70 0.S8 0.20 1.07 .1.17 :i.2o ;1.S? 'l,g£ 2.02 ,2.10 .2.2? 
f; = <3.2050.215 0.2120.222 0.222 0.222.0.2100. I?40. 1700. l.'O 
(5. = 0.200 0.22-1 0.201 0.212 0,202 0.22! 0.270 0 . 4220 . 4030 . 4.100 . 500 

^ , i t ill 


Comps riser of these r.rrrerft&I ralce? ~dtc those prraorisly obtained for 
recfsrgclsr plate- GT&h:-; 5, page 122/ ahvrs that for equal values of the 
ratio of the aides of rectangular pistes and the ratio cffj of the serni-azes 
of enfptfrsL plates the value? of the defections and the moments at th.e 
oer.ter in the fc~o fcfr.cs of plate do r.ot direr appreciably. The case of a 
plate having the form of hair an ellipse bounded - — 

err the trass verse art? has also hoe. a discussed.* ? N. 

; ^ , 

57. Triangular Plates. Equilateral J' r ^\i ? 

Triangular Plate Simply Sujep vrieS at the de-5 i “/ 
Ednez ; — -Trie bending of rich £ triangular i ‘■fm s' 

plate by moments .If- uniformly dis- f s' 

trfbuted along the boundary ha.? already " 2— iy 
been, divmssed fsee page 102;. It ~as Tsr " lv? " 

shmm that in such, a ease the dedecfion surface of the plate is the 
same as that of a uniformly stretched and uniformly loaded 
membrane and is represented by the equation. 


1 ' Aab\ r '* ? J “' X a ' 7 ^ 7 


in Ttnich a denotes the height of the triangle, and the coordinate 
ares are taken as sbovn in Fig. 1 13. 

In me ca-.e o. a tinkormly loaded plate the deflection surface 


■ - - *** - «*• + *> + !**](!>’ - *■ - **). 

(160) 

' Gaisssis, E. G., J/ejser^s- Hof.?... vol. 52, p. po, lp^2, 

/ T 'f i of herding of a piste haring the form of an eotdlateral 

"tyy" ®' J ' re ’ 1 r v S- vvofno~g2 7 _KtKgor, Jr^r.feur-Zrc?. tri vol. ^ 


p. 254. 1222. 
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By differentiation we find 


Aw — — - 


4 (iD 


t 3 — 3 ij-t — n(j- y-) -f —« 3 

h 


(b) 


1 1 may be aeon from ( 1 09) and (/») t hat the deflect ion and the bend- 
ing moment at the boundary vanish, since the expression in the 
brackets is zero at the boundary. Further 
differentiation gives 



A Air 


n 

i y 


(c) 


lienee the differential e(|iiation of the deflec- 
tion surface is nbo satisfied, and expression 
(1 09) represents the solution of the problem. 
Having the expression for deflections, the 
expressions for the bending moments and 
- 7 . the shearing forces can be readily obtained. 
The maximum bending moment occurs on the 
lines bisecting the angle's of the triangle. Con- 
sidering the points along the r-axh and taking 
;• - 0.3, we find 


OM. 

(Mi).... ■ 0.0239 'in'. 

At the center of the plate 

M t - M, r- 


at 

at 


r - —0.002a;) ..... 

JT r- 0.129(1. ( 


(I 




(171) 


'1'he ease of a concentrated fores* acting on the plate can he 
solved by using the tnrlhotl of r (see page 174). Let us take 
a ease in which 'h<- point of application of the load is at the center 
A of the plat** i* IN). Considering the plate, shown in the 
figure by the 1 tvy lines, as a portion of an infinitely long 
rectangular plan- of width we apply the fictitious loads P 
with alternating sign-' as shown in the figure. The nodal lines 
of the deflection surface, produced by such loading, evidently 
divide the infinitely long plate into equilateral triangles each 
of which is in exactly the same condition as the given plate. 
Thus our problem is reduced to that of bending of an infinitely 
long rectangular plate loaded by the two rows of equidistant 
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Irjgfe ~P g.r.'i — P. Knowing the solution for ore concentrated 


force ’'505 Art. 31} and rising the method of superposition. the 
deflection at t.oirt A and the stresses near that point ear ics 
readilv calculated. since the effect of the fictitious forces an 
bonding decreases rapidly as their distance from point A meresses. 
In this manner ~e find the def ection at A 


P/2' 

ir T = 0//J57I~ 


ri72j 


in 


bending moments at a small distance c from A are given by 


tne enpressto: 


3P = - 


/A 


r „ 

7 - fu3; 


3f 3 . = f .llAF. (ir J% ^nl 


\ ^1 — 


(i ^TO f ~ 

Ar V yC ) hr 


O-.j 


Since for a simply supported and centrally loaded circular plate 
of radius eo the radial and the tangential moments at a distance 
c from the center are, respectively fsee page 7A; r 


Jf, 


Pi - r}P 


log 




ana 


Tr fl -f h>P T 

31} = t — — log — 

4y c 


, (l — v)P 


At 


; ( rJ ) 


it can he concluded that the first terms on the right side of 
Eos. 7 173; are identical vdth the logarithmical terms for a 
circular plate rdch a radius 


:V3 




Aj 


Hence the local stresses near the 
point of application of the load can 
he calculated by using the thick- 
pmte theory developed for circular 
plates Pee Art. IS). 



PZc*r A Joj Ferro c; cr, Fwayfe Rirp‘, 

Trjzrps zrJ.h Sir, -b; Z-,pr,s/-U/L Fopoa— A>/± a plate mar ?,e oor.Adered 
C ’. 2 -T--^ ante, as m.-neated rr. Fig. 115 hr dotted lines, 
a.— „r_e cod? prarfou-.r developed for rgctargrlar plates can he 



296 


THEORY OF PLATES AND SHELLS 


applied.* If a load P h applied at a point A with coordinates tj (Fig. 
115), wc assume n fictitious load —/'applied at .-1' which is the image of 
the point /I with respect to the line ISC. These two loads evidently pro- 
duce a deflection of the square plate such that the diagonal PC becomes a 
nodal line. Thus the portion OHC of the square plate is in exactly the 
same condition as a simply supported triangular plate DISC. Considering 
the load +/' and using the Xavier solution for a square plate (page 122), we 
obtain the deflection 


’Cl 


« « . inr( . TlJ-rj 

sin sin — 

•t/VSn 'STt n n . ,»tx 

> > — sin 

r «/) (m- T «*) ! 0 

m «*• 1 1 
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In the same manner, considering the load — /' and taking n — t; instead of 
r and n — £ instead of tj, we obtain 


Wi »-» 


'S' f _ 
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r» •“ 1 n 1 


(~ir 


. VIttj . nr£ 

MU ^Sli 

r. a 

\rr + Jr)* 
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(o) 


'Hie complete deflection of the triangular plate is obtained by summing tip 
expressions If) and i/j); i.r., 


» r " t-t -*• t*':- </.) 

To obtain the deflection of the triangular plate produced }>v a uniformly 
distributed load of inteii-ity i;, we substitute i; </• i!~ for P and integrate 
expression f /.) over the area of tie- triangle O IIP. In tills mawi'T wc obtain 


U'l'l'.! 

r'l) 


)-t.3.r.. 
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r: ?*m 


— r*:*; m* 
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. MT-T _ , ;r y 
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nfr; • — li’ n. ! 
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This is a rapidly converging series and can be u*e«l to calculate the deflection 
nnd the bending moments at any jstint in the plate. Taking the axis of 
symmetry of tie triangle in Fig. 11.1 ic th<* gj-axi- and representing the 
deflections and moments .t/, ( and .V, along this axis by the formulas 

U “ ' ! ‘x ” “ d„i*. 


O') 


the values of the mimerienl factors <«, :! and .1; ate as given in Figs. 110 and 
117. Hy comparing the-e rcuhs with tln»*<* given in Table 3 for a uni- 

* This method of solution was given by A. Xndai, “ Kkotl-che I'kittcn,” 
p. 1 78, 1021. Another way of handling the same problem was given by 
B. G. Galerkin, Hull. arm!, rn. <U ■ Rttf*i", p. 223, 1010; ami Hull. Pol’/.cch. 
lust., vol. 28, p. 1, St. IVtersburg, 1010. 
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which can be represented in ttie following form 

2 

Unix) r-. („ n 4- fi n x) CO“h 7IIX + ('/" + 0 „) sinll 771X •• 

m* 

Considering now the series 


we obtain 


l’„(x) 
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(ri 5 — t;i j ) 
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dl'„ "S^ 1 1 sin nx 

dx («* -r — vA) 

>■. - i-.r.r., • • • 
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(n*V n’) J 


-r. 
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Ity integrating K*|. (o) we fmd 


~K£. (f>) 


and 

<tr, 

tlx 


W ** .t „ c«s in' -r- /f„ sin in: - • I l'n(i) sin n(£ 

1'ijn 

• n[l„ erf — I COS rt(£ — x)d£. (g) 


■ n. l„ sin ro 

The constants and L\ can !••• determined from th<* conditions 


s' (I and t’„fo) l‘„<*’) (r) 

which follow from •.•ro-s r., and tn). With these value* of the constants 
expri s -mn tji give • the sum of e.-rjes (>-,) which n.ltn-e.s the double series in 
expression v *. to a • m. pie series. 




CHAPTER VIII 


BEVDETG or PLATES UZTDER TEE COMEETED ACTIOIT 
OE LATERAL LOADS AITD FORCES ET TEE MEDDLE 
PLA2TE OF TEE PLATE 



52. Differential E ccstion. of the Deflection Surface.- — In oar 
pre'/Ions dl-cm-alon it ha? alr/ays boon assumed that the plate 
Is bon*: by lateral load? only. If bo addition to lateral loads there 
are forces acting bo tbo middle piano of too plate r these latter 
forces mar bare a condderahle effect 
on the bonding of tbo plate ar.d mud 
bo considered rrt deriving tbo corres- 
ponding differential elation of the 
defection surface. Proceeding a.- in 
the cate of Lateral loading feee Art. 

21. page ?d;. rre consider the ootHIL- 
rrrrn of a email element cat from the 
plate by tr*o pair- of plane* parallel 
to too rz- and yz-coordlnate planes 
(Tig. fib; , In addition to tbo forces 
df'CtOKod In Art. 21 ore none Karo 
force?; acting In tbo middle plane of 
tbs plate. VTo denote tbo magnitude 
of these forces per txnlt length by 

Frc. IIS, 


(=>) 



A*, Ay and AV,. = A%s> a- s born In 

figure. Projecting these forces on the and y-ares and 

e an 


to.' 
a-S 




•■ere 


re no body forces or tangential forces acting 
In those directions at the faces of the plate, ~, : e obtain tbs follow- 


; eorratron* of ecoirlxoncm; 


’■} 


r,x 
cAV, 
c. 


dAV 


(174) 


These ogaattons are entirely Independent of the three equations 

50*0 
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of equilibrium considered in Art. 21 and can be treated separately, 
as will be shown in Art. GO. 

In considering the projection of the forces shown in Fig. 118 
on the r-axis, we must take into account the bending of the plate 
and the resulting small angles between the forces N- and N v that 
acton the opposite sides of the element. As a result of this bend- 
ing the projection of the normal forces A'- on the x-axis gives 


■ Ai, '"sr + 


(** + £'*Xe + £*>»• 


After simplification, if the small quantities of higher than the 
second order nr e neglected, this projection becomes 



dx dy -f 


0 A , Oir , , 

— - — ~-<ix air. 
Ox ox 


(a) 


In the same way the projection of the normal forces A’* on the 
r-axis gives 


..oar . 0.\.j Dir 

A ay *v‘ ■ -~ax ay. 

"Otr ( >7 < o/ J 


(b) 


Regarding the projection of the shearing forces X„ on the r-axis, 
we observe that the slope of the deflection surface in the (/-direc- 
tion on the two opposite side- of the element i- Oir/Oy and 
(dir/dy) -j* (d'ir dxdy)>!x. Hence the projection of the shearing 
forces on the r-uxis is equal to 


. 0 it OA tyihr. 

A,,. -tlxiht - - -■--dxdt. 
dxdu ' Ox On 


An analogous expression can be obtained for the projection of 
the shearing tones A',- ~ A \ v on the x-axis. The final expression 
for tin* projection of all the shearing forces on the x-axis then can 
be written as 


ov One 7 j i 0X n 0ir, . OXrjOir. . 

2A ■ W' + ~5r ' ,h + -sr t/ 1 ,bj - 


(c) 


Adding expressions (a), il>) and (r) to the load qdx dy acting on 
the element and using Kqs. (174), wo obtain, instead of Kq. 
(ft) (pngo 87), the following equation of equilibrium: 


0-M r 0 ,r-M rv 0-My 
"5x r “Ox dy ~ dtf 


{ 


, Our , .. Our . c 


V -*!£-)■ 
*’ Ox dy) 
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Substituting expressions (99) and (100) for M x , M u and M^j, we 
obtain 

dh v 


3nc , 0 d i ic 
' dx'~dy n - 


JU d j£ = l(n a. 

‘ 3r D\ q ' 


... 3 2 * * w 
A -3? 


N. 


v 

2N- 


Sho_ 
’dx by 




(175) 


This equation should be used instead of Eq. (101) in determining 
the deflection of a plate if in addition to lateral loads there 
are forces in the middle plane of the plate. 


If there are body forces 1 acting in the middle plane of the plate or tan- 
gential forces distributed over the surfaces of the plate, the differential 
equations of equilibrium of the element shown in Fig. 118 become 

dN x ^ dN xv ^ 

~dx ' dy ' 

f)N~.j i dN.j t 

dx dy 



Here X and Y denote the two components of the body forces or of the 
tangential forces per unit area of the middle plane of the plate. 

Using Eqs. (176), instead of Eqs. (174), we obtain the following differential 
equation 5 for the deflection surface: 


d*w < 3 % d l w 

l. 2 ! 

dx 1 ' dx t dy 2 ' dy ‘ 




N 


d z W 

*dx* 


AV 


d 2 w 
0y 2 


-J- 2N X 


i r-w 
dx dy 


X ^ - 7 — \ 
dx dy J 


(177) 


Equation (175) or Eq. (177) together with the conditions at the boundary 
(see Art. 22, page 89) defines the deflection of a plate loaded laterally and 
submitted to the action of forces in the middle plane of the plate. 

59. Rectangular Plate with Simply Supported Edges under 
the Combined Action of Uniform Lateral Load and Uniform 
Tension. — Assume that the plate is under uniform tension in the 
x-direction, as shown in Fig. 119. The uniform lateral load g 
can be represented by the trigonometric series (see page 118) 

1 An example of a body force acting in the middle plane of the plate is the 

gravity force in the case of a vertical position of a plate. 

5 This differential equation has been derived by Saint Tenant (see final 

note 73) in his translation of Clebsch, “Throne de l'elastieite des corps 

solides,” p. 704, 1883. 
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te 




1.3.5, 


x 


1 . 
— Fin 
mn 


m-x . nrv 

sin 

a I) 


Kquntion (175) thus becomes 

<Vw 0 (Vir <Vw _ AC t)'W 
dx' + + o>i' 1) 0x' : 


(«) 


10? X X 

■ l) z -- 


1 . mxx . 

— sin sin 

mn a 


»~U 

b" 


(b) 


'This equation :m<l the boundary condition* at t lie simply sup- 
porter! ('(lues will be satisfied if w<* take thr* deflection w in the 
form of the series 


tr 


NTt NTt nirr . nrv 

,, strt sm - 

< — -r a b 


(c) 


Substituting thi* series in Kq. lh), we find the following values 



for the coefficients «„ 


l e. i f> 

ho! h are ev en mimic ! - 


Hi'/ 


/'«: . 

.. «fY j, ; V r r?,: 


b’J ■ T-l)a- 

( 


hx J inn 

j V«‘ ’ (>•/ x-JJa- 

\‘l) 

in which in and n are o<hi numbers 
1. 3, 5, . . . , and ~ 0 if m or n or 
lienee the deflection surface of the pinto is 


107 X X 

r' I) ( — J 

n - l • . 



Comparing thh result with solution (122) (page 1 13), we conclude 
from the presence of the term AV's J lbi z in the brackets of 
the denominator that the deflect ion of the plate is somewhat 
diminished by the action of the tensile forces A’ r . This is as 
would be expected. 
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If. instead of tension, we have compression, the force N- 
becomes negative, and the deflections (e) become larger than 
those of the plate bent by lateral load only. It may also be seen 
in this case that at certain values of the compressive force N s 
the deno mina tor of one of the terms in series ( e ) may vanish. 
This indicates that at such values of A r - the plate may buckle 
laterally without any lateral loading. This phenomenon of 
elastic instability will be discussed later. 

60. Application of the Energy Method. — The energy method, 
which was previously used in discussing bending of plates by* 
lateral loading (see Art. 28, page 120), can also be applied to 
the cases in which the lateral load is combined with forces acting 
in the middle plane of the plate. To establish the expression 
for the strain energy corresponding to the latter forces let us 
assume that these forces are applied first, to the unbent plate. 
In this way we obtain a two-dimensional problem which can 
be treated by the methods of the theory of elasticity. 1 Assuming 
that this problem is solved and that the forces N~, N,j and A r _, 
are known at each point of the plate, the components of strain 
of the middle plane of the plate are obtained from the known 
formulas representing Hooke's law, viz., 




1 

hE 


0V- - vN v ), 


hE 


(N, 




(a) 


The strain energy, due to stretcliing of the middle plane of the 
plate, is then 


I 1 2 J* J” (A i A .jCy » A ryYry)d£ (J.y 

~ 2Ke\ J + 2 ^ -Ay -J- 2(1 -f v)N%}dx dy, (178) 

where the integration is extended over the’ entire plate. 

Let us now apply the lateral load. This load will bend the plate 
and produce additional strain of the middle plane. In our pre- 
vious discussion of bending of plates, this latter strain was always 
neglected. Here, however, we haye to take it into consideration, 
since this small strain in combination with the finite forces 
A z; Ay, A —j maj. add to the expression for strain energy some 
1 See, for example, author’s “Theory of Elasticity,” p. 12. 


A r- dx 'iB 
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terms of tlm same order as the strain energy of bending. The 
~ ftn( l c-eomponents of the small displac ement that a point in 
the middle plane of the plate experiences during bending will be 
denoted bv a, r and respectively. Considering a linear ele- 
ment AH of that plane in the 
^-direction, it may be seen from Fig. 
120 that the elongation of the ele- 
ment duo to the displacement ?c is 
equal to {dufdx)<lx. The elonga- 
tion of the same element due to the 
displacement tr is h(thr/dx) m dx, as 
may be seen from the comparison of 
, , , u. in Ficr 120 with the length of its 

the length o ' T ‘ hMS t } u . total unit elongation in the 

SXnoJ an ef men't taken in the middle plane of the plate is 



dx 

• *x Dx 


rid. ice. 


<)u , 1 ( dir 


dx 



K<'ll 


(17P) 


(ISO) 


Similarly the strain in the {/-direction h 

- _ . t . }(?A\ 

*» dtj ‘ ~\d'J ) 

Coitsitlrrim: now .!.«• *«= =■*«"> ;.. >h- »»» 

bnullne. wo - -I,,.!,- »• l»-foc«- <-• ->•>) 



ain due to the displacements » and r is (0u/9y) + (^/dx). 
, determine the shearing strain due to j| 

[•e two infinttelv small linear elements OA and OB m the 

d {/-directions, as shown in Fig. 121. Because of displacements 
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in the direction these elements come to the positions O t Ai 
and OiBi. The difference between the angle 7 t/ 2 and the angle 
AiOiBi is the shearing strain corresponding to the displacement 
w. To determine this difference we consider the right angle 
B- z 0iA i, in which B-fJi is parallel to BO. Rotating the plane 
BzOiAi with respect to O x Ai by the angle bw/by, v/e bring the 
plane BzOiA i into coincidence with the plane B/J x A A arid the 
point J3 2 to position C. The displacement B/J is equal to 
( Dv)/dy)(ly and is inclined to the vertical Ji 3 B t by the angle 
bw/bx. Hence /?iC' is equal to (bvj/bx) (bw/by)dy, arid the angle 
COJIi, which represents the shearing strain corresponding to 
the displacement vi, is ibwj bx) (bvi/ by) . Adding this shearing 
strain to the strain produced by the displacements u and v, 
we obtain 


, _ bu , bv bw bV) 
fxv by Rx ' bx by 


(181) 


Formulas (179), (180) and (181) represent the components of the 
additional strain in the middle plane of the plate due to small 
deflections. Considering them as very small in comparison 
with the components «*, and used in the derivation of 
expression (178), we can assume that the forces N x , N v , N? v 
remain unchanged during bending. With this assumption the 
additional strain energy of the plate, due to the strain produced 
in the middle plane by bending, is ' 

V 2 = JJYAU Ar N u d„ -f- Nzf/r^dx dy. 

Substituting expressions (170), (180) and (181) for t’ z , A v and 
7*u! V/G finally obtain 


F 5 


r r * 

= A r 
«/ •/ _ 












<)V) 

dy. 


bx dy. (182) 


It can be sh own, by integration by parts, that the first integral 
on the right-hand side of expression (182) is equal to the work 
done during bending by the forces acting in the middle plane of 
the plate. Taking, for example, a rectangular plate with 

1 The angles far, fay and /»/;//;>: correspond to small deflections of the plate 
and arc regarded as small quantities. 
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the coordinate axes directed, as shown in Fig. 119, we obtain 
for the first term of the integral 



Proceeding in the same manner with the other terms of the first 
integral in expression (1S2), we finally find 



The first integral on the right-hand side of this expression is 
evidently equal to the work done during bending by the forces 
applied at the edges x — (' and x — r. of the plate. Similarly 
the second integral F equal to tie- work done by the forces applied 
at the edges y =- 0 and y - !>. Tit- ia-t two integrals, by virtue 
of Kqs. flTtii, are equal to the work done during landing by 
the body pure-, acting in th- middle plate-. These integrals 
each vani-h in the ab-«-nce of rueli corresponding forces. 

Adding exon-dons (17s) and (182) to the energy of bending 
[see Kq. i 111), page we obtain the total strain energy of a 
bent plat*- under the combined action of lateral loads and forces 
acting in tie- middle plane of the plate. This strain energy is 
equal n> tie- work 7‘, done by the Intend load during bonding of 
the pint j.iu- th" work 7\ dose- by the forces acting in the 
middle pint i* • <>f tie- plate. Oh—rving that this latter work is 
equal '■> -!e -ttean energy Id pin* the strain energy represented 
by the tir-f integral of e.xpn -don U82). we conclude that the 
work produced by the lateral forces P 



Applying the principle of virtual displacement, we now give a 
variation etc to the defied inn tc and obtain, from Fq. (1S3), 
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1 C r\,.( f)w\' , x . f dw\' , n ,. rmriw~\, . 

r ’ = rj J l-' %) + - v %j + *■'»& 55 f* dy 

, D. f C j (oho , tfhrY . _ S ojwfrw d-w V I j 
' 2°J J \\dz- ' %v V) \_rjx- dy- \?x dy) J / 


<fe dy. (184) 


The left side in this equation represents the work done during 
the virtual displacement by the lateral load, and the right side 
1= the corresponding change in the strain energy of the plate. 
The application of this equation will be illustrated by several 
examples in the next article. 

61. Simply Supported Rectangular Plates under the Combined 
Action of Lateral Loads and of Forces in the Middle Plane of the 
Plate. — Let as begin with the ease of a rectangular plate uni- 
formly stretched in the z-direetion (Fig. 119) and carrying a 
concentrated load P at a point with coordinates £ and r t . The 
general expression for the deflection that satisfies the boundary 
conditions is 

s: « 

. r/ttrr . Ttrt/ , , 

^ (Jrr.r. sin — sin (a) 


To obtain the coefficients «~.r. in this series we use the general 
equation (184). Since i\' y = A r ~, = 0 in our case, the first 
integral on the right side of Eq. (183), after substitution of 
series (a) for w. is 


X 2C 



TT. — l Tt — l 


The strain energy of bending representing the second integral 
in Eq. ( 1 83) is [see Eq. (124), page 121] 



To obtain a virtual deflection bin we give to a coefficient a m , r ,j 
an increase So,,,,... The corresponding deflection of the plate is 


blO — 0(ln ir , 


an sin 


a 


nity 

b 
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The work done during this virtual displacement hv the lateral 
load P is 

... . »i|r£ . >h~V 

PO" SKI • (i MU (f/J 


The corresponding change in the strain energy consists of the 
two terms which are 



Substituting e\pre.--iom <<!) and t<) in K<p USt), we obtain 


. »i, r; . inn: tth . m\r'. 

Sill - MU--, - 

(1 (/ I if 



from which 



(/) 


Substituting tin-..- vahn- tii • rncfiieient.s (f. M „ in expression 
(«), we tint i t lie d>‘ti<etion of tie 1 plat*- to l»- 



If, instead *>i the ten-iie fori-iy ,V f . th**re are compressive forces 
of the same magnitude, the detection of the plate is obtained 
by substituting -.V, in place of A’ r in expression (g). This sub- 
stitution gives 


f 
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The smallest value of N- at -which the denominator of one of 
the terms in expression (h) becomes equal to zero is the critical 
value of the compressive force N~. It is evident that this critical 
value is obtained by taking n — 1. Hence 


{IQcr = 


7r-a-D(m 2 ^ 1 V 

m- \a 2 ' b-J 


tt-D( mb 
b-\a 



(185) 


where m must be chosen so as to make expression (185) a mini- 
mum. Plotting the factor 



against the ratio a/6, for various integral values of m, we obtain 
a system of curves shown in Fig. 122. The portions of the 



Fig. 122. 


curves that must be used in determining I; are indicated by heavy 
lines. It is seen that the factor h is equal to 4 for a square plate 
as well as for am' plate that can be subdivided into an integral 
number of squares with the side 6. It can also be seen that for 
long plates k remains practically constant at a value of 4. 1 

1 A more detailed discussion of this problem is given in the author’s 

“Theory of Elastic Stability,” p. 327. 
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Bv using flic deflection ((f) produced by one concentrated load, 
flic deflection produced by any Intend load can be obtained 
by superposition. Assuming, for example, that the pinto is uni- 
formly loaded by a load of intensity n, we substitute q d^dij for P 
in expression (g) and integrate the expression over the entire 
area of the plate. In this way we obtain tin* same expression for 
the deflection of the plate under uniform load as has already 
been derived in another manner (see page 302). 

If the plate laterally loaded by the force P is compressed in 
the middle plane by uniformly di-tributed forces A’- and X s , 
proceeding as before we obtain 


V' 


*1 P 




. ;/ir£ . tirn 

sirt — Mil , 

a b 


IlflT ')) .gjj 




m-.\ c 
rr'-irh ~ r'lrl) 


. viti , n-u 

■ ' Sin -Sin 

lEXy « b 


fO 

'I'lie critical value of the forces A" r and X v is obtained from 
tin* condition 1 

!n'(X t 'h, , fi-i.Y,,). 

r'a'l) “ 7'lSl> 




0 ) 


where 7/1 and n are »-ho-*'U so as to make A", and A’„ a ininimuin 
for any given value of the ratio A’,: A‘ v . In the ease of a square 
plate submitted to the action of a uniform pressure in the middle 
plane we have <1 ~ b and A'. - X y ~ p. liquation (j) then gives 


/»■- 


r-I) 


a- 


(m- + 


(*> 


'I’he critieai value of p is obtained by taking m — r; — 1, which 
gives 

■>_:/> 

p,. — , ■ (iso) 


In the case of a plate in the form of an isosceles right triangle 
with simply supported edge- (Fig. the deflection surface of 
the buckled plate which -nti-lies all the boundary conditions is : 

1 A complete lii-ete - ion Uii- pro! >!em i- t-iven in tin- nut tier’s “Ttevry of 
Klnstie Stability," p. ‘Xi’X 

J This is the form 01 nntur.it vibration of u ,- ptiire pinto having a diagonal 
if a nodal line. 
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TTX . 2rU/ 

w = u\ .sin — • .sm 

a a 


. 2 nrx . 

Bn — sm 
a 



Thus the critical value 
substituting m — 1, n 
(}:). This gives 


of the compressive stress is obtained by 
= 2 or m — 2, n = 1 into expression 


Vcr - 




(187) 


62. Methods of Calculation of Critical Forces. — It was indi- 
cated in the previous article that at certain values of the forces 
acting in the middle plane of a plate a lateral buckling of the 
plate may occur. A knowledge of such critical values of the 
forces is of a great practical importance in the design of thin- 
walled structures. For this reason various methods of calculat- 
ing these values will now be discussed. 

We can proceed, as was done in the previous article, by finding 
a general expression for the deflection produced by the combined 
action of the lateral load and the forces acting in the middle 
plane of the plate and then determining the values of the forces 
acting in the middle plane at which the deflection increases 
indefinitely. The smallest of these values is then the critical 
•force. 

Another method of calculating the critical forces is to assume 
that the plate buckles slightly under the action of the forces 
applied in its middle plane and then to calculate the magnitudes 
that the forces must have in order to keep the plate in such a 
slightly buckled form. The differential equation of the deflec- 
tion surface in this case is obtained from Eq. (175) or (177) by 
putting q — 0, i.e., by assuming that there is no lateral load. 
If there are no body forces acting in the middle plane, the 
equation for the buckled plate then becomes 


ITw , 0 d ( w <] ’w 
br? by? dy' 1 1 by' 


l( n,— 
D\ ~bx 2 


+ A T 


crur 


2A’Wx 


by 2 
d 7 VJ \ 

bx by) 


(188) 


The simplest case is obtained when the forces N~, N„ and N- v 
are constant throughout the plate. If we assume that there are 
given ratios between these forces as expressed by 

N,j = aN. and AT,, — pN, 
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and solve Eq. (188) for t ho given boundary conditions, we shall 
find that the assumed buckling of the plate is possible only for 
certain definite values of A’.-. The smallest of these values is 
the desired critical value. 

Jf the forces A'„ A'., and A'-, are not constant, the problem 
becomes more complicated, since Eq. (1SS) then lias variable 
coefficients. The general conclusion remains the same, however. 
In such cases we can assume that the expres-ions for the forces 
A T r . AV and Ay., have a common factor 7 , such that a gradual 
increase of loading is obtained bv an increa.se of this factor. 
From the discussion of Kq. (l^S) together with tin- given bound- 
ary conditions', it will In- concluded that curved forms of equilib- 
rium are possible only for certain values of the factor 7 and that 
the smallest of the-c value* define* the critical loading. 

The energy method ah>> can be used in investigating the 
buckling of plates . 1 Thi- method is especially useful in those 
eases where a rigorous solution of Kq. (1SS) is unknown and 
where it is required to find an approximate value of the critical 
load. In applying thi* method v.v n.*-wne that the plate, which 
is stressed only by fore- acting in it.- middle plane, undergoes 
some small lateral deflection tc con-i-rent with the given boundary 
conditions. Then, using Ko. ( 1 S.'I ) and observing that them’ is no 
lateral load its thi- ca.-'x wr obtain 



The critical vahm of the force,- acting in the middle plane of the 
plate is t li<- -me) 1 ,t of the values at which Kq. (1S9) K satisfied. 
In determining 1 - critical value v.>- assume that, in general, t be 
forces A" r , A’, and A',, are r*-pre--.-nte<| by certain functions of x 
and 1 / liaving a common factor that 


A', A\ - A* 


A\ 


%V' 


(«) 


•This method v.;s-. ‘.ir-.t u- •>( to H. Bryan, /Vo-. Math. See., 

vol. 22, ji. :.t; Fee a!' 1 nntiorV 1 ■ . t. **Ttiw«rv of 1 11 o ** ic- Stability, ’ IPoGj 
.’Hid II. Itcbsjicr’.* paper /. ut. Ma!h. Mec?.., vol. p. 47c, 1025. 
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A simultaneous increase of these forces is obtained by making 7 
increase. From Eq. 1189} we then obtain 




7 = — 


„„ - ohna-us ^ O'W \ l , 7 _ ,7.. 

-211 — y; — — — lx — — I pfeay 

ox- <qy W r>y/ j 




<5w 


(190) 


dir dy 


To determine the critical value of 7 it is necessary to find, in 
each particular ease, an expression for nr that satisfies the given 
boundary conditions and makes expression (190) a minimum. 
This requires that the first variation of the fraction (190) van- 
ish. If the numerator of expression (190) is denoted by It, 
the denominator by J 2 , the first variation of this expression is 


F« ill — d I 6^2 



Observing that 7 = h/It, this variation, when equated to zero , 
gives 

7 -(£F t - 7 £F 2 ) = 0. (b) 

li 

By calculating the indicated variations and assuming that there 
are no body forces in the middle plane of the plate, i.e., that 
Eos. (174) hold, we again obtain Eq. (188). Thus the energy 
method brings us in this way to the integration of the same 
equation, as has already been discussed. 

For an approximate calculation of the critical values of the 
forces K s , K y and we assume the deflection w to be in the 
form of a series 

tv = aJSx.y) — ayfnjxpj) -f- - * * , 

in which the functions f-Jx.y), fT.x.y), . . . satisfy the boundary 
conditions and are chosen so as to be suitable for the represen- 
tation of the budded surface of the plate. In each particular 
ease we shall be guided in choosing these functions by experi- 
mental data regarding the shape of a buckled plate. The coeffi- 
cients a 1 , a 5 . a-, . . . of the series must now be chosen so as to 
make expression (190) a minimum. Using this condition and 
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proceeding as in the derivation of Kq. ( It ) above, we obtain the 
following equations: 


Of i Oli 

On i 1 On ( 

01 1 01- 

On 2 On 2 



091) 


It can bo seen from expression (190) that the expressions for 7, 
and 7 ; are homogeneous functions of the second degree in terms 
of fit, .... lienee Kqs. (191) represent a system of homo- 
geneous linear equations in «- .Such equations may 

yield for n t. . . . solutions different from z>- ro only if the 

determinant of these equations is zero. Putting this determi- 
nant equal to zero, an equation for determining the critical 
value of y will be obtained. This method of approximate cal- 
culation of the critical values of the forces acting in the middle 
plane of a plate will b<- illustrated by examples jn ,\rt. 01. 

G3. Buckling of Uniformly Compressed Rectangular Plates 
Simply Supported along Two Opposite Sides Perpendicular to the 
Direction of Compression and Having Various Edge Conditions 
along the Other Two Sides. In tie- di-eu-ion of tin-' problem 

u f , both the energy method and the 

' method of integration of the 

differential equation for the de- 

flected plate can be Used. 1 In 
applying tin* method of integra- 
tion we use Kq. (lss). For tltC 
'f case of uniform compression along 

1 '’*• the '-axis (-ee Fig. 123), if A’- is 

eon-idcred a- po-itive for compression, this equation becomes 



0'ir { 0 O'tr , 0‘ir .V, 0 : i.r 

»jr‘ ' ~0x ' 0[r ' 0y ‘ I > Ox- 


(«) 


Assuming that under the action of the compressive forces the 
plate buckles in rt -intt-oidal waves, we take the solution of 
Kq. (a) in the bum 

1 The method of mt' -raliea v. .v. u-—5 by tie- writer in the paje-r published 
in the }f till, polytrfi,. Ke v, 1007; »»•»• a!-* > Pkysik, vnl.i>$, 

p. 313, 1010. The tee <>f the eie-ryy niethed \ee -hewn in the paper pub- 
lished in .-Inn. punts % vi>!. -t, p. 372, 
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w = F sin 


m.TTX 

a 


(&) 


in which Y is a function f(y) which is to be determined later. 
Expression (b) satisfies the boundary conditions along the sup- 
ported sides x = 0 and x = a of the plate, since 


= 0 and 


(Pv) j_ rpW 

IdY ’ ^ 


= 0 


for x = 0 and x — a. Substituting (6) into Eq. (a), we obtain 
the following ordinary differential equation for determining the 
function F = /(y) : 


2m^ V " 

a 2 



N x mhr*\ 
D a* ) 


Y = 0. 


(c) 


Noting that because of some constraints along the sides y — 0 
and y — b we always have 


A r - . rn 1 -- 


and introducing the notations 


bn 2 - 2 , [N~ 

a ~ V /,« ' V n 


re 


2-2 




and 




1 “V . , 

/A^mV 

' « 2 * V 

D a 1 




the general solution of Eq. (c) can be represented in the following 
form: 

F = Cyr a ' J -f- CV* y -f C'« cos fiy -f- C'< sin /?y. (e) 

The constants of integration in this solution must be determined 
in each particular case from the conditions of constraint along 
the sides y — 0 and y = h. Several particular cases of con- 
straint along these sides will now be discussed. 

Side y = 0 Iz Simply Supported; Side y = b Is Free . — From 
these conditions it follows [see Eqs. (107), (108)] that 


<fhjj , 

W- * 


w = 0 , 


v-r-z 

dxY 


0, 


ay 2 

dl/ 


1 V brA 0 

+ (2-,)*“L 

oxYoy 


for 
= 0 


2/ = 0, (/) 

for y = b. 

(g) 
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The boundary conditions (f) will be satisfied if, in the general 
solution (c), \vc take 

Ci — — C : and Cz — 0. 

The function Y can then be written in the form 


Y — A si nh ay -J- B sin py, 

in which /I and B are constants. From the boundary conditions 
(f/), it then follows that 


.•1 (^a- — ^ sitih a h — li(^p' -f* » — ~q~j s ' n pb — 0, 


- (2 - »•) 


wi- 


fi* 

~P B 


cosh ah 

P : +(2- !')' 


(I- 


cos fib = 0. 


(/*) 


Tl» esc equations can be satisfied by taking .-1 — B — 0. With 
these values the deflection at each point of the plate is zero, 
and we obtain the fiat form of equilibrium of the plate. The 
buckled form of equilibrium of tie- plan* becomes possible only 
if Kqs. (It) have a solution for .1 and B different from zero. This 
requires that the determinant of these equations should be zero; 


f.c. 


t 



tanh ah -- 


nyU J *f- tan pb. 


(0 


Since a and P contain .V. (see notations {</)], Kq. (i) can be used 
for the calculation of the critical value of X r if the dimensions 
of the plate and the elastic constants of the material an' known. 
These calculations show that the smalle.-t value of X e is obtained 
by taking m 1, j.c., by ft'-<uming that the buckled plate has 
only one half wave. The magnitude of the corresponding 
critical compressive stress can be represented by the formula 


(<- T t)<r -- 


" h ‘ 'bv? 


(3) 


in which 1; is a numerical factor depending upon the magnitude 
of the ratio a/b. Several values of tliis factor, calculated from 
Fq. (f) for r = 0.25, are given in the second line of Table 39 
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b=lo~. For long plates it can be assumed vith sufficient 


* = ( 0 . 4.55 4- §})- 


In the thir d line of Table 39 the critical stresses are given as cal- 
culated on the assumption that FT = 30.10* lb. per square inch, 
r = 0.2-5 and kfb = 0.01- For any other material vrith a 
modulus Fir and any other value of the ratio hfb the critical stress 
is obtained by multiplying the numbers of the table by the factor 

30 - 10\bJ 

Taeze 33. — -tomarcAi. Viirw or I: nr Eq. fj) vTee:t Side y = 0 Is 
Sut-et SmomD avd Sar y = & Is Fees (Fro. 123} 



Edge conditions similar to those assumed above are realized 
in the case of compression of an angle as shovn in Fig. 124. 
VThen the compressive stresses, uniformly dis- 
tributed over the vidth of the sides of the angle, 
become equal to the critical stress as given by 
formula fjj. the tree longitudinal edges of the angle 
buckle, as shovn in the figure, but the line AB 
remains straight. The edge conditions along the 
line AB are the same as along a simply sunported 
edge. Experiments made vrith. angles in compres- 
sion 1 are in good agreement v.ith the theory. In 
the case 01 comparatively short angles buc klin g 
occurs, as shovm in i ig. 124. Eor a Iona strut vrith 
such a 2 angular cross section Euler's critical com- Fls ' 124 ‘ 
pressure stress may become smaller than that given by formula (f), 
m which. case the strut buckles like a compressed column. 

1&e h F F - 1- Bridget, C. C. Jerome and A. B. TosseUer, 

&»■ 3r «h Br.v, p. 5d9, 1534. See also pane- bv C. F. KoUbranner, 
Zlriri, 1535. ' 





318 


THEORY OF FLAT EH AND SHELLS 


Side y = 0 Is Built In, Side y = b Is Free (Fig. 123). — In 
this ease the edge conditions for determining the constants in 
the general solution (e) are 


in 


0, 


i )w 

Ay 


= (3 


d-w 


<r-w 


o, 


— (2 

Aid h ' 


*•) 


(nf- ‘ Ax' 

From the conditions (/:) it follows that 


for 

V ■= 0; 

(*) 

A'tr 

Ax-Ay 

= 0 for 

y = h. 


(0 


Ci ~ — 


ft (1 3 — B(.'i 


and 


C- = 


oC’j + 
2a 


The function }’ can then he represented in the form 


Y — ,-lfcos fly — cosh cry) B[> in By sinh ay 


(su 




Substituting this expression in equations (l), we obtain two 
homogeneous equations linear in A and H. The critical value of 
the compressive stress is now determined by equating the deter- 
minant of these equations to zero. This gives 


2/s is- + / 5 ) cos Bh ettsh ah 


^-Urt : — B : - ') sin Bh sinli ah, (in) 
ail 


where 


/ - B- + 




For a given value of the ratio n/h and a given value of v the 
critical value of compressive stress can be calculated from the 
transcendental equation (in) and can be represented by Kq. (j). 
Calculations -how that, for a comparatively short length a, the 
plate buckh in one half wave, and we must take in = 1 in our 
calculation,,, •s- veral values of the numerical factor f: in Kq. 
0) correspor ling to various values of the ratio (i/h are given 
in Table dt, ip. 31'.)). ^'he same values are also represented in 
Fig. 125 by the curve r , t - 1. It is seen that at the beginning 
the values of k decrease with an increase in the ratio a/h , the 
minimum value of I: (k — 1.32S) being obtained for a/h = 1.635. 
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Be ginning from this value, h increases with the ratio afh. Hav- 
ing the curve for m = 1, the curves for m — 2. m — Z, - - - 
can be constructed. By using such curves the number of half 
waves in any particular ease can readily be determined. In 
the case of a comparatively long plate we can. with sufficient- 
accuracy; take /; = 1 .32-5 in Eq. (j). 


Tisis 40 . — XvwHHtcAL Vitus of h nr Eq. (j> Whet Side y = 0 Is 
Bumr tr a;.t> Side y = h Is Free (Fig. 123} 

<V = 0.25} 



In the third row of Table 40 the values of the critical stresses 
are given as calculated from. Eq. (j). assuming E — 30 * 10' lb. 



.SL 


Fxs. 125, 

per square inch, v = 0.25 and h/6 = 0.01. By using these 
figures the critical stresses for plates of any other proportions 
and any value of the modulus can easily be calculated 
Sides y — 0 and y — b Are Both Built In . — In t his case the 
boundary conditions are 

— 0 — 0, for y = 0 and y = 6. 

Proceeding as in the previous cases, we obtain the following 
transcendental equation for the calculation of the critical value 
of the compression forces: 
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(cos fib — cosh ab)- = — ^sin fib — - sinh drfcj^in fib 


*$■ o sinh ci/j 

P 


> 


The critical value's of the compressive stress are again given by 
Eq. (j). Several values of the numerical factor !: as calculated 
for various values of the ratio n/b are given in Table -11. 


Taiu.k 41. — NiiMnmcAi. Vai.ck; or /.• p.- IXi. ( j) Win:;; Both Sides y = 0 
a st i [i «•’ b A in: Bctr/r I:; 

L- 0.2.”) I 


n/b 


0.4 



h 1 9 -15 7 09 


0 0 . 0.7 

I_ 

't " 't 

7 or, 7. no ; 


0.8 . 0.0 1.0 
7.20 : 7. S3 | 7.00 


It is seen that the smallest value of /: is obtained when 

0.0 < ~ < 0.7. 
b 

This indicate; that in this ra.se a long compressed plate buckles 
in comparatively short waves. The number of waves can be 
determined as before by plotting curves similar to those shown 
in Fig. 125. 

64. Buckling of Compressed Rectangular Plates with Built-in 
Edges.- In tin- following diseu-'ion of the problem of buckling of 
a damped rectangular plat*- the energy method will be used. 1 
The coordinate axes an- taken as shown in Fig. 123, and it is 
asMitm-ti that tin* shape of the plate does not differ appreciably 
from a Miuare and that the forces .V,. and .Y„ are uniformly 
distributed. 1 "’o ran then expect that the deflection surface of 
the buckled ate F represented satisfactorily by the equation 



1 Another nx iliM.l i ,j - - ntiag tie- same problem iv;i< given by C*. I. Taylor, 
nngrtr. M v.'..'. */f r f . . .ol. 13, j). 1-57, l ‘TO; see nbo K. tserawn and \V. 
Wntnnnb*-, llryi. Arnr..; .fieol Rf-nreK Ir, •!. Tokyo Imp. Iniv., vol. 11, 
p. 409, 1930. 

5 The compr*--’ ive < here are taken «*.- positive, and the sicn of expres- 
sion (183) is changed a.-ei.rdinglv. 


/ 
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which is seen to satisfy the boundary conditions. With this 
expression for deflections, the strain energy of bending repre- 
sented by the second integral of Eq, (IS 9) is 


F » 



(&) 


The first- integral of the same equation is 



Substituting expressions fly) and (c) in Eq. (189), vre obtain 
the following equation for calculating the critical values of the 
compressive forces AT and A r y : 



In the particular case of a square plate submitted to the action 
of equal compression in tvro perpendicular directions a = b and 
AT — N v , vre then obtain from Eq. (d) 

(N s)er = 5 . 33 ^- (e) 


The solution by G. I. Taylor, mentioned above, gives for this 


case 


(N s )„ 



(f) 


If the plate is compressed in the z-direetion only, vre obtain, 
by putting A r „ = 0 in Eq. fd), T\T)„ = 10 ofD/a*). 

It was shown. in Art. f)2 that to determine the true value of the critical 
forces it is necessary to find for w a form that makes expression t J 00) a 
minimum. By assuming for w an arbitrary form such as that of Ecj. (a), 
we usually obtain from expression flflOj a value that is larger than the 
minimum value of the same expression. Hence formulas fe) will give too 
large a value for <N~),, r . At. the same time it can be shown! that the Taylor 
method gives too small a value for the critical load. The tnie value of the 
critical load is thus somewhere between the values (e) arid (fj. 

l See A. Weinstein, /. London A/df/L tfoc., vol, 10, p. 184, 1035; and 
E. Trefftz, g. anflrew. Math. Mech. f vol. 15, p. 230, 1035. 
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To got n bettor approximation for the critical force by using the energy 
method, it is necessary to take for to an expression with several parameters 
and determine these parameters so as to make expression (190) a minimum. 
Such calculations have been made' for the ease of a plate uniformly com- 
pressed in the direction of the j-nxis (Fig. 123). The deflection surface 
was taken in the form 


ic ~ n,,v’ i(x) v -i(t/) -f K-i(.v) 4* O'.tv »(c)vi(>/) (g) 

for buckling in an odd number of waves and in the form 

t r r* nsiv'sfxK-i(;/) o o'- <(c>v:(v) -b OMv'cf-r)vi(*/) O'.) 


for buckling in an even number of waves. The functions ami v -(y) in 
these expressions are functions representing, p-jns-tively, the normal modes 
of vibration of a bar of length <t and b clamp'd at both ends. For the 
function s -(»/l the form corresponding to the fundamental mode of vibration 
is used in till ease-. For the function v'f't higher mode- of vibration arc 
also considered. Substituting expre -ion Of; or expn-sioti (/.) in lap (190), 
we obtain the system of linear equations (191 > ami calculate the critical 
values of S , for various values of a. I, by jetting the determinant of there 
equations eipial to 7‘-U). In this v. ay v.e obtain 


(.v/ 



(0 


where I: is a numerical factor depending on tin* ratio o/b of the sides of the 
plate. S'-veral values of thi“ factor are given in Table •12.1 

T.mu.i: !2 V.u.ri:; or I: t.\* list, (i; rot: a Ki:<'r.\Nfiri.Mt Pi. err. with 

Itru.T-tv Kw;i:i 


a/l 


o ! o : y ic i :s j .v \ : o • : 2 : :: 3 0 1 3 3 :j 4 0 

1 , _ ^ t I 

*• *> i:* 0 j .1 •: < '0 4 ^r r * u 7 < c $ 75 1 73 r: s n 0 73 3 


The results >? <• dculution are ab*> repri-ented graphically in Fig. 12ti. 
From this figure \\< can determine, in each particular r.a-e, the number of 
waves into v. 1.. !, />• hm-kb-d plate is subdivid' d. For comparison, curves 
calculated by Ti ■ - method are abo given. Knowing the upper and the 
lower limits fur a e can .arrive at a conclusion in each particular case 
regarding the d ,-e-v of the values given in Table -12. 

CD. Buckling, of Circular and Elliptical Plates, I’n ifemlg Camyrtsstd 
Circular Elate.- bet U' begin with the cat o of a plate with tv clamped edge, 

1 See paper by J I. Maulhets.-b, J . .1 p»f. Mtch., vol. -5, p. 59, 1937. 

■ A subscript 3 utter values of l: indicates that three terms in expressions 
(o) or (h) were u*ed in the calculations. Tin* other values of I: are cal- 
culated by using only two terms in the smile expre'-ions. 
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Fas. 125. 


oz bending. is calculated by substituting the values .Fir/Or- and. (1 /r} (/hc/ctr) 
far the principal carvatnres in. expression (47) . Then 


r ' if f [(ST + i(f) = + tS §'} * * - - 


~D~Z' (cj 

t> fl' 


Sdbstfectins (6) and (e) in Eq. (150), vre find 



(d) 


las exact value of tte critical force —Lien can be obtained in tins case by 
integration of Eq. (1SS) is 1 


1 Betsjt, G. H, Free. LorAor, Math. Soc., vol. 22, p. 54, 1891; see also 
~ iiadai, Z. Fer. dew. fry, voL 59, o. 162, 1915. 
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M .r.SD 

n 5 


002 ) 


Thus (he error of the approximate solution is about 0 per cent. 

In the ease of u simply supported plate the solution of Kq. (1S8) gives 

■\.201) 

N tr >- (193) 

a- 




This indicates that the critical rompcr-Mve stress for this type of support 
is about three and a half times smaller than in the case of a plate with a 
, clamped edge. 

Circulnr Plate iri'J. r. llrilt a! I hr Center . — If 
a uniformly compressed plate with n hole at 
the center is built in along th.e outer edge 
while the inner edge is fre*' to deflect but 
cannot rotate {(’is;. 127n), the critical value 
of tie- co:npre--ive force X attain can he 
obtained by integrating Kq. (1SS). 1 Such a 
calculation gives 


/ 

H b 1 


•ci - 


l 1 i_ 


i* i a 

V 

(L>) 


1»7. 



X„ 


hO 

a' 


(«) 


where f: K a numerical factor depending upon 
the ratio r.fh of the outer and the inner radii of tin* plate. Several values of 
this factor are given iti Table 43. 

Tam.!: 43.- Xrvt.i:n*M, V.xt.rt or r.«.<-ron h tr; Kq. (r) 


c/b 


10 i 


I SO 93 to S.S 2t (K 19 To IT. 9! If.. 00 1 *...>! 14. CS 

i . : • i 


The same table c..n aho la- u'* *i if th>* inner edge of th«* plate P built in 
and the outer c.-.n d> th-.-i freely but rann«: rotate 
(Fig. 12Tb . ’ I 

If the pl”te i, submitted t<> the action of com- ___ ^ i ° 

pressive fore .te'nbuted along otdy the inner 
boundary (I ig i.’s , the fore.-s .V, arc n«» longer 
constant, and •' integration (>f Kq. (JStv) 
becomes more inplicntcd.* An approximate 
solution can b" .lined by using tie* energy method. 5 

1 Ol-ssos, U. , /r./?-**.!>i<r..4 rcf.fe, vol. S. p. 419. 1937. 

5 The case of comp:. ~-iv.* forces distributed along the outer boundary 
of the plate has t. - u ■ •.■.ru-sed by K. Mei-sper, Schv*iz. Pauzritur.g, vol. 101, 
p. ST, 1933. 

* The result obtained in this manner was communicated to the author by 
Stewart Way. 



I'm. l-’s. 

Assuming that the 
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Tatii.t: -M. — Xn.MEnio.u, V .mates or h in' Eq. (h) 


a/b \ 

1 

I 

.0 j 

1.1 

1.2 i 

I 

1.3 

1.1 ; 

1.6 . 2.0 j 

3.0 j 4.0 

h 

M 

.70 

13.67 

12.70 : 

12.20 

ii . si ! 

! i 

11 . 6 ! 11.02 

i 

11.01 1 11.16 


If the value of l: for n -■* h in this table is compared with the value of !: in 
Eq. (102), it can he seen that the error of the approximate solution is only 
0.7 per cent. Hotter accuracy is obtained with thi- solution than with 
solution (,/), because the expo-e-ion for u* was taken with two parameters, 
and two equations of the type (l*il) were used in calculating the critical 
force, whereas only one parameter was u-**d in obtaining Eq. (rf), 

66. Bending of Plates with a Small Initial Curvature. 1 * * * — 
Assume that a plate has some initial warp of the middle surface 
so that at any point there is an initial deflection tr c which is 
small in comparison with the thickness of the plate. If such a 
plate is submitted to the action of transverse loading, additional 
deflection irq will he produced, and the total deflection at any 
point of the middle surface of the plate will he tr. ; -f- ir t . In 
calculating the deflection tr, we u-e Eq. (101) derived for flat 
plates. This procedure i- justifiable if the initial deflection tr c 
is small, since we may consider the initial deflection as produced 
by a fictitious load and apply the principle of superposition. 5 
If in addition to lateral loads there are forces acting in the middle 
plane of the plate, the effect of the-,* fo roes on bending depends 
not only on t r t but al->> on <r c . To take this into account, in 
applying Eq. (176) v,e n-e the total deflection tc = to + tri 
on the right-hand -id'- <>f the equation. It will be remembered 
that the left-hand -td<- of the same equation teas obtained from 
expression- for tin bending moments in the plate. Since these 
moments dept rid not on the total curvature but only on the 
change in curvature of the plate, the deflection tr, should he 
used instea ! >f tr in applying that side of the equation to this 
problem. Ilem. for the ca>e of an initially curved plate, 
Eq. (175) becomes- 

1 Sco wither’.* paper in Mm. lr.‘!. of H ay* of f’&rimuniftiltoi, vol. S9, 

St. Petersburg HU.', iltu—iau), 

\ * In the c.i-** uf large deflections the magnitude of the deflection is no 

longer proportional to the load, and the principle of stipe rpo-itiun is not 

applicable. 
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cfr- „ 0 cfu , <rv': _ 1 ; _ v h- ip - 
cr* Ez- cv- c'S D, - *' cv* 


r C' IT<X 

*7** _ — 


lk — 2-V-, 


a -r t":) 


( 1 & 4 ) 


I* Ls seen r'rs r the effect o: an initial curvature on the defection 
is eccfvalsnc re the effect of 2 fericio ras Lateral load of an intensity 


( 7 'Or-r f r _ - < 7 - 7 - 7 '! 

P ‘ *vs- -r - * 3 -77 ~ — =37 : — 

C2" CO" 077 CO 

in the vy-plane alone provided chore is an initial curvature. 

Take as &n example the case of £ rectangular place fFrg. 115). 
and assume choc dee frfriai defection of the place is dsfned by 

fa*Trf ^rfrr^ 

-7 — '-X c — £ ' 

If uniformly distributed compressive forces If- are acting on 
the edges of this place. Ec. ( Iffj becomes 


CtC; , g cf.7; ,. cftr _ 1 0;7T' TV . TV 

ir k “on 1 cO' " err* D\f * ' a- g & 


-vjm . 
02' / 


Pec as case tee solution or teas eocatton m the form 


f 507 . TO' 
C & 


2'xns .teoemg chrs Tame of it; inco Jbct. ror_. me obtain. 






<v its teas value or A. expression ( c) gives the defection of the 
place produced by the compressive forces 1L-. Adding this 
d enaction. to the initial defection fc). me obtain for the total 
ceu.ecfi.ou of ties plate the folio ving expression: 

C<! . TV . TV 

m = 77! -r tr t - r= y S sm ~ sm < d ) 
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in which 



The maximum deflection will be at the center and will be 





(/) 


This formula is analogous to that u-v-d for a bar with initial 
curvature. 1 

In a more general case we can take the initial deflection surface 
of the rectangular plate in the form of the following series: 


tl'o 


. VlTf . IITV 

sm — - stn • 

n b 


■ ! r. - 1 


(g) 


Substituting this series in lap (101). we find that the additional 
deflection at any point of the plate is 


in which 



(h) 

(0 


It is seen that all the coefficients b nn increase with an increase 
of AT. Thus when AT approaches the critical value, the term in 
series i/t) that corn -pond- to the laterally buckled shape of the 
plate (see Kip ; Is.'dJ becomes the predominating one. We have 
here a complete analogy with the case of landing of initially 
curved bars under compression. 

The prol.lt m »n he handled in the same manner if, instead of 
compression, r.nve ten-ion in the middle plane of the plate. 

In such a ea t ,s neecs-nry only to change the sign of AT in tin' 
previous oqu ..»ns. Without any difficulty we can also obtain 
the deflect ion m the case when there are not only hurt's A r hut 
also forces and AT- uniformly distributed along the edges of 
the plate. 


1 Sec author's "Strength of Material*," vol. 2, p. U22, 1030. 
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umformlv Die- 


67. Bernina of Clrcrlar Pistes 

r£ rfrcttar plate- It -.ra- ?:ltO >VT hoe pa^e fA) that the 
strain of the middle there of the elate car he neglected In cases 


fri "rhfeh the dehectlnne are email as r-s >::. pared rdth the thlclme 

f£ "he p's*/?. In caSOS r- : Tvhfeh t?.e deflection- are no forgCT 

small In comparison rfth the thfelmeae of the plate h:;t are .'"HI 
small as compared rdth "he other dlrretsfo-ne. the analysts of 
the problem motet he emended to ir.cltrde the strain of the middle 
plate of the plate.' 

Tie .shall a-stttte that a efrmh.r plate f.e hot" hr.' the moment 
Jfi miromtlr clstrfvrted along the edge of the plate 'Fig. T2f?g}, 
Smce the defection. -ttVe hr sroch a ease Is symmetrical vdth 
respect to the eetter 0. the dlenlacernent of a pelt", ft the middle 
plane of the plate car. he resolved he to fro components; a compo- 
nent « in the racial direction atd a commoner t f perpetelcclar 
to the plane of the plate. Proceeding as prerlore-ly Indicated 
In Hz. 127 1 page me conclude that the strain In the radial 




= !nH m lf*£\. 


bifmi/hhh 

• dr ■ 2 ; dr / 

The strain in the tangential direction Is ecdderr.fr 

f —"'Iz 

T 

Denoting the corresponding tensile forces tier trrfr length h'r 
and .V. and a pplyhtg Koeheh faro -re obtain 


rdf 


(&> 


f/h 


p; 

Jf. = ~~s *. 

il — 3~ 


_ Hh fda r l/d-hf , «] \ 

~r=^dF^2ld?J ~ 5 rjf 
= H. f « ^ ^ f/^Y]. 

r _ y £r ■ • 2 . dr/ j' 




' r/H tc$ vrSer* s&s J/er^ /rX. #5/ 10 

</ 'CdThr'i '.T'hysdhH'i,. ttL ^*Vv 



330 


TUEOltY OF PLATES AND SHELLS 


These forces must, be taken into consideration in deriving equa- 
tions of equilibrium for an element of the plate such as that shown 
in Figs. 120b and 120c. Taking the sum of the projections in the 



radial direct) of all the forces acting on the element, we obtain 


from which 


j • lr dO -f- .V, dr dO — X t dr 1 10 — 0, 

it r 


,V _ V 

r — i' | 



~ 0 . 


(«) 


The second equation of equilibrium of jhe element is obtained by 
taking moments of all the forces with respect to an axis per- 
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pendicular to the radius in the same manner as in the derivation 
of Eq. (55) (page 57). In this way we obtain 1 


Qr = 


d z w , 1 d 2 w 
dr z r dr 2 


1 dw\ 
r 2 dr ) 


00 


The magnitude of the shearing force Q r is obtained by considering 
the equilibrium of the inner circular portion of the plate of radius 
r (Fig. 129a). Such a consideration gives the relation 


Qr = -Nr 


dvj 

dr 


(/) 


Substituting this expression for shearing force in Eq. ( e ) and 
using expressions (c) for N r and N t , we can represent the equa- 
tions of equilibrium ( d ) and (e) in the following form: 


d 2 u 
dr 2 
d z w 
dr 2 


1 du u _ 1 — p / dw\~ _ dw d 2 w ' 

r dr r 2 2 r \dr/ dr dr 2 ’ 

1 d 2 «) 1 dw 12 dw dw m l/ dw \ 2 
r dr 2 r 2 dr h 2 dr dr V r 2\dr / 


(195) 


These two non-linear equations can be integrated numerically 
by starting from the center of the plate and advancing by small 
increments in the radial direction. For a circular element of a 
small radius c at the center, we assume a certain radial strain 


eo = 



and a certain uniform curvature 

I = 

Po \dr 2 / rra0 

With these values of radial strain and curvature at the center, 
the values of the radial displacement u and the slope dw/dr for 
r — c can be calculated. Thus all the quantities on the right- 
hand side of Eq. (195) are known, and the values of d 2 u/dr 2 and 
of d 3 w/dr 3 for r = c can be calculated. As soon as these values 
are known, another radial step of length c can be made, and 
all the quantities entering in the right-hand side of Eqs. (195) 

1 The direction for Q r is opposite to that used in Fig. 28. This explains 
the minus sign in Eq. (e). 
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can be calculated for r = 2c' and so on. The numerical values 
of u and w and their derivatives at the end of any interval being 
known, the values of the forces N r and N t can then be calculated 
from I2qs. (c) and the bending moments 3/ r and M t from Eqs. 
(52) and (53) (see page 50). By such repeated calculations 



we proceed up to the radial di-tunce r - a at which the radial 
force .V, vuni-lte.- la thi- way we obtain a circular plate of 
radius « bent by moments Mr uniformly distributed along the 
edge. By changing the numerical value- of c- and 1 fp 9 at the 
center we obtaiti plate- with vnriou- values of the outer radius 
:md various value- of the moment along th>- edge. 

Figure (,13()i -hov,.~ grapiiieally the results obtained for a })late 
with 

o w 23/i and (.U r ) r _, r- 3/e «- 2.U3 • 

1 If thi' inter, rib into which tie- radius i- divided are Mifaricntly small, 
ft simple procedure, -neli a- that u - d in tin' anther's “Vibration Problems 
in Engineering," p I2>>, ean (><• applied. The numerical results represented 
in Fig, lttO lire oWtniued in tin- manner. A higher accuracy ean lie obtained 
by using the method- of Adam- or Stornn-r. l or an account of the Adams 
method see lTanci- Ha-hforlh'- bool; on form- of fluid drop-, Cambridge 
University I’re.-s, iSS.'t, Stonier's method i- «li-cu-s«<l very completely 
in A. X. Krilov’s bool.. "Approximate Calculation-',” published by the 
Kus-ian Academy of Sciences Mo-cow, lPdo. 
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It ttiII be noted that the maximum defection of the plate It 
0T5A. —hlch It about S per cert last than the defection wj given 
bv the elementary theory m hlch neglects the strain in the middle 
plane of the plate. The forces If- and -V ; are both positive in 
the central portion of the plate. In the enter portion of the plate 
the forces „Y- become negative: Ac.. compression exists in the 
tangential direction. The maximum tangential compressive 
stress at the edge amounts to abort IS per cent of the maximum 
Lending stress GAbi/Ai. The bending stresses produced by the 
moments if- and JT ; are somenhat smaller than the stress 
G311/A 1 given by the elementary theory and become smallest 
at the center, at — hich point the error of the elementary theory 
amounts to about 12 per cent. From this numerical example 
it may he concluded that for deflections of the order of OTA the 
errors in maximum defection and maxxmri rn stress as given by 
fhe elementary theory become considerable and that the strain 
of the middle plane must he taken into acco'mt to obtain more 
accurate results. 

63. Approximate Formulas for Umformly Loaded Circular 
Plate vita Large Defections. — -The method used in the precious 
article can also- be applied in th.e case of lateral loading of a plate. 
It is not., Lomever. of practical use, since a considerable amount- 
ed numerical calculation is recurred to obtain the deflections and 
stresses in each particular case. A more useful formula, for an 
approximate calculation of the defections can be obtained by 
applying the energy method. 1 Let a circular plate of radius a 
be clamped at the edge and be subject to a uniformly distributed 
load of intensity c. Assuming that the shape of the defected 
surface can be represented by the same equation as in the case 
of small defections, me take 


*•' - K i l - 1)- 


The corresponding strain energy- of bending from Eo. (c) fnage 
323j is 

T . 32- v? 

I = mm Kx 


t or tne radial displacements me take the exnression 
« = rfa - r'/Ci ~ CV -f C,r- -j- - - - ), 

S S* K liL~fer £v Ergmser mg," p. 421 , 1527 . 
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each term of which satisfies the boundary conditions that u must 
vanish at. the center and at the edge of the plate. From expres- 
sions {a) and (r.) for the displacements, we calculate the strain 
components c r and e ( of the middle plane as shown in the previous 
article and obtain the strain energy due to stretching of the 
middle plane by using the expression 


= -j (<? + e; -f 2i-( r < t)r dr. (d) 
Taking only the first two terms in series (r). we obtain 


Ft = 


~~f.^0.250C5fl s 
- O.OOS tr.Cg;' - 

if 


+ o.i ir>7C-y + o.3ooc\cvf 
- 5- ().()0(iS2Cyi : -’; : -f 0.00177~*Y 

<f a* ) 


(0 


The constants Ch and (1- are now determined from the condition 
that the total energy of the plat*- for tv po-ition of equilibrium is 
a minimum, lienee 


<‘<r ! 

d(\ 


~ 0, 


and 


oF, 


0. 


(.0 


Substituting expression (>) for l' t . we obtain two linear equations 
for C’j and (.■■>. From these we find that 

,, , , _.trr 

( j - 1 . 1N;»~ . anu ( - --- • 

tr * (i 1 

'I'lien, from Kq. (<) we obtain* 

F, - 2,.v.>.-/; " (?) 

il 'll * 

Adding tliis energy, which results from stretching of the middle 
plane, to the energy of bending (/>), we obtain the total strain 
energy 

v + Ft — + o.2Mpy (/i) 

The second term in the parenthesis represents tin' correction due 


1 It is fe-stimcil that «• •=• 0,3 in thia calculation. 
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ro strain in the middle surface of the plate. It is readily seen 
that this correction is small and can. he neglected if the deflec- 
tion tr,: at the center of the plate is small in comparison with 
the thickness h. of the plate. 


The strain energy being known from expression ( h }, the deflec- 
tion of the plate is obtained by applying the principle of virtual 
displacements. From this principle it follows that 


d(Yz 


dwr. 


Ft). 
— - otr c 


r c ry r ; \ 

2- a 5tr r dr — 2ro guv. \ 1 ; ) 

Jo * Jo \ a 'J 


r dr. 


Substituting expression (h) in this equation, we obtain a cubic 
equation for ir : . This equation can be put in the form 


Wc = 


nor 

&W 



( 196 ) 


The last factor on the right-hand side represents the effect of 
the stretching of the middle surface on the deflection. Because 
of this effect the deflection uv. is no longer proportional to the 
intensity q of the load, and the rigidity of the plate increases 
with the deflection. For example, taking uv = M, we obtain, 
from Eq. (196), 


1E C — 0 . 89 # 


oa 4 


64D 


This indicates that the deflection in this case is 11 per cent less 
than that obtained by neglecting the stretching of the middle 
surface. 

Another method for the approximate solution of the problem 
has been developed by A. Xadai. 1 He begins with equations of 
equilibrium similar to Eqs. (195). To derive them we have only 
to change Eq. (f), of the previous article, to fit the case of 
lateral load of intensity q. After such a c hang e the expression 
for the shearing force evidently becomes 



Using this expression in the same manner in which expression (f) 
was used in the previous article, we obtain the following system 
of equations in place of Eqs. ( 195) : 

1 See Ms book “Elasthc-he Flatten,” p. 238, 1925. 
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d-u . 1 du it _ 1 — vf tlw V 

dr- r dr r- ~ 2 r \dr ) 

dhv 1 d-w _ 1 r/u> _ 12 du' l du 

dr z r dr- r- dr It- dr I dr 


dw d-w 
drib =’ 


. « , 1, 

+ 7 + 2 



+ 



<yr dr. 


( 197 ) 


To obtain an approximate solution of the problem a suitable 
expression for the deflection x r should be taken as a first approxi- 
mation. Substituting it in the right-hand side of the first of the 
equations (197), we obtain a linear equation for u which can be 
integrated, to give a first approximation for u. Substituting the 
first, approximations for u and ir in the right-hand side of the 
second of the equations flt'7). we obtain a linear differential 
equation for ir which can be integrated to give a second approxi- 
mation for «*. 'Flu's .second approximation can then be used to 
obtain further approximations for it and ir by repeating the 
same sequence of calculations. 

In discussing bending of a uniformly loaded circular plate with 
a clamped edge, Xadai begins with the derivative the/ dr and 
takes as first approximation the expression 


which vanishes for r - 0 and r — a in compliance with the con- 
dition at the built-in <-ig. \<The fir-t of the equations (197) then 
gives the first approMm.-uaWi to r ti. fhib-tituting these first 
approximation- for md </»vVr in the second of the equations 
(197) and solving u • v.e <?tt ermine the constants C and n 
in expression (j) .- > a- •> m.ik»- <; m-mly :>. constant as possible. 
In this manner tin fi,. .•>•.•. mg < qnaf.;<>n ! for calculating the deflec- 
tion at the center i- oot.unt-d v,h< n'\ " 0.25: 


o :.s:d 


VI A*. 


1 Anoiicr ni'tiiml for tli'- . • • i|i<i:i(>f K<j<. ft 97) was developed 
by K. IV.li-rhoffi-r, Ei.-mErs, ■». ;> l,’.',*, ;d-o rtT’ncf.tir.gsrsrbaten, 

vol. 7, j> I ts, Hi-, o,j , m <., r ,i Wc. from l!t|. (19S) only by 

the tmtm riea! vatic- of tin- <-o. ii , . tl ( ..a t!.,- loft-hand ride; r:.*., 0..723 must 
be u-cd instead of U.oSa for »• ■ 0 g',. 1 
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In the case of very thin plates the deflection w 0 may become 
very large in comparison with h. In such cases the resistance 
of the plate to bending can be neglected, and it can be treated as 
a flexible membrane. The general equations for such a mem- 
brane are obtained from Eqs. (197) by putting zero in place 
of the left side of the second of the equations. An approximate 
solution of the resulting equations is obtained by neglecting the 
first term on the left side of Eq. (198) as being small in comparison 
with the second term. Hence 

0.583^-°^ ~ 0.17 and w ° ~ 0.665a^|j|- 
A more complete investigation of the same problem 1 gives 


Wo = 0.662a 



(199) 


This formula, which is in very satisfactory agreement with 
experiments, 2 shows that the deflections are not proportional 
to the intensity of the load but vary as the cube root of that 
intensity. For the tensile stresses at the center of the membrane 
and at the boundary the same solution gives, respectively, 

(<Tr)r=o = 0.423^p- 2 and (*,)«, = 0.328 

To obtain deflections that are proportional to the pressure, 
as is often required in various 
measuring instruments, re- 
course should be had to cor- 
rugated membranes 3 such as 
that shown in Fig. 131. As a 
result of the corrugations the deformation consists primarily of 
bending and thus increases in proportion to the pressure. 4 

1 The solution of this problem was given by H. Hencky, Z. Math. Physik, 
vol. 63, p. 311, 1915. 

2 See Bruno Eck, Z. angew. Math. Mech., vol. 7, p. 498, 1927. 

3 The theory of deflection of such membranes is discussed by K. Stange, 
Ingenieur-Archiv, vol. 2, p. 47, 1931. 

4 For a bibliography on diaphragms used in measuring instruments see 
the M. D. Hersey paper, Rept. Nat. Advisory Comm. Aeronautics, 165, 1923. 



Fig. 131. 
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69. Exact Solution for a Uniformly Loaded Circular Plate with 
a Clamped Edge. 1 — To obtain a more satisfactory solution of the 
problem of large deflections of a uniformly loaded circular plate 
with a clumped edge, if is necessary to solve Kqs. (197). To do 
this we first write the equations in a somewhat different form. 
As may be seen from its derivation in Art. 67, the first of these 
equations is equivalent to the equation 


Nr 


X, + r~y r = 0 . 
dr 


(fl) 


Also, as is seen from Kq. (<) of Art. 67 and Kq. (t) of Art. (6S), 
the second of the same equations can be put in the following form: 


f/’ir 1 d'iv _ 1 dtr\ __ dir ijr 
dr' ‘ r r/r- ~ 7 Tr ) ” * 'dr ' 2* 


(b) 


From the general expressions for the radial and tangential strain 
(page 329) we obtain 


Substituting 


> 

" + f dr 



(r *•' ^ f C.\ ,). 


and 


1 


h.E 


,(.V : - :,V f ) 


in this equation and u-ing Kq. (a), we obtain 


V-V- + 


/i/.Y du 

TV'/r 



0. 


(c) 


The three Kqs. (a), (b) and ( r ) containing the three unknown 
functions A'.. .V, and tr will now be mod in solving the problem. 
We begin by transforming the-e equations to a dimensionless 
form by introducing the following notations 


v 


( l 



Sr 


Nr 

7i:' 



(rf) 


With this notation, Kqs. («), (i>) and («•) become, respectively, 

■This solution is due to S. Wuv, Trout, .tr!. Soc. Mreh, Eng., vol. 5G, 
p. 027, If at. 
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d_ 

<ia 

d 


(aSr) - s, = o, 

1 d_( rftAI , „ dw 

f2(T^)dalada\^Tr)\ 2 ^ r dr’ 

+ *> + 


(c) 

(/) 

(f/) 


The boundary conditions in this ease require that the radial 
displacement u and the slope dw/dr vanish at the boundary. 
Using Eq. (b) (Art. 07) for the displacements u and applying 
Hooke’s law, these conditions become 



Assuming that S r is a symmetrical function and dw/dr an 
antisymmetrical function of £, we represent these functions by 
the following power series: 


S r = Bo + + B . ,*< + • • • , (j) 

~ = Vs(c l a + c»e + Co? +•••)• (*o 

in which B n , B 2 , . . . and C\, C 2 , . . . arc constants to be 
determined later. Substituting the first of these series in Eq. 
(e), we find 

St = Bo + Wtf + hB& + • • • . (1) 

By integrating and differentiating Eq. (k), we obtain, respec- 
tively. 

f = Vs(ci% + + C'r| +•••), (TO) 

- V8(C’i + 3U 3 £ 2 + 5Cr,^ +•••). (n) 

It is seen that all the quantities in which we arc interested can 
be found if we know the constants B 0 , B 2 , ... , C ,, U 3 , . . . . 
Substituting series (j), (/c) and (?) in Eqs. (/) and (gr) and observing 
that these equations must be satisfied for any value of a, we find 
the following relations between the constants B and C : 
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k-i 


H>. - ~ E7f~r ~ o \ y, Cr >Ci_r..; h = 2, 4, G, • • 


/:(/: 4- 2) 

n- • 

0 

- 1 

rt-O.2.4. 


r - 12( 1 ~ N? r> r . _ r 7 O 

/. — *y. ** i ^ j '* — Oj / 7 y ? 


(«) 


It ran he seen that when the two constant- B e and C'j are assigned, 
all the other constants are determined hv relations ( o ). The 



quantities S„ S, ;Ul d 


. , t deternuned hv senes (j), (/) 

and (!■) fnr „ti ' i As may be seen from senes 

O') and ( nh l ’ : ' V '’f l5f,nt to selrctinp the values 

«f s, and th.. "Vlr i>hu, - ! , , 

To obtain the eunv- f„ r ’ f"* *<«'*"'»» a . ,,d *" 

particular ca— the f„si ( . ' ,! / '''«bire wa« used. For given 

values Of >• and p = f/ ‘‘^elected vahH ' s of lh n,ld C >’ :1 

1 Tti/i « - t lias already been encountered 

in the c'l<o «? 1 °'* r * 'V' f 't’s-tri ti», v cuitm-nis uniformly di-tributed 

‘ UK oi Ix-mhut; of f irm! 

a ^ oti K the cdye (*••><> ji-.yc 3;jj) 


Eircuhr 
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considerable number of numerical cases were calculated. 1 and the 
radii o: the plates were determined so as to satisfy the boundary 
condition if;. For all these plates the values of 5- and 5 : at the 
boundary —ere calculated, and the values of the radial displaoe- 
ments (u)-=c. at the boundary were determined. Since all 
calculations were made with arbitrarily assumed values of Bn. and 



0 G4 GS 12 L5 LS 
Deflection, W c /h 

Fk. 133. 


Ct. the boundary condition (h) was not satisfied. However, by 
interpolation it was possible to obtain all the necessary data for 
plates for which both conditions (h) and (i) are satisfied. The 
result of these calculations are represented graphically in Fig. 
132. If the deflection of the plate is found from this fig ure, the 
corresponding stress can be obtained by using the curves of 
Fig. 133. In this figure, curves are .given for the membrane 
stresses 




cases have been calculated hv Wav, loc . cii., p. 33S. 
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and for the bonding st reason 



as calculated for the center and for the edge of the plate. 1 By 
adding together ay and o', the total maximum stress at the center 
and at. the edge of the plate can be obtained. For purposes 
of comparison Figs. 132 and 133 also include straight lines show- 
ing the results obtained from the elementary theory in which the 
strain of the middle plane is neglected. It will be noted that 
the errors of the elementary theory increase as the load and 
deflections increase. 

70. General Equations for Large Deflections of Plates. — In 
discussing the general case of large deflections of plates we use 
Ecj. (177) which was derived by considering the equilibrium of an 
clement of the plate in the direction perpendicular to the plate. 
The forces X-, X v and .Y-, now depend not only on the external 
forces applied in the xi/-plane but also on the strain of the middle 
plane of the plate due to bending. Assuming that there are no 
body forces in the x;/-planc and that the load is perpendicular 
to the plate, the equation.- of equilibrium of an element in the 
xy - plane are 

ft.Yr , 3.Y„ 

ox ' <hj 
dA rv d.\ 7 

01 ‘ ill/ 

The third equation necessary to determine the three quantities 
N-, .Y.„ and is obtained from a consideration of the strain 
in the middle surface of the plate during bending. The corre- 
sponding strain component.- (see Kqs. (170), (ISO) and (1S1)] arc 

flu , l/t )tA' 

Ax 2\Ar / ’ 
or , ]/flir\- 
Ay " r 2 \flft) ’ 

On , flr Air Air 
Ail ' Ax ' Ax Ay 




r.: 0 . 


°s 


(«) 


1 The st resse.s »re given in ilnnen-iteile-s form. 



?AZ 


Bv taking the second derivatives of these expressions and com- 
bining the resulting express) ons, it can be shown that 


d*«* d% _ d 2 y r/ _ / d% V _ d%;_ 

dy 2 ‘ Ox 2 dx dy VdX rjlf) tiX 2 dy 2 


fc) 


By replacing the strain components by the equivalent expressions 


(d) 


«Z — 

1 

AE' 1v * 

- vK y ), 

f-J, — 

1 

hJj i<u 

- *dv%), 


1 ,r 


7>y = 

///’**' 


on in term 

s of Kg, 

// y and 


The solution of these three equations is greatly simplified by 
the introduction of a, drara function. 1 It may Is"; seen that 
Eos. («) are identically satisfied by taking 

• d 2 E nr/-' 7 . , dV' . . 

-v 7 . y = -n-.z:~j '*) 


"9? l' 

IS* — h-—t 


iS.j 


JFF 

}, W 2 ’ 


dy 2 ' ’ v "dx 2 ' ' ' 7V "dx dy 

where F is a function of x and y, If these expressions for the 
forces are substituted in Eos. ( d), the strain components become 


1 / d 2 /’’ 

d*/A 

^ /Ady 2 

“ "d^J 

!/>/•' 

dV'A 

11 

§‘! 

— r, ^ I: 

<nr) 

2(1 - 

r c) d 4 /*' 


E dx dy 

Substituting these expressions in Eq. (c), v/e obtain 


dT 

dx 


F g r) F j _ d T _ »,t / dV _ d% d*w 
et * dx 2 dy 2 * dy* v \dx dy/ dx 2 dy 2 


(200) 


The second equation necessary to determine F and v; is obtained 
by substituting expressions (c) in Eq. (J7d) which gives 


dOff _j_ g dhx ^ d)w _ h( q j_ a 2 F d*M? 
dx ! ' dx 2 dy 2 ’ dy 4 /A A ‘ dy 2 dx 2 

_ % <FF_ _d%\ (201) 

dx 2 dy 2 dx dy dx dy/ ^ 


See fc'jf.r.or.s “Theory of Elasticity,” p. 2t, 1 0X4. 
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Equations (200) and (201), together with the boundary condi- 
tions, determine the two functions F and v:. 1 Having the stress 
function F, we can determine the stresses in the middle surface 
of a plate by applying Kqs. (r). From the function «>, which 
defines the deflection surface of the plate, the bending and the 
shearing stresses can be obtained by using the same formulas as in 
the case of plates with small deflection [see Eqs. (99) and (100)]. 
Thus the investigation of large deflections of plates reduces to the 
solution of the two non-linear differential equations (200) and 
(201). The solution of these equations in the general case is 
unknown. Some approximate solutions of the problem arc 
known, however, and will be discussed in the next article. 

In the particular case of bending of a plate to a cylindrical 
surface whose axis is parallel to the y-nxis, Kqs. (200) and (201) 
are simplified by observing that in this ease tv is a function of x 
only and that A-I ; /Ax- amd A'F /Ay'- are constants. Equation 
(200) is then satisfied identically, and Kq. (201) reduces to 

A'tr 1/ , A'. A-tr 
Ax' T) ' I) Ax- 

Problems of this kind have already been di-ciK-ed fully in Chap. I. 

In the case of very thin plates which may have deflections 
many times larger than tie-ir i hickne.-s, the re-istanee of the plate 
to bending can 1»- neglected; the flexural rigidity I) can Ik- 
taken equal to zero, and the problem reduced to that of finding 
the deflection of a flexible membrane. Equations (200) and (201) 
then become 1 

ti'F 0 i )*F j it'!’ ..( / A-tr V _ Our eV 

tlx' "Ax- Air ‘ Aip | \5.r Ay) Ax'- Ay'- 

>) , A'F A-tr , A'F A'-ir 0 A'F i)'-tr _ ^ 
h > r Ax- ' Ax'- Ay- ~Ax Ay Ax A'J 

A numeric;-: '-olution of this system of equations by the use of 
finite difference- has been di-cus-ed by H. Hencky. 3 

1 These tv... • ju^intie- were «!• ri*. *•« I by Th. von Fvj'.me.tn, See '■ I-.ncyklo- 
piuiir (1 <t .nuti-ch.-u Wt— ' te-riittfii-n," v<>!. IV,. p. 310, 1010. 

s Tlic«e equal. ..ns were ulitaineil by A. “ Verle.-unp-n fiber Tecli- 

ni-cl.e Merhntnk," veil, a, j>. 132, 10U7. 

3 IIknckv, H., 'A. <u ujrir Mr.'.h. Med,., vol. I, pp. SI ami -1-3, 1021; see 
also K.mskii, It., Z. anonr. Mr.’.!. Mreh., vol. 10. p. 73, 1030. 
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The energy method afford-: another means of obtaining an 
approximate solution for the deflection of a membrane. The 
strain energy of a membrane, which is due solely to stretching of 
its middle surface, is given by the expression 

V ~ ~ -r f-V/'-jdc dy 

- f J K s 4 + 2 «a + }«- -by* <!’/■ 

Substituting expressions fiTfi}, f 180) and Tfil} for the strain 
components <g. ey, v/e obtain 

Eh f Cjfbu Y ^ WovV m feV -t- Ti’feY 
2T — A/J J Ebx) ' bx\bx ) ‘ Vdy/ 1 dy \dy / 

JL j[Y f *«Y"T j_ oJYf " r m xllY "iff - £5 Y1 

1 ~\jz) J k 2 \bxbi/ ' *dy\iz) ' *<ysXFj) J 

j_ I — ■/ . f bv\~ j_ (Em or _r_ (‘21V _a 2 — ~ — 

‘ 2 [\oy/ * dy bx * vW ' dy d-r dy 

, ...dr dw dtr 1 1 . , 

t2-~- (dx dy. (20Z) 
ox ox ay J j 

In applying the energy method v/e must assume in each particular 
case suitable expressions for the displacements «, v and tr. These 
expressions must, of course, satisfy the 
boundary conditions and vd!{ contain ]~ 

severa! arbitrary/ parameters the rnagni- c 

tudes of v/hich hare to he determined by 0 v 

the use of the principle of virtual displace- | 

rnent*. To illustrate the method, let us £ 

consider a uniformly loaded square mem- — — — - 

brane 1 vdth sides of length 2c: Tug. 134}. c—^— g 

The displacements «, r and «r in this case y 

J T - ,7 7 T 7 r F>0» 

> anna thft rxrin oar/, oreover, 

from symmetry, it can be concluded that u is an even function 
of v and y, vhereas « and r are odd functions of x and of y, 
respectively. All these requirements are satisfied by taking the 
folio ring expressions for the displacements: 


c —v. 

/ 

Fro. 134. 


- Calculations for this case are gfreri in the hook “Drang trnd Z'/rang” 
hy Ar;-r;.V; sad Ludwig FoppI, voL 1, p. 22o, 1624; see also Heneky, fco 


cff- p. gcg 
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-T —>/ 

w = u'o cos cos —• 
2 a Aa 

. -x -)/ 

v = c sin — cos =-» 

a 2a 

. TV T-T 

v — c sin — cos — , 

a 2a 


(/) 


which contain two parameters tr 0 and c. Substituting these 
expressions in Eq. (203), we obtain, for «• = 0.25, 


•j' _ E/ifor 1 ir* 17 t" 


7.5 ( til a z 


7 '- cir* 7 35r : , SOM 

IT 77 1 r \~r~T)j' 


(?) 


The principle of virtual displacements gives the two following 
equations: 1 


or 

cV 


or . 

- OV’n 
A It'a 


1' ° f " . TX T!/. . 

I v o’.r; cos cos -~-dx (Li. 
2 a 2a 


(») 

(0 


Substituting expres-ion (g) in place of I', we obtain from Eq. {It) 

and from Eq. (r) 


r s- 0.147— 
a 


tr c - 0.,02u V -. 


(201) 


This deflection at the center is somewhat larger than the value 
(109) previously obtained for a uniformly loaded circular mem- 
brane. The tensile strain at the center of the membrane as 
obtained from expressions (/) is 


(, 



0.-102- J. 
a- 


and the corre-ponding tensile -tress is 


E 

i - :■ 


0.4(12 


(MUG A 'r : 

«* 



(205) 


1 The right side of Pip ( k< i- zero. .-irir.- the variation of the parameter c 
produces only horirontal di-phteiiiients mul the vertical load docs not 
produce work. 
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Some application of these results to the investigation of large 
deflections of thin plates will be shown in the next article. 

7L Large DeSections of Uniform!" Loaded Rectangular Plates. — We 
fcesin with the case of a plate with clamped edges. To obtain an approxi- 
mate solution of the problem the energy- method will be used. 1 The total 
strain energy V of the plate is obtained by adding to the energy of bending 
[expression fill}, page Go; the energy due to strain of the middle surface 
[expression f 203), page 345L The principle of virtual displacements then 
gives the equation 


cT' — cifmr dz dy = 0 


(c) 


which holds for any variation of the displacements u, v and ic. Ey deriving 
the variation of V we can obtain from Eq. (a) the system of Eqs. (200) 
and (201). the exact solution of which is unknown. To find an approximate 
solution of our problem we assume for ir, r and it three functions satisfying 
the boundary conditions imposed by the clamped edges and containing 
several parameters which will be determined by using Eq. fa). For a 
rectangular plate with sides 2a and 2o and coordinate axes, as shown in Fig. 
13k, rre shall take the displacements in the following form: 

u = (q- — z-s'Tr — y')z(bv. v- -h by.s~ — byjrAj-i, ) 
r — (c- — z-'i'-b- — y-)yfcc: -r c.-y- 4- CygAf-), > fZ>) 

tr — (a- — r-}-h* — j i-'r'fl'z v- a-..y- a ) 


The first two of these expressions, which represent the displacements u 
and r in the middle plane of the plate, are odd functions in a and y, respec- 
tively, and vanish at the boundary. The expression for it, which is an 
even function in s and y, vanishes at the boundary as do also its first deriva- 
tives. Thus all the boundary conditions imposed by the clamped edges 
are satisfied. 

Expressions Vj contain 11 parameters by, . . . , Cy„ which will now be 
determined from Eq. fa), which must be satisfied for any variation of each 
of these parameters. In such a way we obtain 1 1 equations, 3 of the form 


5 w( r_ //«***)-« 


and S e ovations of the form : 


oE 


= o.- 


or 


oY 

- — = 0. 
OC~r., 


(c) 


(dj 


1 Such a solution has been given by S. Way, see Proc. 5th Intern. Cong. 
Appi. Meek., Cambridge, Mass., 193S. 

_ ' The z «ros on the right sides o? these equations result from the fact that 
tne lateral load does not do work when u or r varies. 
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These equations are not linear in the parameters n n „, b„„ and c„ K as was true 
in the case of small deflect ions (seepage 12-3). The I hree equations of theforni 
( c ) will contain terms of the third degree in the parameters Equations 
of the form ( il ) will be linear in the parameters and e„, and quadratic in 
the parameters A solution is obtained by solving Eq=. (d) for the 

b„„’s and e^.’s in terms of the «„„’s and then substituting the-e expressions 
in Kqs. (c). In this way we. obtain three equations of the third degree 
involving the parameters alone. Thew; equations can then be solved 
numerically in each particular ease by surre-.-ive approximations. 

Xumeriral values of all the parameter- have been computed for various 
intensities of the load q and for three different shapes of the plate b/a = 1, 
b/a — l and bfa — ■' by .'w-urning v '■ 0.:i. 



It rati b” "in from tin 1 c.pn -;>n for e- that, if we know the co>n«?.a*it r. : 
we can at onre obtain "he <h !h cti<>n of th* - plate a* the center. These 
deflection" nr> graphically repre- e.au-d in fig. 1 3.*> in which i- plotted 

again-t q : ' 1 !>'■ her nmijorann tie- figure :>.!-■> includes the straight lines 
that repre ’ !.' '!.• deil' cta-n- calculate-! by u*ing the theory of small deflec- 
tions. Abo lie ! i : i-d i- the nine for h -■ t) which rrprr-ents deflections 
of an infinite!., long plate calculated a- explained in Art. 3 (o-e page 10). 
It can he s.-en *'• -,t tie- ih-Recti-m*. of finite plates with b/a < l are very 
clo-e to tho-e < .tied for :ui infinitely long plate. 

Knowing tin ..-placement- given by e\pr»-s-ior.s {M, we can calculate 
the strain of the middle plane and the c<>rrc- jvnding membrane stresses 
from Kqs. (b/ of th.e prvvinu* article. Tin- lending strvs-vs can then 
be found from lap. and tlO*Y> f,,r th.e bending and twbting mo- 

ments. By adding the membrane and the le nding stri-s-es, we obtain the 
total stress. The maximum values of this stre-s are at the middle of the 
long sides of plates. They an- given in graphical form in Fig. 13(3. I’ or 
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comparison, the figure also includes straight lines representing the stresses 
obtained by the theory of small deflections and a curve h/a = 0 represen ting 
the stresses for an infinitely long plate. It would seem reasonable to expect, 
the total stress to be greater for h/a — 0 than for h/a — l forany value of load. 
We see that the cur/e for h/a = 0 falls below the curves for b/a ~ { and 
hjn = ?. This is probably a result of approximations in the energy solu- 
tion which arise out of the use of a finite number of constants. It indicates 



that the calculated stresses are in error on the safe side, that, they' are 
too large. The error for h/a = £ appears to be about 10 per cent. 

_ rri ' |f ‘ energy' method can also be applied in the ease of large deflections of 
simply supported rectangular plates. However, as rnay be seen from the 
foregoing discussion of the ease of clamped edges, ^/application of this 
method requires a considerable arnoun t of computation. To get an approxi- 
mate solution for a simply supported rectangular plate a simple method 
consisting of a combination of the known solutions given by the theory of 
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small deflections nncl the membrane theory nan be used. 1 This method will 
now be illustrated on a simple example of a square plate. We assume that 
the load q nan be resolved into two parts qi and 7* in such a manner that 
the part <71 is balanced by tin* bonding and shearing strokes calculated by 
the theory of small deflections, the part 7; being balanced by the membrane 
Stresses. The deflection at the center as calculated for a square plate with 
the sides 2a by the theory of small deflection.*! is* 


From this we determine 


7tU* 

IT. - 0,730 “v 


9i 


if •/:/;’ 

o.7;tO(i‘ 


« 


Considering the plate as a membrane and using formula (205), we obtain 


from which 


tCj 


<).S02't 


3 i'lr'l 


ir \Eh _ 

O.fit f>:'' 


(/) 


The deflection t r 4 is now obtain* •! from tie- equation 


which gives 


9 •- '!■■ 


1 , >r ]/■;/. 

0.730:* " 0.5 1th: ** 


9 


-I 1.U7 
\ 



(200) 


After the deflection t*": has be* a calculated from this equation, the loads 
7! ami 7: are found from Kqs. f«-j and (f>, am! the corresponding stress's are 
calettlateii by u-mg for q t the small deflection theory (»«•»< Art. 29) and for 
9:* hap (205 j. Tie* total s trees is then the sure, of the stressed due to the 
loads 71 ami 7.. 

1 This method is recommended in the {tool: “Dmng und Zwatig.” foe. cil., 
p. 315. 

1 The factor 1 • To is obtained by multiplying th<* number 0.01-13, given 
in '1'abh* 5, by It; ami bv 1.03. Tim factor 1.03 ari-es from the change of 
the value of Poisson's ratio e s- 0.3, u«vd in the table to the value c r - 0.25 
used in this example. 



CHAPTER X 

DEFORMATION OF SHELLS WITHOUT BENDING 


72. Defi ni tions and ITo tali' on. — In the following discussion of 
far. deformations and stresses in shells the system of notation is 
the same as that used in the discussion of plates. We denote the 



thicknezz of the shell by A, this quantity always being considered 
small in comparison with the other dimensions of the shell and 
with its radii of curvature. The surface that bisects the thick- 
ness of the plate is called the rni/Mle turf ace. By specifying the 
form of the middle surface and the thickness of the shell at each 
point, a shell is entirely defined geometrically. 

To analyze the internal forces we cut from the shell an infinitely 
small element formed by two pair-; of adjacent planes which are 

2-vl 
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normal to the middle surface of the shell and which contain its 
principal curvatures (Fig. 137o). We take the coordinate axes 
x and y tangent at 0 to the lines of principal curvature and the 
axis z normal to the middle surface, as shown in the figure. The 
principal radii of curvature which lie in the xz- and yr-planes arc 
denoted by r. and r„, respectively. The stresses acting on the 
plane faces of the element are resolved in the directions of the 
coordinate axes, and the stress components are denoted by our 
previous symbols c., a v , r~j = 7._ z , r... With this notation 1 the 
resultant forces per unit length of the normal sections shown in 
Fig. 1375 are 


A'. = 

4- 

ry 

1 - 

X, - J\(. 

- 

(«) 

v„ - J 

r?, ( 

1 - ih 

X,, - f\( 

1 - o)*’ 

(6) 


l 


\ 



Q, - 

CiH 

' - 

J.M 

1 - £)*. 

(0 


The small quantities r/r, and z/r v appear in expressions ( a ), (b), 
(c), because the lateral sides of the element shown in Fig. 137n 
have a trapezoidal form due to the curvature of the shell. .As a 
result of thi-, the shearing forces A’, v and A',. are generally not 
equal to each other, although it still holds that - r i; . In our 
further discussion we shall always assume that the thickness h is 
very small in comparison with th<* radii r*, r y and omit the terms 
z/r. and ' r in expressions («), (b), (c). Then A’ tv = A’. . and 
the re.su! at forces are given by the same expressions as in the 
ease of plates 'see Art. 21). 

The bending and twisting moments per unit length of the nor- 
mal section- are given by the expressions 


1 In the r:Ms of surfaces of revolution in which the position of the element 
is defined liy the tingles C nnd o eee Fit;. 13S1 the subscripts < ! tind v are 
n«ed instead of x arid j in notation lor stresses, resultant forces and resultant 
moments. 



DEFORMATION OF SHELLS WITHOUT BENDING 353 



M, = J 'C>z(l - £jdz, (d) 

2 

,h 

m„= ( («> 

2 


in which the rule used in determining the directions of the 
moments is the same as in the case of plates. In our further 
discussion we again neglect the small quantities z/r~ and z/r y , due 
to the curvature of the shell, and use for the moments the same 
expressions as in the discussion of plates. 

In considering bending of the shell, we assume that linear 
elements, such as AD and BC (Fig. 137a), which are normal 
to the middle surface of the shell, remain straight and become 
normal to the deformed middle surface of the shell. Let us 
begin with a simple case in which, during bending, the lateral 
faces of the element A BCD rotate only with respect to their lines 
of intersection with the middle surface. If ri and are the 
values of the radii of curvature after deformation, the unit 
elongations of a thin lamina at a distance z from the middle 
surface (Fig. 137a) are 



If, in addition to rotation, the lateral sides of the element are 
displaced parallel to themselves, owing to stretching of the 
middle surface; and if the corresponding unit elongations of the 
middle surface in the x- and jr-directions are denoted by and &>, 
respectively, the elongation e- of the lamina considered above, 
as seen from Fig. 137c, is 



Substituting 
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we obtain 



T; T; 


A similar expression can be obtained for t ho elongation t u . In 
our further discussion the thickness h of the shell will be always 
assumed small in comparison with the radii of curvature. In 
such a case the quantities :/r r and ;/r v can be neglected in com- 
parison with unity. We shall neglect also the effect of the 
elongations ci and <; on the curvature. ‘ Then, instead of such 
expressions as expression (a), we obtain 



where x? and Xv denote the changes of curvature. Using these 
expressions for the components of strain of a lamina and assuming 
that there are no normal stresses between laminae ( c , — 0), the 
following expressions for the components of stress are obtained: 





hi -f- »•<; — 


-(x.- ri- 



: 'Xv)]> 

rX.Ol. 


Substituting the-i* expressions in Kqs. (a) and (>l) and neglecting 
the small quantities r/'r, and r/r 4 . in comparison with unity, we 
obtain 


A*r " + re-), 

M t ~ /'Xr + f\v)r 


A', - 

M.j — —l)(xv *r ‘Xr), j 


(207) 


where I) has the same meaning as in the ease of plates [see Eq. 
(3)J and denotes the llextiral rigidity of the shell. 


* Similar simplifications are tonally math* in the theory of bending of thin 
curved bars. It can be shown in this rav t U:tt the procedure is justifiable 
if the depth of the ero-s section h, K small in comparison with the radius r, 
Hay hfr < 0.1; sec author's ‘’Strength of Materials” vol. ‘2, p. -129, 1930. 
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A more general case of deformation of the element in Fig. 137 
is obtained if we assume that, in addition to normal stresses, 
shearing stresses also are acting on the lateral sides of the element. 
Denoting by 7 the shearing strain in the middle surface of the 
shell and by y- ; dx the rotation of the edge EC relative to Oz with 
respect to the x-axis <Tig. 137ct> and proceeding as in the case of 
plates [see Eq. (42)1, we find 

r-/ = fy — 2rXry)^' 

Substituting this in Eqs. ( 6 ) and (e) and using our previous 
simplifications, we obtain 


= — 3/yr 


yAE 

2fl -T- *)' 

— D(l — V)7~J- 


(20S) 


Thus assuming that during bending of a shell the linear elements 
normal to the middle surface remain straight and become normal 
to the deformed middle surface, vre can express the resultant 
forces per unit length X-. X y and X~- and the moments 3/-, 3f y 
and 31— in terms of six quantities: the three components of strain 
e : , {* and 7 of the middle surface of the shell and the three quanti- 
ties Xs- and Xry representing the changes of curvature and the 
twist of the middle surface. 

In many problems of de formation of shells the bending stresses 
can be neglected, and only the stresses due to strain in the middle 
surface of the shell need be considered. Take, as an example, a 
thin spherical container submitted to the action of a uniformly 
distributed internal pressure normal to the surface of the shell. 
Under this action the middle surface of the shell undergoes a 
uniform strain; and since the thickness of the shell is small, the 
tensile stresses can be assumed as uniformly distributed across 
the thickness. A similar example is afforded by a than circular 
cylindrical container in which a gas or a liquid is compressed by 
means of pistons which move freely along the axis of the cylinder. 
L rider the action of a uniform internal pressure the hoop stresses 
that are produced in the cylindrical shell are uniformly distributed 
over the thickness of the shell. If the ends of the cylinder are 
built in along the edges, the shell is no longer free to expand 
laterally, and some bending must occur near the built-in edges 
when internal pressure is applied. A more complete investiga- 
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lion shows, however (see Art. SI), that this bending is of a local 
character and that the portion of the shell at some distance from 
the ends continues to remain cylindrical and undergoes only strain 
in the middle surface without appreciable bonding. 

If the conditions of a shell are such that bending can he 
neglected, the problem of stress analysis is greatly simplified, 
since the resultant moments LI) and (r) and the resultant shearing 
forces (r) vanish. Thus the only unknowns are tin* three quanti- 
ties A'., A' y and X- v = X v: . which can be determined from the 

conditions of equilibrium of an 
element, such as shown in Fig. 
137. Hence the problem be- 
comes statically determined if 
all tin- forces acting on flic 
shell are known. The forces 
A’-, A '.j and .Y fy obtained in 
this manner are sometimes 
called tnrmhrnne forces, and the 
theory of shells h:ts*-d oil the 
omi— ion of lending stresses is 
called tnrmhrnw' ti.mnj. The 
application of this theory to 
various particular cases will he 
di-r-us-ed in the remainder of 
this chapter. 

73. Shells in the Form of a 
Surface of Revolution and 
Loaded Symmetrically with 
Respect to Their Axis. — Shells 
that have the form of surfaces 
of revolution find extensive application in various kinds of con- 
tainers, t "in and domes. A surface of revolution is obtained 
by rota' • • . a plane curve about an axis lying in the 
plane of • :<• curve. This curve is called the meridian, and 
its 'plane is vu-t'idinn plane. An element of a shell is cut 
out by two adjacent meridians and two parallel circles, as shown 
in Fig. I3s«. The position of a meridian is defined by an angle 0, 
measured from some datum meridian plane; and the position of a 
parallel circle is defined by the angle y, made by the normal to the 
surface and the axis of rotation. The meridian plane and the 



I !'» I.tN. 
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cttroature at a point of s surface of rercfution. and the eorre- 
sucnding radii of curvature are demoted by r : and r;. resnectirely. 
The radius of the parallel circle is denoted by r-, so that the length 
of the side? of the element meeting at 0. as shorn: in the figure, 
are r- dy and re dfi = ri -fin y df. The surface area of the ele- 

Fr-om the assumed symmetry of loading aztd deformation it can 
be concluded that there vdli fee no shearing forces acting on the 
side? of the element. 'The magnitudes of the normal forces per 
tmit length are denoted bv 21 -c and 2*i as shomn in the figure. 
The intemsirr of the externa! load, mhich acts in the meridian 

irdinate axes, hlnltiphing these 
rgi sin y dy d-6- me obtain the 
id acting on the element. 

In mi ting the equations of ectfillbrrmc of the element. let us 
begin rdth the forces in the direction of the tangent to the 
meridian. On the upper side of the element the force 

ffye df — f-Vi sin c- df 


r 

and F parallel 

to the 

co: 

mponents rdth 

T.Cifz 




00 


0-*- 


xs act mg. 

The coma-rondmr force on the iover side of the element L c 




(c) 


(5) 


From expressions br] and f&}. by neglecting a small quantity of 
second order, me find the resultant in the y-directiou to be eonal 
to 


»- or<i . 

*27 




d 


u tr^-dts ae -r -~r^ d<s df = -ffbhyjhr df. 


fo) 


me component of the external force in the same direction is 

Fry-, dy df. tdj 

me forces acting on the lateral sides o: the element are equal to 
?,y dy and hare a resultant in the direction of the radius of the 
usrsLe. circle equal to .5 #-r dy df. The component of this force 
in me y-dtrection Tug. 12S5j is 


f> f~r COS y d«r df . 


(*} 
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Summing up I lie forces (r), 01) ami 0 ’)> * he equation of equi- 
librium in the direction of the tangent to the meridian becomes 


~(A\.r„) - A V, cos v - + Vr,r„ = 0. 


(D 


The second equation of equilibrium is obtained by summing 
up the projections of the forces in (he r-direction. The forces 
acting on the upper and lower sides of the element have a 
resultant in the r-direction equal to 


A Vo <1° 'O'- (g) 

The forces acting on the lateral sides of the element and having 
the resultant A Vi dy </0 in the radial direction of the parallel 
circle give a component in tie* r-direction of the magnitude 

AVi sin V '/y* dO. ( h ) 

The external load acting on the element has in the same direction 
a component 

'f'VV do </y-. (0 

Summing up the force- (//). (A) and (t), we obtain the second 
etpiatiort of equilibrium 

A',.r. -r AV; -in v « -p Zr : r,- - (t. (j) 

l’rom the two Kq-. •'/) and f j) the force- AT and A',, can he cal- 
culated in each particular case 
if the radii r. and r> and the 
components Y and Z of the in- 
ten- it y of the external load are 
given. 

Instead of the equilibrium of 
an element, the equilibrium of 
the portion of the shell above 
the parallel circle defined bv the 
angle v- may be considered (Fig. 
Hitt). If the re.-uhant of the total load on that portion of the 
shell is denoted i>\ It, the equation of equilibrium is 

2-~, A\. -in y- R rr 0. (200) 

This- equation can be used instead of the differential equation (/), 
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from which, it can be obtained 
divided by r-r-. it can be written 

_£_ ztl = —X. < 210 ; 

r* ' rw 

It 1= seen that when Ah is ob- 
tained from Eq. <200), the force 
Ah can be calculated from Eq. 
(210). Hence the problem of 
membrane stresses can be readily 
solved in each. particular case. 
Some applications of these equa- 
tions vrili be discussed in the neat 

74. Particular Cases of Shells 
in the Form of Surfaces of 
P-evolutioTi. 1 Spherical Dome . — 
Assume that a spherical shell 
(Esg. 140c) is submitted to the 
action of its own weight. the 
magnitude of which per unit 
area is constant and equal to <?. 
Denoting the radius of the sub ere 
by a. vre have n. — a sin q and 

E = 2-J^a t q sin v dcr 


by integration. If Eq. (j) is 
in the form 





— 2 -r<Z : q(l — COS ©). 


Equations <203) and <210) then give 
anil — cos <s) 


Ah = 


«*■ 

sin- <c 


m \ 

1 -r cos A { 

• V ' = “-{jTVSV- - cos 4 j 


( 211 ) 


It I? seen that the forces A *. are always negative. There is thus 
a compression along the meridians that increases as the angle cr 
increases. For <= = 0 we have Ah = —a g/2 : and for ^ = ~/2. 

- Examples of this hind can be frrind in the book by P. ForehLeinier, “Die 
Berecnung ebener end gekrasimter Behnlterboden/' 3d ed., Be rlin, 193 1; 
see also J. 17. Geckelsr's article in *■ Kandbnch der PLvsik.” voi 6 Berlin* 

TC->s; * 1 - r 
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iV v . = —aq. 
When 


The: forces Ns are also negative far small angles y. 


1 

I + cos y 


— cos y = 0, 


7.C., for V 5 = 51° 50', Ns becomes equal to zero and, with further 
increase of y> becomes positive. This indicates that for y 
greater than 51° 50' there are tensile stresses in the direction 
perpendicular to the meridians. 

The stresses as calculated from (211) will represent the actual 
stresses in the shell with great accuracy* if the supports are of 
such a type that the reactions are tangent to meridians (Fig. 
MOh). Usually the arrangement is such that only vertical 
reactions are imposed on the dome by tin: supports, whereas the 
horizontal components of the forces A' v arc taken by a supporting 
ring (Fig. MOh) which undergoes a uniform circumferential 
extension. Since this extension is usually different from the 
strain along the parallel circle of the .-belt, as calculated from 
expressions (211), some bending of the shell will occur near the 
supporting ring. An investigation of this }/ending ; shows that 
in the case of a thin shell it is of a very localized character and 
that at a certain distance from the supporting ring Kqs. (211) 
continue to represent the stress conditions in the slid! with 
satisfactory accuracy. 

Very often the upper portion of a spherical dome is removed, 
as shown in Fig. Mbs, and an upper reinforcing ring is used to 
support th<' upper structure. If 2 V \ i-’ the angle corresponding 
to the opening and P is the vertical load per unit length of the 
upper rcinforemg ring, the resultant li corresponding to an angle 
y i s 

H - 2:r j ' tv q sin y dy -p 2r Pa sin ye. 

From Kqs. (2<J'.*) mid (210) we then find 


A’, - 
Ns - 


sin- y sm- y 

( (<>' y- — cos y \ , 

cos j x 


( 212 ) 


'Small bending stre-.-es due to strain of '.he middle .surface will bo dis- 
cussed in (.’Imp. XII. 

5 See Clmp. XII. 
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As another example of a spherical shell let us consider a. 
spherical tank supported along a parallel circle A A ( Fig . 141) and 
filled vrith liquid of a specific weight 7 . The inner pressure for 



any angle y is given by the expression 1 

p = — £ = 70/I — cos y). 

The resultant It of this pressure for the portion of the shell 
defined by an angle y is 


J? — — 2 ctcz 2 J^ 7 g (1 — cos y) sin y cos y dy 

= — 2«riy[y — £- COS 2 y(l — § COS y)]. 


Substituting in Eq. (209), we obtain 

- dsh^ 1 - «** ^ - 2 «• *>1 


6 \ 1 -f COS y/ 


and from Eq. 1210) we find that 


AT - ya ' 
iv * m 

6 


- £. f 2 cos 2 1 ? 

o — o cos t; d- z— }• 

, 1 -f COS <?/ 


(214) 


Equations (213) and (214) hold for y < y c .. In calculating the 
resultant It for larger values of y. z.e., for the lower portion of the 
tank, we must take into account not only the internal pressure 
but also the sum of the vertical reactions along the ring AA. 
This sum is evidently equal to the total weight of the liquid 

1 A uniform pressure producing a uniform tension in the spherical shell 
can be .superposed without any complication on this pressure. 
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4irrt 3 y/3. Hence, 

]i = — $~<ry — 2-a'y\l — l cos" <,"(1 — \ cos y)]. 
Substituting in Kq. (200), we obtain 


ya 

0 


r ( 6 


•f 


“ COS' y\. 
1 — COS V"/ ’ 


and from Eq. (210), 


N» 



G cos y 


2 cos- y \ 
T-cos v :/ 


( 215 ) 


(216) 


Comparing expressions (213) and (215), we see that along the 
supporting ring A A the forces change abruptly by an amount 
equal to 2ytt-/‘S sin : yv. The same quantity is abo obtained if 
we consider the vertical reaction per unit length of the ring .1.-1 
and resolve it into two components (Fig. 1-115): one in the direc- 
tion of the tangent to the meridian and the other in the horizontal 
direction. The first of these component*- i* equal to the abntpt 
change in the magnitude of mentioned above; the horizontal 
component represents the reaction on the supporting ring which 
produces in it a uniform e<>mpre.--ion. This compression can be 
eliminated if we u<e member* in tie- direction of tangents to the 
meridians instead of vertical supporting members, as shown in 
Eig. 11 In. As may be *ee»i from expression* (21-1) .and (216), 
the forces .V* also experience an abrupt change at the circle .1.1. 
This indicate.* that then- i* an abrupt change in the circum- 
ferential expansion on the two sides of tie- parallel circle .1.1. 
Thus the membrane theory does not satisfy the condition of 
continuity at the circle .1.1, and we may expect some local 
bending to take place near the supporting ring. 

Conical Shcll.~~hi thi* ease e.-rtain membrane stresses can he 
produced by a force applied at the top of the cone. If n force P 
is applied :, t the direction of the axi* of the cone, the stress 
distribution symmetrical, ami from Fig. 1 12u we obtain 


A'c - 


r 

2.t/V eos a 


(ft) 


Equation (210) then gives .V, - 0. If a force 5 is acting in (lie 
direction of .a generator (Fig. 1-126), tlte strr*s distribution is no 
longer symmetrical. The stress distribution can be found by 
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developing the shell into the circular sector loaded as shown in 
Fig. 142c. The angle of this sector is 2 /3 = 2 'nr sin a. The forces 
are found by considering a purely radial stress distribution 1 : 


iv „ = — 


»S' cos ^ 

a((3 ~ v sin 2/3) 


If the force applied at the top of the cone has any arbitrary 



Fro. 142. 


direction, it can always be resolved into two components: one 
in the direction of the axis of the cone and the other in the direc- 
tion of the generatrix, and the membrane stresses can be obtained 
by combining the stresses given by expressions (a) and (b). 

If lateral forces are symmetrically distributed over the conical 
surface, the membrane stresses can be calculated by using Eqs. 


(209) and (210). Since the curvature of 
the meridian in the case of a cone is zero, 
ri—v:- v/e can write these equations in 
the following form: 

Ji 

iS # — 

2rr 0 sin e 
If e — — Zr 2 — — 

Each of the resultant forces N p and N s 
can be calculated independently provided 




the load distribution is known. As an example, v/e take the case 


of the conical tank filled with a liquid of specific weight y as shown 
in Fig. 143. Measuring the distances y from the bottom of the 


tank and denoting by d the total depth of the liquid in the tank, 


1 See author’s "The Theory of Elasticity,” p. 93, 1934. 
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the pressure at any parallel circle inn is 

V = -X = 7(rf ~ ?/)• 

Also, for such a fank y — f"/2) + « and r 0 — y tan «. Sub- 
stituting in the second of the equations (c), we obtain 


No 


y(d — y)y t an a 
cos a 


00 


This force is evidently a maximum when y = d/2, and we find 


(N e ), 


yil' tan « 
-1 cos <i 


In calculating the force A'.. we observe that the load R in the first 
of the equations (r) is numerically equal to the weight of the 
liquid in the conical part «n« together with the weight of the 
liquid in the cylindrical part inn:!. Hence 


(>• 

!o 





1 


R - — r~t u"-(d — y ly) tan 1 a, 
and we obtain 


A’.. 



5 »/) tan a 


COS 11 


(0 


i hi- force becomes a maximum 
when u - Id, at which point 

.... __ M <i : y tan a 

lb CO- rt 


If the forces supporting the tank 
are in the direction of generatrices, as shown in Fig. 143, expres- 
sions id) and (r) represent t h»* stress conditions in the shell with 
great acce ary. Usually there will be a. reinforcing ring along the 
upper edge of the tank, 'i'liis ring takes the horizontal com- 
ponents <, f ■ '• force- A’,.; the vertical components of the same 

forces con? .!<■ the reactions supporting the tank. In such a 
case it will be- found that a local bending of the shell takes place 
at the reinfui cing ring. 

Shill in tin Form if tin RUiptnul of Rrrohilinn .- — Such a shell 
is used very often for the ends of a cylindrical boiler. In such a 
case a half of tin* ellipsoid is used, as shown in Fig. 144. Tin 1 
principal radii of curvature in the ease of an ellipse with semi- 
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axes a and 5 are given by the formulas 


a 2 b- 


r i 


r 2 = 


"x’ 


(/) 


(a 2 sin 2 <p -f- b 2 cos 2 e?) 2 (a 2 sin 2 ip -f b 2 cos 2 <p ) 2 

or, by using the orthogonal coordinates a: and y shown in the 
figure, 


r i 


a 4 ’ 


r 2 


(ah/ 2 + b<x 2 ) 2 
b 2 


(g) 


If the principal curvatures are detei-mined from Eq. (/) or (g), 
the forces and No are readily found from Eqs. (209) and (210). 
Let p be the uniform steam pressure in the boiler. Then for a 
parallel circle of a radius r 0 we have R = —npr\, and Eq. (209) 
gives 


N „ 


pr 0 _ pro 
2 sin a> 2 


(217) 


Substituting in Eq. (210), we find 


N 0 — up 


yN v = p(ro - 



(218) 


At the top of the shell, point 0, we have r t = r 2 = a 2 /5, and 
Eqs. (217) and (218) give 


N„ = No 



(h) 


At the equator AA we have n = b 2 /a and r 2 = a; hence 

N r - Vi, N, = V a(\ - £))■ (i) 

It is seen that the forces N v are always positive, whereas the 
forces Ne become negative at the equator if 


a 2 > 2b 2 . (i) 

In the particular case of a sphere, a = b; and we find in all points 
N v = Ng = pa/2. 

Shell in Form of a Torus . — If a torus is obtained by rotation of a 
circle of radius a about a vertical axis (Fig. 145), the forces N v 
are obtained by considering the equilibrium of the ring-shaped 
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portion of t he shell represented in t he figure hv t he heavy line A D, 
Since the forces X? along the parallel circle BB are horizontal, we 
need consider only the forces A\. along the circle A A and the 
external forces acting on the ring when discussing equilibrium 
in the vertical direction. As-timing that the shell is submitted 



r.-i. 1 1-». 


to the action of uniform internal pre--ure we obtain the equa- 
tion of equilibrium 

2rr c .\\. sin v' - rrpfr; -- h'). 


from which 




(219) 


Substituting this expre."i<»n in Kq. s210i 4 w<* find 


( 220 ) 


A torn- of an elliptical cro-- section may i>e treated in a similar 
manner. 


75. Shell *; of Constant Strength. V 
str>‘!i^tli, K : ip (inijii. ii* >j**n* 

wi-icht. 1 It v.i-i^iit of thi* ;>-r i 

and the tv. .-iiaijv >!>.*it- of 1 1 . t - iioiitlit 


fir** r\.;!|ip!-’ of of 

:i»uf«*fj!j thi.d.m -1 **aj>;'ortin? its or. n 
ait s.fx-a of the laid'!!'* *■;; r:\vr,- t< -.h, 
id-me. the coordinate av. ■* are 


Z - v. co 


(.:) 


hi tin* c;im’ i . of roil- taut *-trciij.*;h ti.<- form «>f th«* meridian- i< deter- 
mined in h a v..o, it ;ho (-omj>re"ive str«'*» i- con-tnnt and equal t« e 
in all the tin* .•ti’*!i- m si., midilh- -nrfnre, • r , that 


# \ j (a -- / ^ _ 

s'lilotituting in !.<j -.MO', v.o fin-! 
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or, by substituting r 2 = n> sin <p and solving for n, 


r o 


7 

—ro cos tp — sin ip 
a 


(c) 


From Fig. 138&, wc have 


, dr 0 

r i (lip — 

COS ip 


Thus Eq. (c) can be represented in the form 


dr 0 r 0 cos <p 


dip 7 

—r 0 cos ip — (tin ip 
a 


(d) 


At the top of the dome where ip = 0, the right side of the equation becomes 
indefinite. To remove this difficulty we use Eq. (&). Because of the condi- 
tions of symmetry at the top, n = r 2 , and we conclude that 


j*i = r 2 = — and dr a = n dip = — dip. 

7 7 

Hence, for the top of the dome we have 

dro 2<r 

— = — (c) 

dip 7 

Using Eqs. (e) and (d), wc can obtain the shape of the meridian by numerical 
integration starting from the top of the dome and calculating for each 
increment A ip of the angle tp the corresponding increment An, of the radius ro. 
To find the variation of the thickness of the shell, Eq. (/), Art. 73, must be 
used. Substituting N v = No = —ah in this equation and observing tlmto- 
is constant, we obtain 


d 7 

— ~{hr a ) + hr i cos ip H — r\r 0 h sin tp = 0. 

a<p a 

Substituting expression (c) for r j, the following equation is i btained: 


(/) 


^ cos tp d — 7*0 sin tp 

—Qir a ) = hri, 

dtp y 

-To COS <p — Bin tp 
a 

For tp = 0, we obtain from Eq. (/) 


(a) 
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It is seen that for the first increment Av* of the angle any constant value 
for h can be taken. Then for the other points of the meridian the thickness 
is found by the numerical integration of I'.q. (g). In I'ip. 1!G the result of 
such a calculation is represented. 1 It is seen that the condition 

lYp >et .Yj. —ah 

brines us not only to a definite form of the middle surface of the dome but 
al.-o to a definite law of variation of th** thickness of the dome along the 
meridian. 



In th" re. " of a tank of equal - trvneth that contains a liquid with r. pres- 
sure id at th' iipje-r point .! ' fig. t -t 7 .= v.c mu*; find a shape of the meridian 
such that an internal pro -ur" equal to *,.* v. ill give ri-e at alt points of the 
fdiell to furre-o 

.V v , «> X; ■- const. 

1 This example has been calculated by \V. Hugge; fee bis “Statik und 
Dynarnik d»-r S.-h.ah :i,” p. f>3, Ib rlin, HCi-S. 

• A innth'-uiatiea! dl-cussioti of this problem is given in the book by 
C. Runge and 11. Kosng, " Vnrlc-ungcn liber Nstmeri'ches Iteelinen,” p. 320, 
Berlin, 102!. 



DEFORMATION OF SHELLS WITHOUT BENDING 369 


A similar problem is encountered in finding the shape of a drop of liquid 
resting on a horizontal plane. Because of the capillary forces a thin surface 
film of uniform tension is formed which envelops the liquid and prevents 
it from spreading over the supporting surface. Both problems are mathe- 
matically identical. 

In such cases, Eq, (210) gives 



Taking the orthogonal coordinates as shown in the figure, we have 


Hence, 


x 

ri = i i 

sin p 


T\ dp = ds = 


dx 

COS p 


1 sin p 
r } x 


1 cos p dp d sin p 
rj dx dx 


and Eq. ( h ) gives 


Observing that 

tan p 


d sin p sin p yz 

dx ' x N# 


dz 

dx 


and 


sin p — 


tan p 


y/lTdr tan z p 


U) 

(j) 


it is possible to eliminate sin p from Eq. (i) and obtain in this way a differen- 
tial equation for z as a function of x. The equation obtained in this manner 
is very complicated, and a simpler means of solving the problem is to intro- 
duce a new variable u = sin p. Making this substitution in Eq. (i) and (j), 
we obtain 


du v. yz 
dx x N v 
dz u 

dx V l - w* 


<J0 

(J) 


These equations can be integrated numerically starting from the upper 
point A of the tank. At this point, from symmetry, r L = r 2 , and we find 
from Eq. (/i) that 

_ 2N f 


By introducing the notation 
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we write 


T I 


r=x 


,l ' 


On) 


With this radius we make the first element of the meridian curve nAy — 
corresponding to (lie small angle J W-. At tin; end of this are we have, ns for 
a small are of a circle, 


</ -1- r. 


(Ay) s 


u 



- </ 


(ArF- 


~ d 



(*>) 


When the values n and 2 have hcen found from Fq«. f n), the values of tin Ids 
anti d;/dr for the same point are found from Kq*. {/.') and (l). With these 
values of the derivatives we can calculate tin- values of r and 11 at the end of 
tin- next interval, ami so on. Such calculation-* can lie continued without 
difficulty up to an angle v - equal, ay, to .'<) deg., at which the value of u 
I incomes approximately 0.7.V From this point on ami up to v *=? 110 deg. 
the increments of r arc nnicli longer than the corresjemding increments of r, 
anti it is advitntagt-oii-i to take • ;.•< the independent variable instead of r. 
For v > 110 deg., ' iiue-t again 1«- taken as th<- independent variable, ami the 
calculation i** continued up to tie- point H where tie- mcridi.au curve has th“ 
horizontal tangent />’(*. Over the circular area ISO the tank has a horizontal 
surface of contact with tie- foundation, and the pn-.-ii rc ',(</ -f- d.) is hal* 
anced by the reaction of the foundation. 

A tank d' -igm <1 in thi* manner 1 i-. a tank of constant strength only if the 
pressure at .1 is Mich as assumed in tie- calculations. For any other value 
of this pressure tie- forci 1 .Vs and .V v . w ill no longer be constant but will t ary 
along the meridian. Their magnitude can then be calculated by using .he 
gem-ral equation- gnpi and (210). It will rd-o la- found that the rquilils- 
rium of tie- tank requires that vertical -h- aring force- act along tie- parallel 
circle IK’. Tl.e indicates (hat chc - to this circle a he*al bending of the wall 
of the tank mu 1 take place. 


76. Displacements in Symmetrically Loaded Shells Having the 
Form of a Surface of Revolution. -In the c:me of symmetrical 
deformation of :t -hell, ;k small displacement of ,u point can be 
resolved into ttvo component**: r in the direction of the tangent to 
the meridian and tr in the direction of the normal to the middle 
surface. Considering an element AH of the meridian (Fig. HS), 
we see that the increase of the length of the element due to 
tangential displacements r and c -f~ (dr/d^)d^ of its ends is equal 

1 A tank of thi* kind v. as constructed by the Chicago Bridge and Iron 
Works; sec (’. I„ I Jay, liny. Suet Ii<c., vol, 103, p. -t lit, 11*21*. 
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10 'dr/dyjdy. Because off the radial displacements w of the 
points .4. and 5 the length of the element doer eases by an amount 
tr d«, Too change in the length of the element due to the 
difference in the radial displacements of the points A and 5 can 
he n ejected as a small quantity of higher order. Thus the total 
change in length of the element .41? due to deformation Is 


dr 


d«r — v. (Ls. 


dy 

Dividing this by the initial length 
r- dy of the element, vre gnd the strain 
of the shell in the meridional direction 
to he 




r-p,' 




' / ^ \ 

, / V r < 

f. 


C’cy-FT 


1 dr ir 
^ ri d<? r-. 


<*) 


T 

v4-'rf? ! 

C'*; r 


FV;. 149 ,. 


Considering an element of a parallel circle it may be seen fFig. 
148} that erring to displacements r and tr the radius re of the 
circle increases by the amount 

r cos y — ir sin y. 

The circumference of the parallel circle increases in the same 
proportion as its radius; hence. 

1 , . . 

<=? — — 'r cos <r — or sm oo, 
r c • 


or. substituting re = r* sin y. 


6* — — COt <5 — 


MT 


r 

r 2 ' r z 


% 


Eliminating a: from Eos. (g) and T>. v/e obtain for r the differ- 
ential actuation 


dr 

dv 


v cot y = r.e^ — r ; <e ? . 


fc) 


The strain components ^ and can be expressed in. terms of the 
forces A ^ and .V * by applying Hooke's lav. This gives 


% £//*' ' ^ t} \ 
« - k (: <* ~ - v 4 


(d) 
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Substituting in Eq. (c), wc obtain 

~ - v cot e = -pj^X ?(r i + cri) - A'c(r : + «•,)]. (221) 

In each particular case the forces A r «. and A'* can be found from 
the loading conditions, and the displacement v will then be 
obtained by integration of the differential equation (221). 
Denoting the right side of this equation bv/(^), we write 

( Il _ ,• ,-ot v- - /(v-). 


The general solution of this equation is 

r = + (r) 

in which C is a constant of integration to be determined from the 
condition at the support. 

Take, ns an example, a spherical shell of constant thickness 
loaded by its own weight ! Fig. 1 40a). In such a ease r t = r : = a, 
Xc and X? are given by expressions (211), and Eq. (221) becomes 


dr 




V cot 

'Fhe general solution (c) F then 
r.-'p 1 -r c) 


flVl + >■)( 2 \ 

V* - • * ... l COS y - ----- — )• 

Eh \ I -r cos c j 


Eh 


sin v- log ( 1 COS y) — 


sin v* 


cos y 


-f c sin C-. CO 


The constant C will now be detennined from the condition that 
fur y - (f t he displacement r is rent (Fig. 1-IOu). From this 
condition 


C 


'?•</) 1 a- 
Eh 


fits <t 


log (1 cos «) 


(9) 


The displacement v is obtained by substitution in expression (/)• 
The di-placcmcni ir is readily found from F.q. (h). At the sup- 
port, where r — 0, the displacement te can be calculated directly 
from Eq. (/>) without tiding solution (f) by substituting for t* its 
value from the second of the equations (if). 




o: all forces acting on tbs element, tre must add to the- for ces con- 
sidered in Art. 73 tea force 


— r^rT- £-7 
C7 


re) 


lateral sites of the element. Hence, instead of Err. (f ) fArt. 73), 


~e o otart tote equation 

f ^t- _ ' r dil f r __ 

^ ' -* &* *1} i ^ » i ft' cos <e 


cr -f- J'r^Oj — 0, fS22) 


O^ECBSEg the forces in tbs ^-direction, ~e mast include th= 
cnerence of tee snearing forces acting' on the top and bottom 
of the element as given by the expression 


0<1t 


r -<Hjr r, r r -, <7 .... . 

of -r -mmri f'o £f = — (rj_\ of. lb) 

O i, C 7 i 5 " 
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the f orcc 

ON p ... 

dO r * ( 0 ( v (c) 

due to variation of the force Nt and the force 

Ne e r t (■()< v >10 < / v (</) 

due to t ho small angle cos <10 between the shearing forces A’., 
acting on tin* lateral sides of the element. The component in 
T-direction of the external load acting on the element is 


AVir, do ih,~. ( ( ) 

Summing up all those forces, we obtain the equation 

“(n..\\. ? ) -r + .V»,c : cos v - -f. AVer, - 0. (223) 


'I’he third equation of equilibrium is obtained by projecting the 
forces on the z-axi-o Since the projection of shearing forces on 
this axis vanishes, the third equation conforms with Eq. (210) 
which was derived for symmetrica! loading. 

The problem of determining membrane stresses under ttnsym- 
metrical loading reduces to the solution of the three Eqs. (222), 
(223) and (210) for given values of the components A", 1' and Z 
of the intensity of the external load. The application of those 
equations to the case of shells subjected to wind pressure will be 
discussed in the next article. 

78. Stresses Produced by Wind Pressure. 1 — As a particular 
example of the application of the general equations of equilibrium 
derived in the previous article, let us consider the action of wind 
pressure ott a shell. Assuming that the direction of the wind is 
in the meridian plane 0 — 0 and that the pressure is normal to the 
surface, we take 

X — 1' — 0, Z — p sin v* cos 0. (a) 

1 The first investigation of the; kind was made l»v II. Kei-snor, “Multcr- 
I'rcslau-Fcs.t.-chnft," p. tSl, Leipzig, 1912; who F. Pi-chi ngor in l-.von 
Kmperger’n " Hnndbm-li (nr Ki-rnbetonlinti.” tth <•<!., vet. (>, Hcrlin, 192S; 
li. Wiedemann, Sehim;. Ihtuzritunrj, vot. 1 OS, ]>. 2U*, ll'3G; and K. Cdrk- 
inartn, Di r StaULtu, vol. ti, 11X53. 
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^ 0 V" * 

~ 1 c'fj 
Ci? 




fc-’' fr 


"fcT 7 

h *f CO**: C 

fcf» f 

f 1 ■** 

7a r; 

: -r - ' ■? P: COS 

.eir. «r 

=• — 'y7? ! \T l .dTn 


By g the last of these equations — e eliminate the force -V? 
ana obtain the folio rang ruo differential equations : of toe first 
order for determining -V. and hb, — Wr?r 

fchh r (icr* ,. __ , r : c-V, e _ £ .\ 

— ■ i ~ t? i - v }-* * i r" jc P* » r - rj - v r - rj - y>/ 

r ' '.fli; / r, cf ( ^ 

% c r f i. flr'i „ T~ \ f- f fc~ * r - . { 

i7 ~ ' n 2? ~ s -r " _ .sr- ir - ™ *-) 

Let us consider the particular proldern of a spherical shell, in 
which ease re = = c. We take the solution of Errs, fc) in the 

17 v = 5- cos f. W ? - = Su sin f, fc) 

in rhich dr and ?,u are functions of <r only. Substituting in 
Eqs. fc], — e obtain the fohordns ordinary differential equations 
for the determination of these functions: 


yr t 

„ i ^ J' s , C 


- f C r rj 


'• v ”•) 


2 corpr^ 


-dr = —nr. 


By adding and subtracting these equations and introducing the 
notation 

h I = — C J r . fa — dr dhrr fj> 

the following two ordinary differential equations, each containing 
only one unknown. are obtained: 

^ ~ ( 2 m p~' ;) r t = -pea - cos y) 

cC„ / 1 \ ( 

~ I 2 cor ^ — ) b a — prf I — cos <yj . j 

'To* a.— ttft-Sr. of 'he sires- frrr.arka fc. fc.Teuhratfcg wrr.d stresses was 

nsec hg A. Pea her- Pcf. fr.Orr.. £r£fg; cr,f Stnjd^rd. Ers?. roL 5, 

f- 275. XGSa- 
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Applying the general rule for integrating differential equations 
of the first order, we obtain 


p _ 1 + cos y>' 
sin 3 v? 


U t 


1 — COS V" 

sin 3 t? 


Cl + Jfri^cos v" - ;; cos 1 ^ 
C- — ]>a(^:oi y — ~ cos 5 


(h) 


where C, and C'« are constants of integration. Substituting in 
Kqs. (f) and using Kqs. (*/), we finally obtain 


.V 


__ (,fW 0 
’’ sin 3 v’ 


c, + c. , Ci - c:. 


cos v - 


4* pal cos 


^cos 5 


v sin 0 
A -- - . - , - 

sin 3 v* 


U, - C- . C, + c. 


_r -1. 


i T 


cos v- 


*r pal cos 


fens v * 


cos 1 




fo 


To determine the constants of integration C*t and C* let us con- 
sider a shell in the form of a hemisphere and put v* — r/2 in 
expressions (i). Then the forces along the equator of the shell 
are 


-V, 




ros 0, 


St, - 



sin 0. 


O') 


.Since the pressure at each point of the sphere is in a radial 
direction, the moment of the wind forces with respect to the 
diameter of the sphere perpendicular to the plane 0 — 0 is zero. 
Using tin- fact and applying the first of the equations (J), wc 
obtain 

f *' C -i- (' C~ r 

j X f a‘ cos o iiO ~ n'- ‘ ‘ 'I ros : 0 <10 = 0, 

Jo - Jo 

which gives 

Cl - -C-. (/■) 

Tint second neeessai v equation i»- obtained by taking the sum of 
the component* of all forces acting on the half sphere in the 
direction of the horizontal diameter in the planet) = 0. This gives 
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f^NsW sin £ d£ 


— P > sin cr cos 5 - a sin y sin y cos £ dp d£, 


or 


cx- 


Cr - C; 


.2 




Jfc rom (£) and (7} — e obtain 


Cr = — | ap. 


C« — iap. 


Subsriturfng these values for the constants in expressions (i) 
and using the third of the equations (6). we obtain 


7 — rc cos £ cos ts fy j . . 

-’or = — ^ — -(2 - 3 COS y -f C-OS- p), 

i snr y 

Ns — ry r: . 0S ,- ( 2 cos cs — 3 sin 2 c — 2 cos 4 a),\ 
3 sin- <p ' ‘ ‘ 

pc sin 6 . r T . 

2i S. e — —~r -X-; — (2 — 3 COS V -r COS- y). 

. . STT1- t-r 


OO 


By using these expressions the wind stresses at any point of the 


shell can fee readily calculated, 
a hemisphere, there will be 
no normal forces acting along 
the edge of the shell, since 
(NJj^r/i — 0. The shearing 
forces N s c along the edge are 
different from zero and are equal 
and opposite to the horizontal 
resultant of the wind pressure. 
The maximum numerical value 
of these forces is found at the 
ends of the diameter perpendic- 


If the shell is in the form of 



ular to the plane £ = 0, at which point they are equal to ± 2 pa [%. 

As a second application of Eqs. (c) let us consider the case of a 
shed, having the shape of a circular cone and supported by a 
colum n at the vertex (Tig. 150). In this case the radius r t is 
infinitely large. For an element dry of a meridian we can write 
dy — T t dtp. Hence 


d_ 

dp 
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In addition wo have 


U - y sin or, 


(bo 

— = sin a, 

dy 


r s = y tan a. 


Substituting in Kqs. (c), we obtain for a conical shell submitted 
to a wind pressure Z ~ p sin c cos 0 the equations 


<hV, , Nc , 

Oi/ ""** it i/ sin ct 00 
OX', 2 Xj, 
Oij ' 1 / 


— 7 ) sin a cos 0 .) 


—71 sin 0 . j 


('0 


'fhe second equation can lie readily integrated to obtain 


X ie 


(»■ + r) -in 5. 


(O) 


The edge of tiie shell if ~ l i< free from forces; hence the constant 
of integration in expression («) is 

r - V 1 ' 


and we finally obtain 


.y... 

.> ir 

Substituting in the first of the equations (a), we find 
f>.V, , .V, (? /•• -ir , . \ . 

... ~ _l . . . -f p MU tY 1 CIS 6. 

0)J 1 / \,i !j ■ sill a / 

The integration of this equation gives 

. . ;> ms of l' — tr l : - ir . \ 

A I ... - „ cos- a 1 

sin a \ or/- 2 [i ) 


(?) 


(?) 


which vanishes at the edge 1 / r- l a- it should. The forces Xt are 
obtained from the third of the equations {(>). which gives 


.V? ~ —pi/ sin a cos 0. (r) 

The expressions (p), (q) and (r) give tin 1 complete solution for the 
stresses due to wind pres.- ure on the conical shell represented in 
Fig. 150. At tin* top y ~ 0 the forces X, and Xe, become 
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In the particular cnee of a spberirnl shell rj ■= r : <=> n, n = a sin and 
Eqs. (d) reduce to the following pimple form: 


dS 


-f- 2 eoty.S',., "4* ~r~Sf f , *=» 0; 


n 

win v* 


dv- 

-!- 2 COtv-Nffn -f- — <S'f« ” 0. 

rfy Pint- 


M 


Proceeding ns in the previous article, by taking the mm and the difference 
of Eqs. (r) and introducing the notation 

L"i, « -S’,-, 4- .S’ iv,, f.':. " .SV, — -S’*,.,, (/) 

we obtain 



The rotation of the**: equation" i*‘ 



Erom Eqs. f/i we tb*n obtain 


Sr 


r,„ - r,. ^ i 

2 ” *" 2 mu* v- 

r,s - /V _ 1 
2 ’ " tTidVv 


i) + l) 

r »'( r * ,t 5) ~ r **( tan 5) 


(0 


If we have a *he]! without nti opening at the top, expn*"ions ft) mu«t be 
finite for v- - 0 Tills ri*<|uin-> that the constant o? integration C'j, = 0. 
Substituting tin.* in Kq. (t) atid u*ing 1>j*. (l/\ we find 



Substituting for y the angle y s rorrc*-jH>nding to the edge of the spherical 
tdiell, mc shall obtain the normal and the shearing fon-e.s which must be 
distributed along tie- < <!ge of the shell to produce in this shell the forces (j). 
Taking, as an example, tire case when w *» t/2, i.e., the shell is a hemisphere, 
we obtain, from exprr- sions (j), 
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cos rJ>, 


) 

Ct- . ( 

*"2 2 / 


(k) 


jCr.rrT nnv the stresses produced in a spnencal shell fry normal and shearing 
forces applied to the edge and proportional to cos n& and sin r<>, respec- 
t i yfc 'v can treat the problem of any distribution of normal forces along 
the edge fry representing this distribution fry a trigonometric series in which 
each term of the series is a solution similar to the solution 0h- : Take, as an 


rrrrr 

-L1_LLL 


TTT 

{ < t 


TTTT 

Mil 


TT 


rrr 

1 t i 


t t s 


(5/ 


i f i 

"rrr 


x ' i i - i — 5 

i E I [OT - 

(JV A- " 


i l 

TT 


*l2(jr 


u 


f f 


LLi 

ft/ 


7700^ 

~zt~ 


Ohr 

E L 


r i ( 


! L 


i i 


' X"XT , ; , 

’ I j-LVj 


2 sTt? 

— -j-j— 


LU 

(0 

Fro, 151 


if 

I 


1 ca 


:^£di 




example, the case of a hernispherieal dome of radius a, carrying only its own 
weight of o lb. per sous re foot and supported fry four symmetrically located 
columns. If the dome is resting on a continuous foundation, the forces* N? 
are uniformly dLsr.rifruted along the edge as shown in Fig. 15I«, in which the 
intensity of force «-'<• per unit angle is plotted against the angle 0, In 
the case of four equidistant columns the distribution of reactions will fre 
as shown in Fig, 1'Ab, m whieh 2e denotes the angle corresponding to the 
circumferential distance supported fry each column. Subtracting the force 
distribution of Fig. I'Aa from the force distribution of Fig, Jo If/, we obtain 


1 In using a series /.'* = § Ci, cos r»5 for normal forces we obtain 

--- 

a distribution of these forces symmetrical with respect to the diameter f- = 0. 
In the g encr&I case the series will contain not only cosine terms but also sine 
terms. The solutions for sine terms can be obtained in exactly the same 
manner as in oar discussion of the cosine terms. It is only necessary to 
exchange the places of cos nC and sir/ in Eqs. fh>. 
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I ho distribution of Fig. loir, representing a .system of forces in equilibrium. 
This distribution can be represented in form of a series 

” X AnCOHIlO, (I) 

' - n--l.fi.l2. • ■ • 

iii which only the terms n ” -I, fi, 12, • - • must be considered, since the 
diagram loir repeats itself after each interval of r/2 and has four complete 
periods in the angle 2r. Applying the usual method for calculating the 
coefficients of series (/), we find 

2 qn“ 

A„ sin (nr). 

nr 

Ifence the distribution shown by diagram loir is represented by the series 

U 

2 < 7 'i : VI .‘in r.r 

(iiSt) - — y‘. ■ cos nii. (m) 

*•“. r n 

r, - .. 

Comparing each term of this »<-rh-s with the first of the equations (/;) we 
conclude that 

sin nr 
r n 

The stre-se, produced in the shell by the forces (nt) are now obtained 
by taking a solution of tin- form < j i e<,rr>-sji-t:idi!ig to each term of series (m) 
and then .siip- rivcing t!n-->- solutions. In *ttvh n manner v.e obtain 



8uper|w>-mg •, solution on solution (211), which was previously obtained 
for a dome *oj.; by force-, uniformly distributed along the edge (Fig. 

MOu), we o -’mu uirmutas fur calculating the stres-es in a dome resting on 
four coltitn; It mint l«e noted, however, that, whets -as the aliove-incn- 
tinned super, -oiton gives the necessary distribution of the reactive forces 
Ac its allow:: in fig I alh, it also introduces shearing fonts A'*,- which do 
not vanish nt the edge of the dome. Thus our solution does not satisfy 
nil the conditions of the problem. In fact, so long as we limit ourselves 
to membrane theory, we shall not have enough constants to satisfy all the 
conditions ami to obtain the complete solution of tla* problem. In actual 
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inlcnsilv of this load being denoted, as before, by X, Y and Z. 
Considering the equilibrium of the element and summing up the 
forces in the x-direction, we obtain 

~^~rdp dx -f- ~ J '-i dp (lx + Xrdp dx — 0. (a) 

Ox dip w 

Similarly the forces in the direction of the tangent to the normal 
cross section, t.c., in the //-direction, give as a corresponding 
equation of equilibrium 

dr -f- ‘‘dip dx + Yrd<p dx = 0. (b) 

or op ' > 

The forces acting in the direction of the normal to the shell, i.c.. 



re*., tax 


in the r-dircction, give the equation 

X f i!p dr -r Zrdp dx ~ 0. (c) 

After simplification, tie* three equations of equilibrium can be 
represented in the following form: 


«>.Y, , l o.Y„, 

Ox r op ’ ' ‘ 
OXr, a _ 1 OX, ^ 
Ox ' r Op 
.Y, r- - Zr. 



(224) 


In each particular case we readily find the value of X r . Stils- 
stituling this value in the second of the equations, we then obtain 
X„ by integration. IVing the value of X., thus obtained we 
find X • by integrating t li**- first equation. 

As tin example of the application of Hqs. (224) let us consider 
a horizontal circular tube filled with liquid and supported at the 
ends. 1 Measuring the angle p as shown in Fig. 1-536 and denoting 

1 This problem was di-cu.—etl by 1). Thotnn, gts. Ttirblntntcesm, 
vol. 17, p. 40, 1020, 
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by fo the pressure at the axis of the tube, the pressure at any 
point is fo — ya cos <p. We thus obtain 

X = Y = 0. Z = — To + 7 a cos <p. (cT) 

Substituting in Eqs. (224), we find 

N v — poa — ya 2 cos <p, ( e ) 

Nx? — —fya sin p dx + Ci(y) = —y ax sin <p -f C\(<p), (f) 

N x — J y cos (pxdx — -~~-dx + Cz(ip) 

x 2 x dGi(<p) . ri ( \ t \ 

= r y cos * “ a + C2( *°‘ (ff) 

The functions Ci(y) and C'a(y) must now be determined from tho 
conditions at the edges. 

Let as first assume that there are no forces N z at the ends of the 
tube. Then 


(Nx)x- o = 0 (N x )x-i » 0. 

We shall satisfy these conditions by taking 

CtW) = 0, Cliv) = ^ sin * + c. 


It Is seen from expression (/) that the constant C represents forces 
Nx? uniformly distributed around the edge of the tube, as is the 
ease when the tube Is subjected to torsion. If there is no torque 
applied, we must take C = 0. Then the solution of Eqs. (224) 
in our particular case is 


N«, — pou — ya 2 cos <p, \ 

N x ? 7®^ *sm i ? , ( (225) 

y \ 

N x — —~x(l — x) cos <p.J 


It is seen that N x ? and N x are proportional, respectively, to the 
shearing force and to the bending moment of a uniformly loaded 
beam of span l and can be obtained by applying beam formulas to 
the tube carrying a uniformly distributed load of the magnitude 1 
xa 2 y per unit length of the tube. 


x The weight of the tube is neglected in this discussion. 
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By a proper selection of the function C;(v?) we can also obtain 
a solution of the problem for a cylindrical shell with built-in 
edges. In such a ease the length of the generator remains 
unchanged, and we have the condition 

X’f.V, - vXJdr = 0. 

Substituting 


A'.- - ~ x) cos V ' + C' ; (c), ~ pin - 7 a- cos <?, 


we obtain 


and 


Cs(v) “ yppt -r cos v - 




7X 


(l — jr) cos v * *r c/M» 


■' (ft - 


sn'ly cos c. (22G) 


Owing to the action of the forces .V,, and X t th«*re will be a certain 
amount of strain in the circumferential direction at the end of 



tv.. i:.t. 


the tube in contradiction to our assumption of built-in edges. 
This indp.ues that at tin* ends of the tube there will be some 
local bend dig, which is disregarded itt the membrane theory. 
A more* complete solution of the problem can be obtained only by 
considering n.i mbrane stresses together with bending stresses, as 
will be di.v us-ed in the next chapter. 

Sections of cylindrical shells, such as shown in Fig. 154, are 
sometimes used as coverings of various- kinds of structure. These 
shells are usually supported only at the end- while the edges .-IB 
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and CD arc free. In calculating the membrane stresses for such 
shells the previous Hqs. (224) can again bo used. Take, for 
example, ft shell of a semicircular cross section supporting its own 
weight which is assumed to be uniformly distributed over the 
surface of the shell. In such a ease wo have 


X — 0 , Y — p sin tp, Z = p cos ip. 

The third of the equations (224) gives 

N v = —pa cos <p (//.) 

which vanishes along the edges A B and CD as if should. It is 
seen that this condition will also be satisfied if some other curve 
is taken instead of a semicircle provided only that <p — ±ir/2 
at the edges. Substituting expression (/t) in the second of the 
equations ''224), we find 

N xv - -2 px sin <p -|- Ci(tp). ( i ) 

By puffing the origin of the coordinates at the middle of the span 
and assuming the same end conditions at both ends, x — ± 1/2 of 
the tube, it can be concluded from symmetry that Cj(tp) ~ 0, 
Hence, 

JV*„ = —2 px sin <p. (j) 

It is seen that this solution does not vanish along the edges AJi 
and CD as it should for free edges. In structural applications, 
however, the edges are usually reinforced by longitudinal mem- 
bers strong enough to resist the tension produced by shearing 
force ( j ). Substituting expression (j) in the first of the equations 
(224), wo obtain 

Nr. — ~~ COS tp -|- Ci{tp). {];) 


If the ends of the shell are supported in such a manner that the 
reactions act in the planes of the end cross sections, the forces N„ 
must vanish at the ends. Hence Cz(tp) — —pD cos tp/4a, and we 
obtain 


Nr 


p COS tp 

4 a 


( 1 2 - 4 x 2 ). 


0 l ) 


Expressions (h), (j) and (l) represent the solution of Eqs. (224) 
for our particular case (Fig. 154) satisfying the conditions at the 
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ends and also one of the conditions along the edges AB and CD. 
The second condition, which concerns the shearing forces N xr , 
cannot he satisfied by using the membrane stresses alone. In 
practical applications it. is assumed that the forces N Tr will bo 
taken by the longitudinal members that reinforce the edges. It 
can be expected that this assumption will be satisfactory in those 
cases in which the length of the shell is not large, say / 5=; 2a, and 
that the membrane theory will give an approximate picture of the 
stress distribution in such eases. For longer shells a satisfactory 
solution can be obtained only by considering bending as well as 
membrane stresses. This problem will be discussed in the next 
chapter (see Art. 01). 



CHAPTER XI 

GENERAL THEORY OF CYLINDRICAL SHELLS 

81. A Circular Cylindrical Shell Loaded Symmetrically with 
Respect to Its Axis. — In practical applications wc frequently 
encounter problems in which a circular cylindrical shell is sub- 
mitted to the action of forces distributed symmetrically with 



respect to the axis of the cylinder. The stress distribution in 
cylindrical boilers submitted to the action of steam pressure, 
stresses in cylindrical containers having a vertical axis and 
submitted to internal liquid pressure and stresses in circular pipes 
under uniform internal pressure are examples of such problems. 

To establish the equations required for the solution of these 
problems we consider an element, as shown in Figs. 152a and 155, 
and consider the equations of equilibrium. It can be concluded 
from symmetry that the membrane shearing forces N xip = N vs 
vanish in this case and that forces N v are constant along tho 
circumference. Regarding the transverse shearing forces, it can 
also bo concluded from symmetry that only the forces Q x do not 
vanish. Considering the moments acting on the clement in 

389 
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Fig. Inn, wo. also conclude from svmmet ry dial the twisting 
moments M xe = jlf v .- vanish and that die bonding moments 
are constant along the circumference. Under such conditions of 
symmetry three of the six equations of equilibrium of the element 
are identically satisfied, and we have to consider only the remain- 
ing three equations, viz., those obtained by projecting the forces 
on the x- and r-axes, and by taking the moment of the forces 
about the i/-axis. Assuming that the external forces consist only 
of a pressure normal to the surface, these three equations of 
equilibrium are 

d. V- , , 

—r—rt i! x ilc 
tlx 

'a tlx -f- X f fix ilif -f- Z<! nr <le 
dr 

V'« ~ CV* dr tie 

tlx 


= 0,1 

“ o ] ( a ) 

= 9. 


The first one indicates that the forces A', are constant,* and wo 
take them equal to zero in our further d be it- -ion. If they are 
different from sawn. the deformation and stre-- - corresponding to 
such con-taut force- ran be ea-ily calculated and superposed on 
stresses and deformations produeed by lateral load. The 
remaining tuoequation- e an be written in tie- following simplified 
form: 


dV, . 1 .- 

ds ’ a * 



d.M 

ilx 


Q, ~ <»- 


«>) 


These two equations’ contain three unknown quantities X f , Q. 
and M,. d’o solve the problem we must therefore consider the 
displneou >ts ef point- in the utiddh* surface of the shell. 

From s, i 'Y .ry we conclude’ that the component v of the dis- 
placement • die < irniuiferential direction vanishes. We thus 
have to co-’i.it r only the components ti and ir in the x- and 
^-directions rcqn-ct ivedy. The expressions for the strain com- 
ponents then become 


u 




(c) 


1 The effect of th<- »* f«»n k » o;t bunding b wgb'ct^d in thi* di^cu^sion. 
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(227) becomes 


jjtl'w Eh „ 

D-r-< H Tie - /• 

fix' a* 


Using the notation 


fi l 


Eh 
■Ur I) 



Eq. (228) can be represented in the simplified form 


f/'tr 

7f? 


Afi'tr 


z 

J) 


( 228 ) 


(229) 


(230) 


This is the same equation as is obtained f or a prbmntieai bar with 
a flexural rigidity I), supported by a continuous elastic foundation 
and submitted to the action of a load of intensity Z. 1 The 
genera! solution of tin’s equation }-• 

u> — i 3 *(C i cos fix (’z sin fix) 

•r >' '•■(Uj cos fix -f- C< sin fix) -{-fix), (231) 

in which/tV) i* a particular solution of Kq. (280) and Ci. . . . ,C t 
are the constants of integration which must be determined in each 

particular case from the conditions at the 
0 ends of the cylinder. 

*• Take, as an example, a long circular 

- I X .‘■‘ttbrnttfed to the action of bending 

moments M ? and shearing forces Q ■ both 
uniformly distributed along the edge 

- x — (> (Fig. loti). In this case there is no 

-■<y, 0 pressure Z distributed over the surface of 

f the shell, and f\r) r- 0 in the general 

j-j„ . r solution (231). Since the forces applied 
at the end x — U produce a local bending 
which dies ,. u i inpidly as tie* distance x from the loaded end 
increases, v,.- conclude that the first term on the right side of 
Ecj. (231) ni i-t vanjsli. Hence, C . — (’,* — 0, and we obtain 

ic cos fix -1- C, sin fir). (o) 

The two constants C 3 and C < can now be determined from the 
conditions at the loaded end which may be written 

* See author’* ‘‘SlroiiKth of Materials," vol. 2, J). -1 0 1 , ltKiO. 
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"0 
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±^0,~S^ r C«- JL 
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-W/s: 


2 S-D 
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cos £zj — O.i co*? Sr). f232) 


2c- h' 


d- Q,). 


(232) 


is taker. poster re coward riie asi? of tie cjliroor. iae slope at 


(: 


'7—) = ^rf'23lU cos 5~ -r O/ooe Sr -f- sin S~>L-.i 

^0— /•==■! ZC'U 

~ 2 ^2y3Xa -f - Ci}* (SBi, 


157 irtrocerirp th» notation. 

(C* ci ~j ■■— c /'-, co? cxr srr. t u«zr j* 

ifSr} = Sr — sin Sr] A (235) 

S'jSrj = c^- cos Sr. f(£r; = g-^ r sin .Sr.) 

' / 

ore expressions ion deflection. and its consecutive denrratrves can 


I 




:ea n: rn? roao~ 


lUHIIOvL 10- i. 


= — g^f53f^(Sr} -f- OiS 'Sr) p 

§7 = 2klf.mU%r) A- QvESEjl 

”■ T 

;jpr ~ ~ ^•fi'.'fSr j -f* 20,sSf£r} tf 

pTT = ■^:2S3r 1 ('(Sr) — Qft'6r.)i. 


(2?A) 
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Taiu.k -Ifi. — T atii.u or Function's <!•, v', 0 and s v 
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Wo thus obtain for the right-lmnd portion 




W = 


fiM 0 (sin fir — cos fix) + ^ cos fix 


(«) 


2fi*Dl 

whcr c x is measured from the cross section at which the load is 
applied. To calculate (lie moment M 0 which appears in expres- 
sion (a) we use expression (231) which gives t ho slope at x — 0. 
In our case this slope vanishes because of symmetry. Hence, 


2/Wo - ~ = 0, 


and we obtain 




id 


(&) 


Substituting this value in expres-ion (a), the deflection of the 
shell becomes 


/> 

«* ~ dx CO- d- r ) “ i 


(237) 


and bv differentiation we find 


dtr 

dx 

d : a 


■-W " * 




ers-c). 


(/j :- " 23 si*// ‘ ,,Vm ^ ~ ^') « 

dhr . n , /' . , 

a? " w s«>// r "' <*-• " 


•id/> 


v'Cdx),) (c) 


Observing from K<[s. (h) and (/) of the preceding article that 

i{*ir 

•v. “ c>.- « 


dhr 

"d?’ 


we finally obtain the following expressions for the bending 
moment and shearing force: 


M, - ~v'(dx), Q, - -~0ifir). 


(23S) 


The results obtained are all graphically represented in Fig. 159. 
It is seen that the maximum deflection is under the load P and 
that its value us given by Ftp (237) is 

- _ J y?. 

" S 8 Z D “ 2 /■:/(’ 


tl’„ 


(239) 



GENERAL THEORY OF CYLINDRICAL SHELLS 397 


The maximum bending moment is also under the load and is 
determined from Eq. (238) as 

= —■ (240) 

The maximum of the absolute value of the shearing force is 



f(fi'f) 


evidently equal to P/2. The values of all these quantities at a 
certain distance from the load can be readily obtained by using 
Table 45. We see from this table and from Fig. 159 that all the 
quantities that determine the bending of the shell arc small for 
x > 7 r//3. This fact indicates that the bending is of a local 
character and that a shell of length 
l — 27t// 3 loaded at the middle will 
have practically the same maximum 
deflection and the same maximum 
stress as a very long shell. 

Having the solution of the problem 
for the case in which a load is con- 
centrated at a circular cross section, 
we can readily solve the problem of 
a load distributed along a certain length of the cylinder by 
applying the principle of superposition. As an example let 
us consider the case of a uniform load of intensity q uni- 
formly distributed along a length l of a cylinder (Fig. 160). 



Fig. 100 . 
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Assuming that (lie loud is at a considerable distance from the 
ends of t he cylinder, we can use solution (237) to calculate the 
deflections. The deflection at a point A produced by an ele- 
mentary ring load of an intensity' 7 r/£ at a distance £ from A is 
obtained from expression (237) by substituting 7 </£ for P and £ 
for x and is 


1 

s/r// 


' £ (eo< 0 $ + sin /?£). 


The deflection produced at A by the total load distributed over 
the length / is then 


- - « 


^ ft - 

+ sin #£) ~ r ,,^(2 — cos $6 — c -<!: cos /Je). 


The bending moment at a point .1 can be calculated by similar 
application of the method of Mtporpo-.it ion. 



Ci/liriilriatl Sf.'tt with a t'nifonn I nit null Pnwmrf (Fin. 1 ( » I ) . — 
If the edge-, of the shell are free, the internal pro-sure /> produces 
only a hoop Mre-- 


and the rndi is of the cylinder increases by the amount 


0 -■ 


tier, 

E 


pit' 

Eli 


(d) 


If the ends of the shell ate built in, ns shown in Fig. 161a, they 
cannot move out, and local bending occurs .at the edges. If the 


1 q tit is tin- load jn-r unit length of circumference. 
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length. I of the shell Is sufSciestiy large, ve can use solution (232} 
to hrresrigste this bending, the moment 317 and the shearing force 
b eing determined from the conditions that, the deflection and 
the slope along the built-in edge x = 0 (Tig. 161a) vanish. 
According to these conditions. Eos. *'233; and ('234; of the preced- 
ing article become 

~Wd ( 8Mc - * Q < } = 5 > 

2^(25317 ~ Q c) = 0.. 

—here 5 is given by Eq. id). 

Solving for 317 and Q .. — e obtain 

Mr = 25- Do = Oc = -45' D5 = -f- (241) 

-y" p 

We thus obtain a positive bending moment and a negative shear- 
ing forc-e acting as shorn n in Fig. 161c. Substituting these values 
in expressions (236). the deflection and the bending moment at- 
any distance from the end can be readily calculated by the use of 
Table 45. 

If ; instead of built-in edges, we have simply supported edges 
as shown in Fig. 1616. the deSection and the bending moment 
M- vanish along the edge. Mr = 0. and vre obtain, bv using Eos. 
(233} ; 

Qr = -23'- Do. 

By substituting these values in solution (232) the deflection at 
any distance from the end can be calculated. 

It was assumed in the preceding discussion that the length of 
the shell is large. If this is nor the case, the bending at one end 
cannot be considered as independent of the conditions at the 
other end. and recourse must be had to the general solution ( 231) 
which contains four constants of integration. The partic ular 
solution of Eq. C230) for the case of uniform load (Z — — p) is 
—p/AS’D — -pa- 1 Eh. The general solution (231) can then be 
put m the following form by the introduction of hyperbolic 
functions in place of the exponential functions: 

Jjs j- 

— ££- -f- Ci sin Sx sinh px -f- C* sin px cosh Sz 

-r C z cos 3x sinh 3z -f C t cos px cosh Bx. (e, 


ix — 
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If the origin of coordinates is taken at the middle of the cylinder, 
as shown in Fig. Wlb, expression (/■) must he an even function ofr. 
Hence, 

C, - Ci — 0. (/) 

The constants C\ and C< must now he selected so jus to satisfy the 
conditions at the ends. If the ends are simply supported, the 
deflection and the bending moment M s must vanish at the ends, 
and we obtain 



Substituting expression (V) in these relations and rcmemlx*ring 
that C« ~ C'j - 0. we find 

— *{* C i sin n sink o f‘i cos a cosh a ~ 0, j 

(■i Co- << eo"h a — f .’t "in a stub a 0,1 
where, for the sake of simplicity, 

til 

2 **• 

From these equations we obtain 

__ pn- : in a sinit o 

1 Eh sin : a siutr << -p co- -1 o co-h 5 u 


(h) 


(0 


pir 2 sin a sink ci 
Eh eo" 2 a d* cosh 2a 


_ /)<!• vn • a cii-h a 

' Eh "in : <t -till * 1 (i co" : a eo"h ; a 


O') 


/er 2 cos a cosh a 

/.Vi cos 2a -f- cosh 2a 

Substituting the "nines s' j) and (f) of the constants in expression 
(e) and ob—n t.g from expression (222) that 


we obtain 

" ~mL{ 


& „ -i /«■ - I'' 1 "''’. 

IJ- 


2 sin ix siidi a 


(A) 


1 — „ , ~ sin or smh pr 

cus 2a cosh go 

2 cos a cosh n lot 

o~." i o ( '° s ' P* (-0 ' ;il & x r w 
s 2a eosii 2a / 


cos 
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In each particular case, if the dimensions of the shell are known, 
the quantity a, which Is dimensionless, can be calculated by 
means of the notation (i) and (229). By substituting this value 
in expression ( l ) the deflection of the shell at any point can be 
found. 

For the middle of the shell, substituting x = 0 in expression (l), 


we obtain 


(w) 


'z*=A 


pV ( _ .2 cos a cosh a 
64Da 4 \ cos 2a + cosh 2 a 


> 


(m) 


When the shell is long, a becomes large, the second term in the 
parenthesis of expression (m) becomes small and the deflection 
approaches the value (d) calculated for the case of free ends. 
This indicates that in the case of long shells the effect of the end 
supports upon the deflection at the middle is negligible. Taking 
another extreme case, viz., the case when a is very small, we can 
show by expanding the trigonometric and hyperbolic functions in 
power series that the expression in parenthesis in Eq. ( m ) 
approaches the value had / 6 and that the deflection (l) approaches 
that for a uniformly loaded and simply supported beam of length 
l and flexural rigidity D. 

Differentiating expression (l) twice and multiplying it by D, 
the bending moment is found as 


M = -D— = sin a sinh a cosh Bx cos Bx 

dx* 4a 2 \cos 2a + cosh 2a ° 1 C & PX 


+ cosh 2a 
cos a cosh a 
cos 2a -f- cosh 2a 

At the middle of the shell this moment is 


sin sinh Bx ). ( n ) 


> 


(-if x) r---0 


-pl 2 sin a sinh a 
4a 2 cos 2a + cosh 2 a 


(o) 


It is seen that for large values of a, i.c., for long shells, this 
moment becomes negligibly small and the middle portion is, for 
all practical purposes, under the action of merely the hoop 
stresses pa/h. 

The case of a cylinder with built-in edges (Fig. 161a) can be 
treated in a similar manner. Going directly to the final result, 1 

1 Both cases arc discussed in detail by I. G. Boobnov in his “Theory of 
Structure of Ships,” vol. 2, p. 368, St. Petersburg, 1913. Also included are 
numerical tables which simplify the calculations of moments and deflections. 
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we hoc that the bending moment Mo noting along the built-in 
edge is 


Mo = 


v si nil ‘2n — sin 2 a p /n . 

“ ' sinh 2a'+ sin ‘2a 2^ X:(2 ^’ (24 “ J 


2ft- 


where 


Xs(2«) 


sinh 2« — sin 2rr 
sinh 2a -f- sin 2a 


In the case of long shells, a is large, (he factor x ; f2«) in expression 
(212) approaches unity and the value of the moment approaches 
that given by the first of the expressions f2-!l). For shorter 
shells the value of the factor y ; (2«) in (212) can he taken from 
Table ‘10. 
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i c2.«) 

xft.2c) 

0 2 


;, (vo 

O.OOOS 

0.100 

(1 t 


2 .'02 

0 fr’iW 

0 200 

0 r, 


1 tut 

1 o non: 

0.100 

OS 


1 20 7 

i o n v, 

o.-ioo 

1 (1 
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O V„*t 
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o.nso 
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o t;i:» 

i (i,:.o;.n 

0.S13 

2 0 


0 7;ts 

: o.ccvwj 

0 . 02 ;, 

2 


u s»r> 

1 0 S22» 

1.05.-, 

:t o 


o sa:t 

f 0 0770 
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:t 


0. 

i 1 O.MM 

l.fKI 

! f) 


t ivr, 

t o;,so 

1.0.-, 0 

t j 


1 .017 

t Ot(V) 

1.027 

o 


t .017 

l.tKtOO 

1 .oos 


Ci/limlrintl Stu ll llrr.t fttj [\ nr.it Mnvimls I ){?ir{l>utat ahoy; 
lltr lulii, In the preceding section this problem was discussed 
assuming that the .•■hell i - lung and that each end can i>e treated 
independently. In the ra-e of shorter shells both ends must be 
considered -.iuiuliancnu-ly by u-ing solution (#•) with four con- 
stants of integration. Proceeding as in the previous cases, the 
following results can lie obtained: For the ca>“ of bonding by 
uniformly distributed shearing forces (Fig, 1G2«) the deflection 
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the slope at the ends are 

_ 2QrBa- cosh 2 a -f cos 2a 
fc -jnh 2a ~r sin 2a 


2Qr.Ba i 


Xi(2a),f 


iA _ . 2Q(fj-a- sinh 2a — sin 2a 
x ~ ~ Eh sinh 2a -f sin 2a 


, 2Qr8W 
^ Eh : 


Xt(2a).i 


the case of bending by the moments Mo (Fig. 162 h) v/e obtain 


_ 2 MtfPa* _ s inh 2a — sin 2a 

w)-^'s,z=i — t-i n k 2 a -r sin 2a 


dw\ _ Mt&a - . co; 
^35/8-0.8-1 _ “ FA sir 


2M,ew 

Eh : 

cosh 2a — cos 2a 
sinh 2a -r sin 2a 

. AMt&a 1 

~ Eh 


XzCZcl), 


Xi(2a). 


In the case of long shells the factors xu Xz and xz in expressions 
(243) and (244) are close to unity, and the results coincide 



Fig. 162. 


vdth those given by expressions (233) and (234). To simplify 
the calculations for shorter shells, the values of functions xt, Xt 
and x? are given in Table 46. 

Using solutions (243) and (244), the stresses in a long pipe 
reinforced by equidistant rings (Fig. 163) and submitted to the 
action of uniform internal pressure j> can be readily discussed. 

Assume first that there are no rings. Then, under the action of 
internal pressure, hoop stresses c t = pa/h will be produced, 
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and the radius of the pipe will increase by the amount 



Now, inking I ho rings into consideration and assuming that they 
are absolutely rigid, we conclude that reactive forces will he 
produced between each ring and the pipe. The magnitude of the 
forces per unit length of the circumference of the tube will be 
denoted by P. The magnitude of P will now be determined 

from the condition that the 
forces P produce a deflection of 
t tin* pip 1 ' under the ring equal to 
the expansion 6 created by the 
; internal pressure V- In calculat- 
j ing this deflection we observe 
that a portion of the tube be- 
tween two adjacent rings may ho 
considered as the sin'll shown in l'ies, lG2e and 1 02b. In this 
ease Q ~ ~ } : P. and the magnitude of tin* bending moment 
A/u tinih r a ring is determined from the condition that dw/dx = 0 
at that point. Hence from Kq>. (243) and 1244) we find 



Pd'n- 

Eh 


X'J 


-’«) 


4 M„Vr, 

Eh 


X:(2 a) = 0, 


from wliicii 


M, 


P\,<2«) 

4 dxd»‘ 


(!>) 


If the distance / between the rings is large, 1 the quantity 


2a - ill - ! \ :ii 1 

is also large, the functions ya2u) and x«(2 a) approach unity 
and the mom* nt M c approaches the value (240). For calculating 
the force /’ entering in lap t/>) the expressions for deflections as 
given in Kip. (243) and (244) mist be used. These expressions 
give 


PiUi 

Eh 


X i(2a) 


Pp:V x’j (2u) _ . JiiP 
2 Eh x,{2«) ' ° Eh ’ 


• For - O.tt, 2a « 1.2s;,! x Yi'. 
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1 xK2<z) 1 = o£7j 

2 xA2d) a 1 


For large values of 2a this reduces to 


( 245 ) 


—hi eh coincides with Eq. (239). "When 2<z is not large, the 
value of the reactive forces P is calculated from Eq. ( 245) by 
using Table 46. Solving Eq. (245) for P and substituting its 
expression in expression (p), we find 


3fc = 2a). 


(246) 


This coincides with expression (242) previously obtained for a 
shell with built-in edges. 

To take into account the extension of rings we observe that 
the reactive forces P produce in the ring a tensile force Pa 
and that the corresponding increase of the inner radius of the 
ring is 1 

Pa- 
01 = AE 

—here A is the cross-sectional area of the ring. To take this 
extension into account — e substitute 5 — instead of b, in 
Eq. (245) and obtain 

1 yj(2a)l Ph , „ 

Pp[rJ2«> - 5 j = P - X (24 '5 

From this equation, P can be readily obtained by using Table 46, 
and the moment found by substituting p — (Pk/A), instead of 
p. in Eq. (246). 

If the pressure p acts not only on the cylindrical shell but als o 
on the ends, longitudinal forces 

2 

* It is assumed that the cross-sectional dimensions of the ring are s mall in 
comparison with the radios a. 
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arc produced in the shell. The extension of the radius of the 
cylinder is then 



and the quantity p(l — lr) instead of p must bo substituted in 
F.qs. (240) and (247). 

Equations (247) and (245) ran Ik* also used in the e.asc of 
external uniform pressure provided the compressive stresses 
in the ring and in the shell are far enough from the critical 
stresses at which buckling may occur. 1 This case is of practical 
importance in the design of submarines and has been discussed 
by several authors. 1 

83. Pressure Vessels. — Th<- method illustrated by the 
examples of the. preceding article can also be applied in (he 



analysis of stresses in cylindrical vo-vl- submitted to the action 
of internal prrs-ure. In discu-sing the “membrane theory” it- 
was repeatedly indicated that this theory fails to represent the 
true strc'-e' m those portions of a shell rto-e to the edges, since 
the edge conditions usually cannot be completely satisfied by 
considering only membrane stress-*-. A similar condition in 
which tin- membrane theory h inadequate is found in cylindrical 
pressure * »*s-i4~ at the joints between the cylindrical portion and 
the ends of the vessel. At these joints the membrane stresses 
are usually accompanied by local bending stresses which arc 

1 Buckling <>f ring* atel cylindrical shell* o Uiwu--od in tin* author's lx>ok 
“Theory of Kta-ta- Stability.” 

5 Sec paper hy K, von Samh-n ami K. (liinthcr. “Wi-rft itml Kicdorvi,” 
vol. 1, 1 pp' Ugi lOS, IS‘.»-1«K. 2UV-221. amt voh 2, 1021, |*j>. 505-510. 
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distributed symmetrically vriib respect to the axis of the cylinder . 
These local stresses can be calculated by using solution (232) of 
Art. 81. 

Let us begin with the simple case of a cylindrical vessel with 
hemispherical ends (Fig. 164). 1 At a sufficient distance from 
the joints ran and mini the membrane theory is accurate enough 
and gives for the cylindrical portion of radius a 


X- 


pa 

T' 


X t — pa. 


(a) 


where p denotes the internal pressure. 

For the spherical ends this theory gives a uniform tensile 
force 

X = f - (6) 

The extension of the radius of the cylindrical shell under the 
action of the forces (a) is 



and the extension of the radius of the spherical ends is 

- m a ~ ->• ® 

Comparing egressions (c) and (d), it can be concluded that if we 
consider only membrane stresses we obtain a discontinuity at the 
joints as represented in Fig. 164&. This indicates that at the 
joint there must act shearing forces Qn and bending moments M 0 
uniformly distributed along the circumference and of such mag- 
nitudes as to eliminate this discontinuity. The stresses pro- 
duced by these forces are sometimes called discontinuity dresses. 

In calculating the quantities Qu and Me we assume that the 
bending Is of a local character so that solution (232) can be 
applied with sufficient accuracy in discussing the bending of the 
cylindrical portion. The investigation of the bending of the 
spherical ends represents a more complicated problem which will 
be fully discussed in Chap. XII. Here we obtain an approxi- 

1 ThL= ease was discussed bv E. Meissner, Schweiz. Bauzeilung, vol 86 
p. 1, 1925- 
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mate solution of the problem by assuming that the bonding is of 
importance only in the zone of the spherical shell close to the 
joint and that this zone can be treated as a portion of a long 
cylindrical shell 1 of radius a. If the thickness of the spherical 
and the cylindrical portion of the vessel is the same, the forces 
Q o produce ccpial rotations of the edges of both portions at the 
joint (Fig. 1G1I»). This indicates that M n vanishes and that Qo 
alone is sufficient to eliminate the discontinuity. The mag- 
nitude of Qn is now determined from the condition that the sum 
of the numerical values of the deflections of the edges of the two 
parts must be equal to the difference o t — o : of the radial expan- 
sions furnished by the membrane theory. Using JCq. (2-3-3) for 
the deflections, we obtain 


(>■ 

(i'l) 


5. 


pn~- 
2 Eh’ 


from which, by living notation (220), 


Q* - 


pn-(i'l) _ p 


2 Eh 


S? 


(r) 


Having obtained thi- value of the force Q ; , the deflection and 
t Ik; bending moment M r can be calculated at any point by using 
formulas ( 23t») which give- 


,r " -2%) 0i8T )> 

Mr - ~l)j~ rr 
US' 


■'fits--). 


Suhvtituting expre-.sion (*) for and cxpre.wion (220) for /3 
in the formula for .!/„ we obtain 


S\ / :ui - i -) 


(/) 


This moment nftainv its numerical maximum at the distance 


1 K. M.a vaer, ia !!;•• >vc-ini-rttii):te<l paper, rdtov. od that the error in the 
magnitude of tin- h-mding « tr>- a- i-aloutatcd from «m*h mi approximate 
solution i- email for thm \otui'phcrie;d -helN and is smaller than t percent 
if ll/I, > fit). 

1 .Vote that the direi-tinn of Q> ia F’ig. It, l iv opjy.irilc to the direction iu 
Fig. I. Vi. 
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% — t/ 45. at which point the derivative of the moment is zero, 
as can be seen from the fourth of the equations (236). 

Combining the maximum bending stress produced by M- with 
the membrane stress, we find 


- 25 T 4 t V3(l - (?) - Lm 2 h ® 

This stress which acts at the outer surface of the cylindrical shell 
is about 30 per cent larger than the membrane stress acting in 
the axial direction. In calculating stresses in the circumferen- 
tial direction in addition to the membrane stress 'pa/h, the hoop 
stress caused by the deflection w as well as the bending stress 
produced by the moment M c = vM- must be considered. In 
this wav we obtain at the outer surface of the cvlindrieal shell 


ap Ew 6r , apt 1 . , Zv 

h a h- h\ 4 4 ^ 3(1 . 

Taking v — 0.3 and using Table 45, we find 




(«,)_ = 1-032— 


fix = 1.85. 


Since the membrane stress is smaller in the ends than in the 
cylinder sides, the maximum stress in the spherical ends is 
always smaller than the calculated stress ( h ). m 

Thus the latter stress is the determining factor r~jr 

in the design of the vessel. Vj- b ->j | 

The same method o f calculating discontinuity / [ ^ 

stresses can be applied in the case of ends l j T • 
having the form of an ellipsoid of revolution. \ I ; 

The membrane stresses in this case are obtained \ r 

from expressions (217) and (218) (see page 365). n 

At the joint mn which represents the equator Fja - 16 °- 
of the ellipsoid, Fig. 165, the stresses in the direction of the 
meridian and in the equatorial direction are, respectively, 

_ _ Pa pa/ _ _oA 

9 2 K ’ h V 1 2 by ® 

The extension of the radius of the equator Is 


= |(v* 
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Substituting tins quantity instead of o z in the previous calculation 
of the shearing force Qo, we find 


5, 


o- = 


n •% 

pa- jf r_ 
"Eh 2b-’ 


and instead of Kq. (<•), we obtain 



w 


It is seen that the shearing force Qn in the ease of ellipsoidal 
ends is larger than in the ease of hemi-pherieal ends in the ratio 
a" fir. The discontinuity stresses will evidently increase in the 
same proportion. For example, taking a/b ~ 2, we obtain, from 
expressions (a) and (It), 


(Or- 


tip , ,yrp 

- h h v'o(l - 

- I.12« 

fi 


,i-i - 2.172— > 

2 h 


Again, (a is the large-t stress and is consequently the deter- 
mining factor in design, 1 

8*1. Cylindrical Tanks with Uniform 
Wall Thickness. — If a tank is sub- 
mit ted t,, the action of a liquid pres- 
a- shov.n in Fig, 1 tiG, the stresses 
in the wall ran be analyzed by Using Kq. 
I'J-UY). Substituting in this equation 



V. — — yt'u — x). 


(«) 


where 7 is the weight per unit volume of the liquid, we obtain 


(Pu- 

tts 1 


'a- 



(M 


‘Mon* |»t.ii! r>g r<!ir:pr «tre--.-- j;t t> >:!<rs v.irj, eHijen-dn! ends can bo 
found in the H.ihii, " ,ii** iV-tigkrit «!«■. gev. eUitea Hodon and 

tier Zylindi rvdude," /.nrs-h, lt'.'T. AI-«. in.-hnbd are tin* re-alt' of experi- 
mental investigation' of de.-oiitiaaitv *tr< v. hich are in a ginnl agreement 

with tlie approximate >.>Uition. abu F. Selmh-Gninow, JngtniruT- 

AreKu-, vol. -5, |i. o ItKUJ. 
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ticular solution 


IT r = 


of this equation is 
yfd — r) _ y(d — x)a z 


■'D 


Eh 


(c) 


expression represents the radial expansion of a cylindrical 
with free edges under the action of hoop stresses. Sub- 
ring expression (c) in. place of f(x) in expression (231). we 
in for the complete solution of Eq. (6) 

e-fCi cos Sx A- C z sin fix) — C* cos $z -f- C 4 sin Sx) 

yftf — x)a : 
Eh 

nost practical cases the wall thickness h is small in eompari- 
with both the radius a and the depth d of the tank, and we 
r consider the shell as infinitely long. The constants Ci and 
are then equal to zero, and we obtain 

xr = e~= r (Cz cos Sx -E C± sin Sr) — (d) 


is constants C 3 and Ch can now be obtained from the conditions 
the bottom of the tank. Assuming that the lower edge of 
s wall is built into an absolutely rigid foundation, the boundary 
editions are 


d<x \ 

Jx}^ ~ 


OW. = C, - ^ = 0 ; 


— SC'-e^-fcos Sr -j- sin Sr) 


r 5C i e~ iz (cos Sx — sin Sr) -f- 


yn- 

Eh 


£(C 4 - cr 3 ) ^ = o. 


From these equations we obtain 
yard 


Cz Eh ' 
Expression (d) then becomes 


Ci ~ 7 §S d 


} 


1£ = 

Eht 


<r* r 


d cos 




sin Sr 


f 


from which, by using the notation of (235). we obtain 


w 


ya-d 

'~Eh 


l- T 2 -6(Sx) 


- i 1 ~ s> 


'l(.Sx) 


(e) 
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From t his expression (he deflection at any point enn be readily 
calculated by (lie use of Table 45. The force N r in the circum- 
ferential direction is (hen 




Eh tv 
a 


- yad\ 1 



(/) 


From the second derivative of expression (r) we obtain the bend- 
ing moment 


M, = -D 


(l-w 

dx z 


2fi-yn- l)d 

Eh 

y nd h 

A./ 12(1 - «') 


+ (' - 

f(8r) -}- 1 . (o) 


Having expressions (f) and (<;) . the maximum stro.-s at any point 
can readily be calculated in each particular case. The bending 
moment has its maximum value at the bottom, where it is equal to 


(M')r-r - .U, 


/ j __ AY >«'//, _ 

\ \ 12(1 - »••)’ 


(A) 


The same rc-ult can be obtained by tiring previous solutions 
(23'i) ami (234) ipage .T.K1 ) . A-mming that the lower edge of 
the shell is entirely free, we obtain from expression (c) 






(0 


To eliminate t hi- di-jdacement and rotation of the edge and thus 
satisfy the edge condition- at the bottom of the tank, a shearing 
force (),, and bending moment Mr must lw applied as indicated in 
Fig. 100. The magnitude of each of the-e quantities is obtained 
by equating expr-v-ion- (233) and (234) to expressions (i) taken 


with rever-cd signs. Tin- gives 

1 (3M, -\- 


2;Tt) 


Q) - 
Q ) 


, yn’-d 

""Eh' 

Eh 


From these oqua t .a-* we again obtain expression ( h ) for Mo, 
whereas for the -te aring force we find 1 

1 Tlic negative f »c n cele'at'-- dial Q : has the direction -hown in Fig. 1G6 
which is ojipe-itc to tin- direction u-cd in Fig. 15*1 when deriving expressions 
(233) nntl (23 i ). 
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Taking, as an example, a — 30 ft., d = 26 ft., h = 14 in., 7 = 0.03613 lb. 
per cubic inch and v = 0.25, we find p = 0.01824 in . -1 and fid = 5.691. 
For such a value of the quantity pd our assumption that the shell is infinitely 
long will result in a very accurate value for the moment and the shearing 
force, and we obtain from expressions (ft) and (j) 

Mo'= 13960 in. lb. per inch, Q 0 — —563.6 lb. per inch. 


In the construction of steel tanks, metallic sheets of several different 
thicknesses are very often used as shown in Fig. 167. Applying the partic- 
ular solution (c) to each portion of uniform thickness, we find that the differ- 
ences in thickness give rise to discontinuities in the displacement W\ along the 
joints mn and mini. These discontinuities together with the displacements 
at the bottom ab can be removed by apply- 
ing moments and shearing forces. Assum- 
ing that the vertical dimension of each 
portion is sufficiently large to justify the 
application of the formulas for an infinitely 
large shell, we calculate the discontinuity 
moments and shearing forces as before by 
using Eqs. (233) and (234) and applying at 
each joint the two conditions that the 
adjacent portions of the shell have equal 
deflections and a common tangent. If the 
use of formulas (233) and (234) derived 
cannot be justified, the general solution containing four constants of inte- 
gration must be applied to each portion of the tank. The determination 
of the constants under such conditions becomes much more complicated, 
since the fact that each joint cannot be treated independently necessitates 
the solution of a system of simultaneous equations. This problem can be 
solved by approximate methods . 1 

85. Cylindrical Tanks with Non-uniform Wall Thickness. — In the case of 
tanks of non-uniform wall thickness the solution of the problem requires the 
integration of Eq. (227), considering the flexural rigidity D and the thickness 
h as no longer constant but as functions of x. We have thus to deal with a 
linear differential equation of fourth order with variable coefficients. As an 
example, let us consider the case when the thickness of the wall is a linear 
function of the coordinate x 2 Taking the origin of the coordinates as shown 
in Fig. 168, we have for the thickness of the wall and for the flexural rigidity 
the expressions 



for an infinitely long shell 


1 An approximate method of solving this problem was given by C. Itunge, 
7i. Math. Physik, vol. 51, p, 254, 1904. This method was applied by Karl 
Girkmann in a design of a large welded tank, Der Slahlbau, vol, 4, p. 25, 1931. 

- 2 Reissner, H., “Beton und Eisen,” vol. 7, p. 150, 1908; see also 
W. Fliiggc, “Statik und Dynamik der Schalen,” p. 132, Berlin, 1934. 
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h ox; 

mid Ki[. (227) hnromi'M 


I) 


Ea s 


12(1 — ,') 



, 12(1 - .-•} 

r -. — Tw 

vAit * 


12(1 - , -)y<x - Xp) 
EcA 


Tito pnrtieiilnr solution of tliii eipnition is 


(a) 


(b) 



ZF////y//y///////F//, 1 

^ 2o >* 

r«u. !«>■>. 


iri ** 



(e) 


This solution represents tin* rndird expansion 
of ft sh* It with free edges under the internal 
pre-Min- - i..). Ah a result of the dis- 
placement se) ft i-erinm ntnounl of bending of 
the generatrices of the cylinder nmtrs, The 
rorrv-ponding betiding moment is 



* nhdx: 



(</) 


This mo!!iefit is indejM-nd- nt of x nnd is in nl! 
praelie.-d r.wi of -ueh -mall magnitude that 
It- fti-tiori ran II -unity (/<• neglected. 


To ohtftin the complete -•du to in of 1>{. >l.t u have to ndd to the particular 
rolutum tc) tin- .“dutton of the homogeneous equation 



winch, upon division hy x, can h- rd«<> written 



w 


‘I he |iolutio!i of this equation of the fourth order rati h<* fedutvd to that of 
two equation:/ t { the fecund order* if v.e ob-ervr that 


!£'/ d’A ^ 1 d/ .dj'l d/ d-Al) 

x dx*\ dx*/ x dx ( dx{ x dx\ dx / j 
To simplify the writing we introduce the following symbols 


/*{«-") 



if) 


1 This reduction v.sis shown by (i. Kirehhoff, “Herliner Monatsberichte,” 
p. S15, 187ft; rd-m I. Tmiliutiter nnd K. IVnr-un, "A History of the 
Theory of Elasticity v»»I. 2, part 2, p. 02. 
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p ( 


12(1 - 


(?) 


Equation (e) thou becomes 

Z,{L(tr)] -E P % = 0 (1.) 

and can be rewritten in one of the two following forms: 

UMtc'j ~ iphcl - ip-'Mic) -f ip’-w] = 0, (t) 

L[L r w) — ip-irj — Ip'{L{ir) — i p-ir] = 0, 

where i ~ ~\/ — 1. 

We see that Eq. (/i) is satisfied by the solutions of the second-order 
equations 

Lftr) ■— iphr = 0, (J) 

L(vr) — ip-ic — 0. ():) 

Assuming that 

IT* = tpi -7- itfZt tTj = tfl -f- i<t~l (0 

are the two linearly independent solutions of Eq. (j), it can be seen that 

vri = «■: — itpz and ir< = cj — iV< (m) 


are the solutions of Eq. (/;). All four solutions (I) and (m) together then 
represent the complete system of independent solutions of Eq. (h). By using 
the sums and the differences of solutions (I) and (m), the general solution of 
Eq. (h) can be represented in the following form: 

tc — Ci<? 1 ~i~ Cz<pz -f- Cjcj -f* (n) 

in which Ct, . . . , C* are arbitrary constants. Thus the problem reduces 
to the determination of four functions y 1, . . . , which can all he obtained 
if the complete solution of one of Eqs. (7) and (£) is known. 

Taking Eq. (j) and substituting for L(vr) its meaning (J), we obtain 


dhc die 

x— — 2— -r ip~ v; = 0. 
dx- dx 

By introducing new variables 

r, = 2 p\/ix, 'c = i r\/z, 

Eq. (e) becomes 

^+^+(r-W-o. 

We take as a solution of this equation the power series 
ti — Or -f- div -f* a xo : -r • • • - 


(o) 

(P) 

(*) 
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Substituting (his serins in Kq. (r) and equating t hn coefficients of each 
power of t] to zero, we obtain the following relation between the coefficients 
of series (a): 

(n 5 — l)fi. n«.: — 0. 

Applying this equation to tlie first two coefficients and taking n_, r* n _, ,= q 
we find that n 5 0 and that o ( ran In- taken equal to any arbitrary constant. 
Calculating the further rnoHirients by means of 1 >[. ({), we find that series (*) 
is 

f ^ (, "^i - ” - -i- .y; .j . (• ~ ,y~— " cjfa), (u) 

where J\M is the Jlessel function of the first kind and of the first order, 
l'or our further <li“cu. , " i iori it i* ndvant-ap out to teethe relation 

rn 4, v* . * * 1 dJ, 

in which the series in lb 1- pxrenthe- 5 -, denoted by / a . i* the Ihx-jcf function 
of the fu>t kind and of zero order. Substituting tie- expression IVy/fr for- 
[see notation C />)[ in the e>rie- repre-vnlint; J/c) and collectim; the real and 
the. imapnary term*, ue obtain 

Mr) ~ vV2*Vr) (tr) 


r <2.-v / z'.‘ 

v't(2 x\ +* ! — . .j. . . _v _ . 

t2 tv ? rj . i . r, . 8> J 




I’.VV-r-i 


<2 d «}» (2 - 1 - - s • ‘ 


The •'•lutma (u) then piv 


r i - -c',;;y-.v\ / *t *r (o') 

where v * and >. d> note the derivative* of the function* (2IS) with respect 
to the annum »t \ 

The integral of I>j. (r) i* of n mo-e entnpli-ated form. Without 

derivation « e dmll elate that it can be rrprr-ented in the form 

f: - C’^’p-y ..%/?) ff’.y.VvV)!. (6’) 

in which v »nd v« are the derivative* with re- pert t<> the argument 2p\/x 
of the folk .mt function-: 

’ r~ *] « 

v'.(W?' - 'v'd-’A''*.’ ~ - «. T !op,~-4'A; 3 C.Vv / - : ) .) 

I ’ ^ ' r j (249) 

V«(2p\/r) ~ iv*,(2p\/r) -j- 2 ft, Iop,”™>T(2c-\/*} , j 
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S(ns = l-r"rrT' * • *f — * 

2 3 n 

log*. 5 = 0.57722. 

Earing solutions Or'] arid. (Tf) of Eg. (r), — e conclude that the general sola- 
tarn (r.> of En. f«) is 

v - ~ « -4=rCri'r2 P V^; -r C s EJ2pVz) ~ C f s'/2p\/i) 

v* v= 


f- CV:'/2pV^)I- «) 


ircmerieal values of the- functions ... , At and their first derivatives 
are given in Table: 47. 1 A graphics.! represents. tion of the functions tfj. 



rro. 160 . 


- . . , A \ is given in FIs. 165. It is seen that the values of these functions 
mrrease or decrease rapidly as the distance from the end increases. This 
indicates that in calculating the constants of integration in solution (H) ve 
can vert often proceed as rre did •pith functions (235), ile., bn considering 
the cylinder as an infinitely long one and using at each edge only t~o of the 
tour constants in solution (V}. 

l Tth table vras calculated by F. Schleicher; see "Kreisplatten anf FT?.— 
tischer Unterlage,” Berlin, I S2Q. Fiore complete tables for the same func- 
thns are given in the booh by Jahnihe-Emds, "Tables of Functions," Eerlin, 
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Tahu: -17. — Taiii.k or Tin: v'(-r) Functions 


<U |(f) 
<lx 


+ 1.0000 
+ 1.0000 
+0 . 00% 
+0.00 SO 
+0.093(1 

+0 OS t ! 
+0.997G 


0 . S070 


0 '.* 211 
0 59 51 

0 %v.) 


0 . 0000 

0.0000 

0.0100 

— 0 . 0005 

0.0399 

— 0.0010 

0.0900 

-0.0135 

0. 1599 

-0.0320 

0.2500 

-0.0924 

0.35S7 

-0.107S 

0 4S07 

-0. 1709 


0.0000 

- 0.1000 

- 0.2000 

-0.3000 

-0.3991 

-0.-1074 

-0.5935 

-0.6SG0 

-0.7727 

-0.S509 

-0.9170 

-o.mi 

-0.994 1 
-0.9913 
-0.95S9 


2 593 1 

~ 

-3 1319 

+0.4912 

2 2195 > 

-2 1422 

— 3 1199 

+ 1 .0315 

3 93 ; 

- 1 S729 , 

-3 93S7 

+ 1.CS33 

1 97 s 1 

-1 4910 

-3 S2+) 

+2.4520 

r» •» fv i i 

--ft Ns37 

— 3 c*VV, 

+3.3522 

9 2301 

-0 1190 : 

-3.S451 

+4.3512 

9 9 s >3 , 

S O S95s 

-3 9270 

+G.4S35 

7 997! [ 

+2 OS 15 * 

-3.2993 

+0.719S 

s 2 109 | 

•f 5 5597 ; 

—2 5409 

+S.0153 

s 7937 ! 

.;-f, ;9V.s ‘ 

-l.5s.Vi 

+9.4332 

S S5.S3 i 

+7.3347 . 

—0.2931 

s- 10. 3492 


-Ml.flOtVl | 


0.0000 

fl) 4S29 J 

-1.1031 

-0.1419 

+0 1 ISO | 

— * 0 . iw i>5 

-0.1970 

■Ml 405S I 

-0.1412 i 

-0.2210 

+0 3909 

-0.2ss3 t 

— 0.22SO 


+3.1340 
+ 1 .4974 
+0.9273 
+0.02S0 















420 


THEORY OF PLATER AND SHELIA 


where the symbol £ is used in plnre of 2 p\Zx. From expression (e') wo 
then obtnin 


K< 


Eh 

w 

a 


Ea 


’VScrf-Ki) + Cv’r'.M) -f *:»■;&> + evict)!, (c') 

7- ” — ~l^>Uv':(£) ~ 2v'i({)i - r.’ ; [£v',(£) -f- 2-;;(£)j 
" x 2x\/ x 

+ CJXhii) ~ 2v f# /0] - + 2-;;(£)|I, f/j 

ji 3 

•V. - -// 7 ” - -r_7~---v^K , .K«v:«; - -t.'£)v’:(£) -t-Sy'Kf)] 

r/r *»Mi r') 

- c,i(t)Vl(t) - ««);.(«) - 
+ <■.'>!(£)*;;(£) - t<(h-,(o + 

- - •{(£)•;,({) - s;;ct)ji, ^ 

Qt + s;iwi 

-i- r.(tv',({) - iv'.ttjj + 2;;(£<! + o.'iU’i) - 2; 1 '(t}]i. (v; 


By menus of these formulas the deflection- and the s'ri w;: --s rnn he ml- 
euhnted :it any point, provided the ron-tant,* (\, 1 are determined 

from the edtp- rondition*.. The vatu- « of the functions v'n . . . , v'« and 
their derivative-' are to be tn'.cn fr"t:i Tab!'- •!“ if C G. Forlnrsp.-t 

values of the nrprment, th*- foll-iv. inr asymptotic- expressions are fuRiciently 

ami rate; 
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As 2 n example, consider a cylindrical tank of the same general dimensions 
as that used in the previous article (page 413), and assume that the thickness 
or the Trail varies from 14 in. at the bottom to 3| in. at the top. In such a 
case the distance of the origin of the coordinates (Fig. 168), from the bottom 
of the tank is d ~ Xr, = {d - 416 in.; hence, (2p\/x)-_ r , + rf = 21.45. For 
such a large value of the argument, the functions end their 

first derivatives can be replaced by their asymptotic expressions (250). The 
defection and the slope at the bottom of the tank corresponding to the 
particular solution (c) are 




7 a 1 d 
Fa d -r~ x* 



'/a'- x<i 

Ea (xr, -f- d) J 


Considering the length of the cylindrical shell in the axial direction as very 
large, vre take the constants Cj and C« in solution fc'j as equal to zero and 
determine the constants C t and £7; so as to make the defection and the slope 
at the bottom of the shell equal to zero. These requirements give us the tvro 
following equations: 


/ ~[CvI'i(2p\/xj ~ , ’ 

o/x Fad -h 

— ^lCtl2pA/x^ 2 f2p\ // x J - 2p\{2 P ^/x)\ -Cx{2p\^x4rt{2py/x) [ (j f ) 
2z\/ x 


-p 2 Aj(2 z-z^~d ~ 


'■/a- x-r, 

Ea (d -f* xo) z 


Calculating the values of functions tf'it '4; and their derivatives from the 
asymptotic formulas (250) and substituting the resulting values in Eqs. 
(j~), vre obtain 

C, = -269^ — J— = - iY, 


Cs = -299- 


"\/ d ~ Zr, 
-car- 1 


E a ■ \ / d A- tp, 


■N, 


vrbere 


N = (e 


Substituting these values of the constants in expression (if), vre find for the 
bending moment at the bottom 


M . j = 13,900 lb. in. per inch. 

In the same m a nn er, by using expression (hi), vre find the magnitude of the 
shearing force at the bottom of the tank 


Qo — 527 lb. per Inch. 
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Those results do not differ much from the values obtained before for n tank 
with uniform wall thickness (pane -113). 


8G. Thermal Stresses in Cylindrical Shells. Uniform Temper- 
nturr Distribution. — If a cylindrical shell with free edges under- 
goes a uniform temperature change, no thermal stresses will he 
produced. But if the edges are supported or clamped, free 
expansion of the shell is prevented, and local heading stresses 
are set up at the edges. Knowing the thermal expansion of 
a shell when the edges are free, the values of the reactive moments 
and forces at the edges for any kind of symmetrical support can 
he readily obtained by using F.qs. (233) and (234), as was done in 
the eases shown in Fig. 101. 

Tnnprniturc (inuli>nl in thr Rwlinl Dir<ctinn , — Assume that 
ft and /; are the* uniform temperatures of the cylindrical wall 
at the inside and the outside surfaces, respectively, and that the: 
variation of the temperature through tie- thickness is linear. In 
such a ease, at points at a large distance from the ends of the 
shell, then* will he no bending, and the stresses can he calculated 
by using Kq. (51) which was derived for damped plates (sec 

page 51). Titus the stresses at the 
outer and the inner surfaces arc 



Knit, 

2:1 - 


- /:) 

vr 


(«) 


wle-re the upp'-r sign refers to the 
outer surface, indicating that a tensile 
s t r> s will art on this surface if f; > f ; . 


Near the riuh there will usually he some bending of the shell, 
and the total thermal stresses will be obtained !>v superposing 
upon (u) Mich -tre-ses ns are tieces-ary to satisfy the boundary 
condition" le t us consider. a> an example, the condition of 
free edges, m which c:m‘ the str e-s,.., Cf must vanish at the ends. 
In calmin' mg the st ri-s-e- and deformations in this case wo 
observe th at the edge the stresses («) result in uniformly 
distributed , uu-nts M,. (Fig. I70n) of the amount 


M, : - Z (!>) 

12(1 - *■) W 

To obtain a free edge, moments of the same magnitude hut 
opposite in direction must he superposed (Fig. 'TO!)). Hence 



GENERAL THEORY OF CYLINDRICAL SHELLS 


423 


the stresses at a free edge are obtained by superposing upon 
the stresses (a) the stresses produced by the moments — ilfo 
(Fig. 1706). These latter stresses can be readily calculated by 
using solution (232). From this solution it follows that 


( 314 )^ = 

(-V,)w> = 


F«(ft — f 2 )A 2 
"12(1 - vj ’ 



__ vEafti — i 2 )A 2 
12(1 ~ r) ? 

FA Af<j Ehatti — f 2 ) /- r 

" 2V3(1 - F; ~ " 


(c) 

(d) 


It is seen that at the free edge the maximum thermal stress 
acts in the circumferential direction and is obtained by adding 
to the stress (a) the stresses produced by the moment M? and 
the force N f . Assuming that h > U. we thus obtain 




EaO\ tj)/ ■< 

"2tt ~ *) V 


VT - g \ 
V3 / 


(e) 


For v = 0.3 this stress is about 25 per cent greater than the 
stress (a) calculated at points at a large distance from the ends. 
We can therefore conclude that if a crack will occur in a brittle 
material such as glass due to a temperature difference L — f 2 , it 
will start- at the edge and will proceed in the axial direction. 
In a similar manner the stresses can also be calculated in cases 
in which the edges are clamped or supported. 1 

Temperature Gradient in the Axial Direction . — If the tem- 
perature is constant through the thickness of the wall but varies 
along the length of the cylinder, the problem can be easily reduced 
to the solution of Eq. (228). 2 Let i = Fix) be the increase of 
the temperature of the shell from a certain uniform initial 
temperature. Assuming that the shell is divided into infinitely 
thin rings by planes perpendicular to the x-axis and denoting 
the radius of the shell by a, the radial expansion of the rings due 
to the temperature change is aaFix). This expansion can be 
eliminated and the shell can be brought to its initial diameter 
by applying an external pressure of an intensity Z such that 

1 Several examples of this kind are discussed in the paper by C. H. Kent, 
Tram. Am. Hoc. Mech. Eng., vol. 53, p. 167, 1931. 

J See “Applied Elasticity,” p. 146, 1925, 
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a-Z 

Eh 


ct<iF(x), 


winch gives 


X = Si 2;.-(T). 


0 ) 


A load of this intensity entirely nrrots the thermal expansion 
of the shell and produces in it only circumferential stresses 
having a magnitude 


oZ 


a r - - — EaF(z). 

li 


(9) 


To obtain the total thermal stresses, we must superpose on the 

stres-'-s in) the stresses that will bo 
produced in the shell by a load of the 
intensity — Z. This latter load must 
be applied it. order to make the lateral 
surface of the shell free from the 
external load given bv Kq. (/). The 
st re---.- produced in the shell by 
tie- load —Z are obtained by the in- 
tegration of the differential equation 
f2d0) which in this case becomes 



/rat 




3 


M, 


1 r* 


ill 


4 5 hr --- 


Eha 

Da 


F(x). (h) 


(C) 
Pi-, tr i 


As an example of the application of 
this equation let us consider a long 
cylinder, as shown in Fig. 17Io, and 
assume that the part of the cylinder to the right of the cross sec- 
tion run ha*- a o.ji-tant temp-rature l. : , whereas that to the left 
side ha- a t .operature that decrease.-, linearly to a tempera- 
ture / i at the end x t> according to the relation 




U: ~ t t )i 


The temperature changeful a point in this portion is thus 


Fix) r- t - L 


(L~ l t )x 
b" 


<0 
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Substituting this expression for the temperature change in Eq. 
( h ), we find that the particular solution of that equation is 

Wi = y {t 0 - h)x. ( j ) 

The displacement corresponding to this particular solution is 
shown in Fig. 1716 which indicates that there is at the section 
mn an angle of discontinuity of the magnitude 


Vh 

x 


aa 


( to — ^l). 


(k) 


To remove this discontinuity the moments Mo must be applied. 
Since the stress o> corresponding to the particular solution (j) 
cancels the stresses ( g ), we conclude that the stresses produced 
by the moments Mo are the total thermal stresses resulting from 
the above-described decrease in temperature. If the distances of 
the cross section mn from the ends of the cylinder are large, the 
magnitude of the moment Mo can be obtained at once from 
Eq. (234) by substituting 

«■ - °' (3?L - - « 

to obtain 1 


Mo = - 0 D^(to - h). (1) 

Substituting for /3 its value from expression (229) and taking 
v = 0.3, we find that the maximum thermal stress is 

= 0.353~Vc6(<o - U). (m) 

It was assumed in this calculation that the length 6 to the end 
of the cylinder is large. If this is not the case, a correction to 
the moment (V) must be calculated as follows. In an infinitely 
long shell the moment Mo produces at the distance x = 6 a 
moment and a shearing force (Fig. 171c) 2 that are given by the 

1 If fo — h is positive, as was assumed in the derivation, Mo is negative 
and thus has the direction shown in Fig. 171fr. 

1 The directions M z and Q x shown in Fig. 171c are the positive directions 
if the 3-axis has the direction shown in Fig. 171a. 
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general solution (236) as 

M s = ~D~ = M«p(0b), 

Q t = = -2PM ctWh). 

Since at the distance x — l we have a free edge, it is necessary 
to apply t here a moment and a force of the magnitude 

-Mr = -M^-m, -0.- - 2pMcrm (<>) 

in order to eliminate the forces (n) (Fig. 171c). 

The moment produced hy the forces (a) at the cross section 
mil gives the desired correction AM <• which is to be applied to 
the moment (/). Its value can be obtained from the third of 
the ecpiations (236) if we substitute in it — M&?(8b) instead 
of Mo and —2 pM^(Pb)* instead of Q?. These substitutions 
give 

AM - -//!-*[ - -MrK-<pt,)]' - 2 MWPb)\\ ( P ) 



As it numerical example, rom-idor it ra..t-wnt cylinder having the following 
dimm-ions: u •» !>{J in., >. *-» t in., !> “ 1 ■ in., n — 101 • 1 0"-, E «• 1-t • 10' lh. 
per square inch, /• — t t ~ ISO C. Tie- formula pa) then gives 

— 7,720 !l>. per square inch. (7) 

In calculating the correction t;*l, v.v have 


Ml - s') 

V 


2.<i 


tin.)' 


1 .50, 


arid, from Tnhje t.'. 


, .!’•) ~ 0,23!, ff;7'>) - 0 223. 

Henrc, from Kq. 


A .If -M,< 0.23S 5 4-2.0.223*) « -0.130. tf,. 


'I his indicat* . that the aliow-calculated maximum stress ( 7 ) must ho 
dinunUhcd hy !.'>G p*r rent to obtain the corrvet maximum value of the 
thermal strv--* 


* The opposite -sgn to that in expression (o) is used here, since Eqs. (230) 
nrc derived for th<- direction of the '-axis uppo-ite to that shown in Fig. 
17 In. 
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Tib? method shymz cere for toe eal'rrlatric of thermal stresses in the case 
cf a Erssr temperature gradfen t Of eac also he easily applied in cases in 
Trhich Ff'z; has other than a linear form. 

87. Ineztensioual Deformation of a Circular Cylindrical Shell. 1 
If the end? of a thin circular cylindrical shell are free, and 
the loading is not symmetrical frith, respect to the axis of the 
cylinder, the deformation consists principally of bending. In 
such cases the magnitude or deflection can fce obtained frith 
s uSrient accuracy by neglecting entirely the strain in the middle 
surface of the shell. An example of such a loading condition 
is shown in Fig. 172. The shortening of the vertical diameter 
along which the forces P act can be found vrith good accuracv 


i ->ri“ i ->i 

v- ! ^ io 1 

f 

j j 


> 

1 f 

| 

.5 s 

’ ’i ~ 

[ 

f 

( 

* 

V 

— 1 

J 




‘z _ 7 

tK. 172. Fm. 173. 

by considering only the bending of the shell and assuming that 
the middle surface is inextensibie. 

Let us first consider the limitations to which the components 
of displacement are subject if the deformation of a cylindrical 
shell is to be inextensional. Taking an element in the middle 
surface of the shell at a point 0 and directing the coordinate axes, 
as shown. in Fig. 173. vre shall denote by u. v and w the component- 
in the t.-, y- and z-direotions or the displacement of the point 0. 
The strain in the z-direction is then 


In calculating the strain in the circumferential direction we use 
Ec. (a) (Art. 76. page 371}. Thus. 


V = ~- (ft) 

a oc a 

: 7fc=r theory of mexteosioxal deformations of shells is dee to Lord Ray- 
imsg Fror. Lr/rAr/r. Z[&h. Eoc*, voL 13, 1SSI, and Free. Roy. See. London, 
vo:. 45. I.fc?o 
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The shearing strain in the middle surface can be expressed by 


Trv = 


Ou . dv 


(c) 


which is the same as in the case of small deflections of plates 
except that a d takes the place of dy. The condition that the 
deformation is inextensional then requires that the three strain 
components in the middle surface must vanish; i.c., 


Ou _ _ 1_ 2i' n 

Or ~ u ’ fl<V a " ’ fl<V ‘ dr 


(d) 


These requirements are satisfied if we take the displacements in 
the following form: 


« t - 0, 

fx = a (a n cos ny — o' sin ny), 

n — i 

Wj — — n ^ n(«* silt r.v o' cos /Jv), 

r. - I 


(0 


where o is the radius of the middle surface of the shell, y the 
central angle and o„ and o' constants that must he calculated 
for each particular case of loading. The displacements (c) 
represent the ra-'* in which idl cross sections of the shell deform 
identically. On then* di-placements we can superpose displace- 
ments two of which vary along tie* length of the cylinder and 
which are given by the following series; 


»: - sin no -h {»' cos ny), ■ 

^ r ti 
ft ~ t 

' * ro ■■ iw ~ ~ ^ s ’ n n v)* 

-t 


.q " — r ^ n (J> H sin n y -{- l\ cos ?: v ~), 

ft ** t 


(f) 


It can be read !\ proved by substitution in Kqs. (d) that these 
expressions also sati-fy the comittious of inextensibility, Tints 
the general expressions for displacements in inextensional 
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deformation of a cylindrical shell are 


u = «i -r 


ic = ir t -r ir 2 . 


In calculating the inextensional deformations of a cylindrical 
shell under the action of a given system of forces, it is advan- 
tageous to use the energy method. To establish the required 
expression for the strain energy of bending of the shell, we begin 
with the calculation of the changes of curvature of the middle 
surface of the shell. The change of c - v/ 

curvature in the direction of the gen- ds 

eratrix is equal to zero,, since,, as can be \\ 

seen from expressions (e) and (f). the 

generatrices remain straight. The n . ? \ ^ v 


change of curvature of the circum- 
ference is obtained bv comparing the n 
curvature of an element mn of the i> ''" ' ’ 

circumference (Fig. 174) before deformation with that of the cor- 
responding element mini after deformation. Before deformation 
the curvature in the circumferential direction is 


Fig. 174. 


cs ds z 


The curvature of the element m^i after deformation is 

, , d-w, 

, d<s -r -r-^rd-S 
OG> OS ~ 


Hence the change in curvature is 


‘ ds-™ _ _d<p_ _ if d-;A 
( a — ic)d<p a d<s a-\ ‘ dtp 2 ) 

By using the second of the equations ( d) we can also write 


a\dtp ‘ do-J 


The bending moment proaucing this change in curvature is 


M = —R(^L n. ^£Y 

* a-\de 1 d<p-/' 
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sind the corresponding strain energy of bending per unit area can 
be calculated as in the discussion of plates (see page 40) and is 
equal to 



In addition to bending, there will be a twist of each element 
such as that shown at point 0 in Fig. 173. In calculating this 
twist wo note that during deformation an element of a generatrix 
rotates' through an angle equal to —rlic/cV with respect to the 
y-axis and through an angle equal to tir/fix with respect to the 
r-nxis. Considering a similar element of a generatrix at a circum- 
ferential distance a dy from the fir.-t one, we see that its rotation 
about the y-axis, as a result of tie- displacement ir, is 


Air ti'tr 
Of <V of 


(j) 


The rotation of the same element in tie- plane tangent to the shell 
is 



Because of the central angle d v - between the two elements, the 
hitter rotation has a component with re-pw-t to the y-axis equal to : 



I rom result.- ij> and if:) we eom-lmh' that the total angle of 
twist between the two elements under consideration F 


~ W‘ dc- 



and that the ntummt of strain energy per unit arm due to twist is 
(see page ~>D) 


I)(\ — i-)/ (i't>‘ , orV . 

tr \»\- Ax ' Ax) 

1 In i!i-l*>niiini:n; iti-- -jgn <>f rotation tli.- right-ic.in.l sere"' rule is Us'-ii. 
• A Miml! qtinntity of .‘••••■oiitl o-.tcr t- ne;d-‘eti-<i in tins expression. 
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dV_ 

rift 

<71 


r««. 


,1b 


7< 


— tin 6n'j 1 4* cos nr)/’, 

— tic 6b' J. I 4* cos nr)/’. 


Substituting expression (251) (or V, we obtain, [or the c:i°c where n is an 
even number, 


a-P 


n(n* 


m — - 


\Y-tDI 

tiePa 1 


(n* 


!)**-/>/[*«■*/* -b 2(1 - eju-i 


(») 


If n is nu odd number, we obtain 

c' h[ « 0. (o) 

Hence in thi.s rase, from expre-tiom* (*•; nnd (/), 


ii 


r 


tr 


/’/** r:e cos nc 

ZiJi l)»a».V s 4 - 2(1 - 7 )«»Y 

r. • • • 

Pa 5 N? / 1 __ 4 r:r_-_ 

rUl \n(n-“- l)"- UY- \ p:\tW 4- 2(1 - 

M **■* *. I//, • ♦ • 

/’<:’ N^l f 1 nV.r_ 

t til \fn* - n* * r <«*“' ^ iaaVi’p U.~2(T - , 

r,-2,-».C. • • • 



(p> 


If the foree.-s /’ arc npp!s*-d at the middle, r -* 0 and the shortening of the 
vertical diameter of tie- shell t . 


6 


(l-)r-l b Or},.. 


2 Fa’ 

rl)> -i-l 


1 /V 

0.1-59 — - 

OY — 1 p 2D! 


(?) 


The increa'e in the horizontal d. sim-ter is 


OJ ** 



-■i i 

2f‘.t' <~1)- 

rW (7-J ~’l 9 

n - Z, l.c. • ■ - 


0.137 


21)1 


(r> 


The change . , 1-nyth of any nth-r diameter can al-o be readily calculated. 
The “aine e:i!ru!ation>! ran also b- made if c is different from zero, and the 
deflections vary with the distance from the middle. 

Solution i/j! doe- not satisfy the conditions at the free cdircs of the shell, 
since* it requires the distribution of momenta M , •» r\[, to prevent any 
bending in meridional plane;!. This bending is, however, of a local ciiarac- 
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~rJ*J 



chj tvo axial sections making an angle a rnzL one another 


'EIg. 175}. 



meats « and or and also the hendfrs moments IP* vanish along the edges 
tor. and rt ; r. ; . Snob conditions are obtained if the shell is supported at 
combs rn n. rt;. r,-_ by bars directed radially and Ls loaded by a load P rn 
tne plane or symmetry. The detfecrron prod need by this Load can be fotmd 


bj atmivinn the nr 


rat men la cements. 


S3- General Case cf Deformation of a Cylindrical Shell . 1 — To 
establish the differential equations for the displacements u, v 
£t:d tr which define the deformation of a shed, we proceed as in 
the esse of plates. We begin with the equations of equilibrium 
or as element cut out from the cylindrical shell by two adjacent 
sections and by two adjacent sections perpendicular to the 
£ — ^ of the cylinder fFig. 173). The corresponding element of 

" -- general theory of ben-ding of thin shells has been, developed by a. E. E. 
pvre, see Phdi. Trcrj. Em. .for.. Ponder., Sen. A. p. 451, 1SSS; and his 
cc oh “Elasticity,.” 4th ed., Chap. 24. p. 515, 1527: see also H. Lamb, 
P.'cc. Lcrdm. Jfcto. Soc., voL 2L ~ 
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the middle surf nee of the shell after deformation is shown in Figs. 
17tirj and 17 Ob. In Fig. 17(1« the resultant forces and in I'ig. 
17bh the resultant moments, discussed in Art. 72, are shown. 
Before deformation, the axes x, ;/ and z at any point 0 of the 
middle surface had (lie directions of the generatrix, the tangent 
to the circumference and the normal to the middle surface of the 
shell, respectively. After deformation, which is assumed to he 



very small, these direction*- ate -lightly changed. Wo then take 
the x-axis normal to the deformed middle surface, the /-axis in 
the direction of a tangent to tie- generatrix, which may have 
become curved, and the y-n\i- perpendicular It* the xx-piaiK’. 
The directions of the resultant force- will a!-<> have been slightly 
changed accordingly, and the-.- changes must be considered in 
writing the equations of equilibrium of the element OABC. 

I.ot us begin l»v establishing formulas for the angular displace- 
ments of the sides Hi'- and AH with reference to the sides 0.1 
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and OC of the element, respectively'. In these calculations we 
consider the displacements u. v and w as very' small, calculate the 
angular motions produced by each of these displacements and 
obtain the resultant angular displacement by superposition. We 
begin with the rotation of the side BC with respect to the side 
0.4. This rotation can be resolved into three component rota- 
tions with respect to the rr-, y- and z- axes. The rotations of the 
sides 0.4 and BC with respect to the re-axis are caused by the dis- 
placements v and w. Since the displacements v represent 
motion of the sides OA and BC in the circumferential direction 
(Fig. 173), if a is the radius of the middle surface of the c}dinder, 
the corresponding rotation of side OA with respect to the rr-axis 
is v/a, and that of side BC is 



Thus, owing to the displacements v, the relative angular motion 
of BC with respect to AO about the rr-axis is 


1 

a 



(a) 


Because of the displacements w, the side 0.4 rotates with respect 
to the rr-axis through the angle dv:/a dc. and the side BC through 
the angle 


dw 

a 



Thus, because of the displacements w, the relative angular dis- 
placement is 



(&) 


Summing up (a) and (b), the relative angular displacement about 
the rr-axis of side BC with respect to side OA is 


a\dx 1 dx d<pj " 


The rotation about the y-axis of side BC with respect to side OA 
is caused by bending of the generatrices in axial planes and is 
equal to 
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The rotation about the r-axis of side IiC with respect to side OA 
is due to bonding of the generatrices in tangential planes and is 
equal to 



(0 


The formulas (r) t (</) ami (c) thus give the three components of 
rotation of the side HC with respect to the side OA. 

Let us now establish the corresponding formulas for the angular 
displacement, of side AH with respect to side OC. Because of 
the curvature of the cylindrical shell, the initial angle between 
these lateral sides of the element OA HC is d v -. However, because 
of the displacements r and tr this angle will be changed. The 
rotation of the lateral side OC with respect to the x-uxis is 


r , (hr 
a ' a d v * 




The corresponding rotation for the lateral side AH is 


Hence, instead 
expression 



In calculating the angle of rotation about the t/*axi< of side .If? 
with respect to the side OC v.v me the expression for twist from 
the previous article t-a-e page -530) ; thi~> gives the required angular 
displacement n< 


/ e : tr 



(A) 


Rotation about the x-n\i- of the side AH with resjwt to OC is 
caused by the displacements r and tr. Because of the displace- 
ment r, the angle of rotation of side OC is Or/ Or, and that of side 
AH is 


dr 

Or 


0 i or 
« d v '\.dr/ 


a 


*•» that the relative angular displacement is 
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Because of the displacement vj, the side A B rotates in the axial 
plane by the angle dw/dx. The component of this rotation with 
respect to the 2 -axis is 



(j) 


Summing up (j) and (j), the relative angular displacement about 
the 2 -axis of side AB with respect to side OC is 



Having the foregoing formulas 1 for the angles, we may now 
obtain three equations of equilibrium of the element OABC 
(Fig. 176) by projecting all forces on the x-, y-, and 2 -axes. 
Beginning with those forces parallel to the resultant forces N x 
and N cz and projecting them on the x-axis, we obtain 


r)N : 

dx 


dx adtp, 


dN, 

dtp 


•f* 


dtp dx. 


Because of the angle of rotation represented by expression (k), 
the forces parallel to N v give a component in the x-direction equal 
to 



(Bv 
dtp dx 


~\lp dx. 
dx) 


Because of the rotation represented by expression (e), the forces 
parallel to give a component in the x-direction equal to 


~ Nx *W /Ix adlpl 

Finally, because of angles represented by expressions (d) and (h), 
the forces parallel to Q x and give components in the x-direction 
equal to 


~Q^ dx ad T ~ Q*(j) 


d 2 V) 

dtp dx 


+ 


<9r\ 

dx) 


dtp dx. 


Regarding the external forces acting on the element, we assume 
that there is only a normal pressure of intensity q, the projection 
of which on the x-axis is zero. 


1 These formulas can be readily obtained for a cylindrical shell from the 
general formulas given by A. E. H. Love in his book “Elasticity,” 4th ed., 

P- 523, 1927. 
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Summing up nil the projections calculated above, we obtain 


dNj 

Ox 


lh a , K . + - f;)v * 

- «<V - <?,£> «''v - + §;}'**■ - 0. 


In the same manner two other equations of equilibrium can he 
written. After simplification, all three equations can he put in 
the following form: 



Going now to the throe equations of moments with respect to 
the x-, it-, and r-n.\c> ( Fig. and again taking into considera- 

tion the small angular di-placements of the sides HC and AH with 
respect to 0.1 and OC, respectively, we obtain the following 
eipiations: 


0M, O'-r 

«-v~ _ — u.t/,. 


OM,, 

"Ox 


Ox 


t'jr- 


M. 


( 0'r Oil'S 
Ox t\- Ox f 

d- <iQ, « o, 

4. 4- aM ~ M ,( ,Vr - * n> ) 

Ox Ox *' 0x~ ' \t>r Ox Or ) 

- c tQ , - 0. 

sr (% + xx) + " u 4," + + ;, 7 ,; 

+ ?£) ~ + x'Q + «<•'•« - - °- 
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By tiring the first two of these equations 1 we can eliminate <2z 
and Q s from Eos. (252) and obtain in this vra y three equations 
containing the resultant forces _Y., ,V C and and the moments 
3f,, 3/*- and 3/-,.. By using formulas (207j and f203) of Art. 72, 
all these quantities can be expressed in terms of the three strain 
components e r . and of the middle surface and the three 
curvature changes Xr and x=c- By using the results of the 
previous article, these later quantities can he represented in 
terms of the displacements u. v and kt as follows 1 : 


bv. 

bv 

IV 

- r 7 ~ = 

bu , bv ' 


bx 

* 



a ox 

a be ' bx 

i 


a~w 
~ — w 

OX 2 

1 / ov 

Xe ~ Are 

‘ dtp 5 / 

if bv 

X** ~ a\bx 

I 

- J 

r u-w Y 

‘ bx be) i 

r (254) 


Thus we finally obtain the three differential equations for the 
determination of the displacements «. v and wr. 

In the derivation equations (252) and 1253) the change of 
curvature of the element OABC was taken into consideration. 
This procedure Is necessary if the forces X s . X v and JV~ are not 
small in comparison with their critical values at which lateral 
buckling of the shell may occur.'- If these forces are small, their 
effect on bending Is negligible, and we can omit from Eqs. (252) 
and f253) all terms containing the products of the resultant, forces 
or resultant moments with the derivatives of the small displace- 
ments u, v and w. In such a case the three Eqs. (252) and the 
first two equations of system (253) can be rewritten in the 
following simplified form: 


-To satisfy the third of these equations the trapezoidal form of the sides 
‘be element OABC must be considered as mentioned in Art. 72. This 
question is discussed in the book by Fliigge, foe. ezf., p. 3f>8. 

- me same expressions for the change of curvature a s in the previous 
article are used, since the effect of strain in the middle surface ort curvature 
is neglected. 

1 The problems of buckling of cylindrical sheik are discussed in the 
autnor's “Theory of Elastic .Stability” and will not be considered 
Let*;. 
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ON, , 0N r ; 

O-T 1 7. 

Ox Of 


= 0,1 


f" + «tt - - "•! 

"S' + ^ “ »•' 

0 AI r, OM p , /v a t 

T~“ + «<?«• = °> 

t)X Oy' 1 


rr , OM. n 
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0,1 


Kliminnting the shearing forces Q t and Q v , wo finally obtain the 
throe following equations: 


iV, 



oS . 

a - — 4 

0N r t 

0, 


Or 

»V 


Op r _L 

+ 

5-1/,, 

I *»/, ^ , 

<V 

Ox ' 

”«v 

it oc 

4. Wfl . 

'0-M' 


a. 1 2I& 

Ox 

‘ 0x : 

" 5x '<7 v " 

* a 0x~ 



(256) 


By using F.qs. 1207), (2!)^) and (251), all the quantities entering 
in these equation^ can be exprey-. »1 by the displacements u, r, and 
tp, and we obtain 


« r-u , i - v <r-n l h 
Op- ' r 2o=" Op *' ' 


;• i«*r 
<j Ox Ox 
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d),) (257) 


' Y 2 ~ l - - ,Vl P j- J? J r -Y - « 7 (i - r) ., 
i V a Ox" i\- 1 o' «vy Ek , 


'1’he problem of a laterally loaded eylindrical shell reduces in 
each particular ea-e to 1 the solution of this system of differential 
equations. Several applications of these equations will be shown 
in the next two article-. 



GENERAL THEORY OF CYLINDRICAL EH ELLS 441 


89. Cylindrical Shells with Supported Edges. — Let us consider 
the case of a cylindrical shell supported at the ends and submitted 
to the pressure of an enclosed liquid as shown in Fig, 177. ! The 
conditions at the supports and the conditions of symmetry of 



h) (b'j 

Y;';. 177 . 


deformation will be satisfied if v/e take the components of displace- 
ment in the form of the following series: 


7/ = 


t — 

V. ■ — 



ra-rx 


cos kc cos 




r/irv 


2j2j B - ^ nr ^^ Ti i 



r«<r sin 


r/trz 

~R 


(«) 


in which Z is the lengt.h of the cylinder and <? is the angle measured 
as shown in Fig. 177 E 

The intensity of the load q is represented by the following 
expressions: 

q — ~ yet (cos <r — COS <v)> when tp < a, I „ 
n = 0, when t? > aj ' 

m which y is the specific 'weight of the liquid and the angle a. 
defines the level of the liquid, as shown in Fig. 177h. The load 
e can be represented by the series 




q — ^>’ cos 7t<? sin fc) 

the coefficients of 'which can be readily calculated in the 

''See the aether's hook “Theory of Elasticity," vol. 2, p. 385, St. Peters- 
burg, IP 1C fRcedan;, 

5 By -uh’Stttctir.g expression.? Or; in Eq?, 125' / it can he shown that the 
tcav-.e forces a no the moments .t/h vanish at the end?; the shearing 
awe-; do not vanish, however, since y** and are not zero at the end?. 
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usual way from expressions (b). Those coefficients are repre- 
sented by the expression 

_ 87a , . 

I) nn ~ — t\ ( cos asm tin — 71 cos /ia sin a), (d) 

whore 


7/1 s= 1, 8, f>, • • • and n — 2, 3, 4, • • • , 


whereas 





Dr,<l - 

Ay it, . . 

-{-in a — a cos 0 ), 

SM:- " 

(c) 

and 





l)*x - 

-—“(2ft - sin 2«). 
my* 

(f) 


In the case of a cylindrical shell completely filled with liquid, 
we denote tin* pres -tire at tin* uxi- of the cylinder 1 by yd; then 

fj ~ ~y(d -r it cos c ), (?) 

and we obtain, instead of exon- . -ions td), 0) and (/), 


I)r,, r- 0, Dr 



D n , 


4-/0 

rax 


(h) 


To obtain the deformation of tie* shell wesnb-titute expressions 
(«) and (r) in Kq-. (2o7h Its * hi- way we obtain for each pair of 
values of m and ;i n system of three linear equation-* from which 
the corresponding: value- of the eiie{firients .4.,,. and C„, 
can he calculated. : Taking a particular ea-** in which d — a, we 
find that for n ~ (I and in I, 3, 5, . jicse equations are 

especially simple, and we obtain > 


~ 0. 


where 


Cr 



<» V - 








For n — 1 the ex, -..‘--inns for the eo-Hiejents are more* compli- 
cated. To show how rapidly the coefficients diminish as m 


1 In ft cfiiM’ii <-■, hiutricftl vc-'.-I tlti- j,ft-v.ire can l»* farmer than «■}. 

* Such cnfc til.itiinn hav-- lieen nts.dc fur --a t-ral particular cases by I. A- 
Wojtasnik, PK-.t. May., s.-r, 7, vof. JS', p. HHK>, It»3-t; .-c a!-o a paper by 
II. Iteb-ner, Z. M Med.., v«i. 13, p. 13a, li»33. 
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h — 7 cm 



a Table 48 the numerical values of the 
;Iar case in vhieh c = 50 era., I = 25 cm.. 


0 /*« — 
x 2 i-u~- .*. C— m . 






-s r 

2 - 10- 
f 

2 ' ICr 

... 

2-r - 10- : 

,r 

-£> fft; * 

2 - 10 T 

_ 2 - 1C* 

-=*»i 

r. 

7^-1 

.vr. 

.VA 

Nr, 

->rrt- 

gvr. 

rj 


-1,212 

45.75 

"71 

.GO 

-1.156 

C \ 

0.1073 

- 6.742' 

O'. 3121 

— 0. 

.0744 

— 6.70-5 

: 

0. COP'S 

— 0.52'-t 

0.0247 

— 0 

.00367 

- 0.523 

It 

15 Sr^tZ. ihnZ 

C'f G-V~ r-~ r. 

rts rapidly - 

dimic 

fsb <-.= 

to increases. 


i±£"^ r r?J .iirrii rtrg tn^ nnn±^r o: co^x'i'i^rits to tao-se given in 
the table, ve shall obtain the deformation of the shell vdth 

53. Defection of £ Portion, of a Cylindrical ShelL — The 
method used in the previous article can also be applied to a por- 



tion of a cylindrical shell - 
submitted to the action of 
to the surface (Tim. 178 }.- 


rhich Ls supported along the edges and 
a uniformly distributed load q normal 
vv'e take the components of displace- 


m une lorm or the senes 



(c) 
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in which « is the central angle subtended by the shell and l is 
the length of the shell. It can be shown bv substitution of 
expression (a) in Eq. (251) that in this way we shall satisfy the 
conditions at the boundary, which require that along the edges 
9 = 0 and 9 ~ « the deflection t r, the force and the moment 
M e vanish and that along the edges x — 0 and x ~ l the deflec- 
tion w, the force .Y, and the moment M z vanish. The intensity 
of the normal load </ can be represented by the series 




D, 


sm 


risv . wxx 
- «t» - >-* 

« l 


(b) 


Substituting series (n) and (/») in I.«p. (257) and neglecting in 
these equations tin* term a.*- ln-ing .-mall in comparison 

with unity, we obtain the following system of linear algebraic 
equations for calculating the eoefiieirn and C„,: 



To illu-trate the application of th«~e equations let us consider 
the ca-e « f a uniformly di-tribute*! load 1 acting on a portion 
of a cylindrical -hell having a sma.ll angle a and a small sag 
/ n[l — cos (,j 2)j. In this particular case expression ( b ) 
becomes 


It*',* . \r:rx . 0x9 

Mill - , - sin > 

r -.**:?; I a 

1 1 !, •! • » 


1 The load is re-.uni-d to net toward the ax's of the cylinder. 




id) 







•MG 


THEORY OF PLATES AND SHELLS 


'S? . . . »M-V 

U I . m Slfi * 

N? r 

t* y.\ m cos ' 

ft 

•s? ... . mr v 

tr II „ kiii ■ 


U) 


en which 6’n, r„ ami H’„ arc function* of z only. fiubstitutinf: those series 
in Kqs. (257), wo obtain for f-'„, F-, ami H' n throe ordinary differential 
equations witli constant eoeflieicnt*. Those equations can he integrated 
by using exponential functions. An analysis of this kind iiunlo for a rimed 
cylindrical shell 1 shows that the solution is very involved and that results 
suitable for practical application can be obtained only bv introducing 
simplifying assumption*. 

91. An Approximate Investigation of the Bending of Cylindrical Shells. — 
From the di*ini:*ion of the pr- viou* article it may be concluded that the 



application of the general tloory of 1>, ruling of cylindrical -dolb in even the 
“imple-t eve. fe-olti in wry rornplie.st. d rahuil-ilton*. To make the theory 
applicable to the •ohiiioti of practie d pro'.'.-m* some further simplifications 
in thi* theory are to -.—-.-try. In c..a-id> ring the tuettibrahe theory of cyltn- 
dneal she!i“ it v. a •> stnt.sl that that theory gi‘, satisfactory re-uh* for 
portion- o! a "lo ll at con-iderabh- livtam-e from the edges but that it is 
iti-unir:. nt ••• -ati-fv .!! • }j— condition- at the boundary. It is logical there- 
fore to la!,, th ■ .lolution fumi-hed by the mefc.brnne the ory ns a first approxi- 
mation and u * - th** more e-nhor.ttc bending 1 1:*. * r onlv to satisfy the condi- 
tion* at the ...y.-s. In applying thi- latter th.-ory, it must be assumed that 
no externa! d is distributed over the -hell ami that only forces and 
moments -m;, -- are me. -ary to •, -.ti-fy the boundary condition* are 

! Fee paper by K. Mie-,-1, tr.i' At <;t- Archie, v»d. 1, p. 29, 1929. An 
application of the theory to the (‘.dentation of 1 re.v. in the hull of a sub- 
marine is shown in this paper. 
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sr EEd si eng the cckj. the bending produced by such forces can be 
i^restEEated by using Hqs. >,257' after placing the lead c equal to rero in. 
these equations. 

In surd rat ions such as are encountered in structural engineering 1 the ends 
r = P and r = i of the shell dug- 179) are usually supported in such s 
manner that the displacements r and c r at the ends vanish. Experiments 
show that hr such shells the bending in the axial planes is negligible, ana w 
can assume JI- = 0 and Q~ = 0 in the equations of equilibrium. (255'! . We 
can also neglect the twisting moment With these assumptions the 

system of Ecs. y255 > can be considerably simplified, and the resultant forces 
and comrcnents of displacement cam be all expressed in terms 1 of moment 
iq.. From the fourth of the equations (25-51 wo obtain 


<?, 


1 eJf«. 


C C*r 


(cl 


Substituting this in the third equation of the same system, we obtain, for 
c = 0. 



ice components of displacement can also be expressed in terms or 3/ v ~ and its 
derivatives. We begin, with the known, relations [see Eqs. (207) and (20S)[ 




TrC 


s- 



chi 5r 

c c_~ itr 

cr tn 

G CO C 


— o-y c-i, 
2(1 4- r) 


Eh 


-V,, 


_1 

Eh 


(-Yc - ».W). 


(e) 


1 In recent times thin reinforced cylindrical shells of concrete have been 
successfully applied in structures as coverings for large halls. Descriptions 
of some of these structures can be found in the article by F. Dischinger. 
“Handbuch f. Eisenbetonbau.” vol. 12. 3d ed.. Berlin. 192$: see slso the 
paper by F. Dischinger and U. Finsterwalder in Bcwsngenifur, vol. 9. 1928. 

1 This approximate theory of bending of cylindrical shells was developed 
by l - Finsterwalder; see Inga: iewr-A nth fr. vol. 4. p. 4S, 19SS. 
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From these equations we obtain 


1 , 

7)i Eh *’ ~ ’' V) ' 


07l 7L 

<1t' Eh 


ft 

tlx 


(!) 


on + ■ ’s _ if— 1 - /—A], 

in n \ »V ihr / _ 

be 1 f / -V.V, O-.VA -<bV„ 

— r ~ T77 fll > — 1 “»-2(l 4 w *•*) — r~ 

j* \ tlr 5 Ox * / Or cf v * 

_ Y ,7; - Vj _ 

«\>v 5 ‘ -V s / 

I’sinfj the.-' 1 expressions together with Fq». (f>), (e) rind U1 J and with the 
expression for the hemline moment 




(?) 


we finally obtain for the determination of M f the following differential 
equation of the eighth order: 

?"£ + (s *,.*», * star 

Cy Fi ' » 1 - * > 

,VM < <’'M r , e'.U, «V.V- 

d- 2f2 + *)«*. - d- — ••• el’-.;- *r ft d- -dV—'r- 

,-x <v‘ iV < v 

4- (2 ••• »V1\ . . ; I2T - e ! ) « 0. (h) 

t r z* i* f f,* tV * 

A particular rnlution of thi< equation •- afford* d (tv tie* expression 

(0 

t'ul'stitutinq it in i.q. 0-.) and tr'ing the notation 

riT*: 

T~ K 01 

the follow iris' alsrebrnie equation f.*r eah-tihiting « obtained: 
o’ d* (2 - (2 r y)>. : W (ft - 2.}X< - 2*2 4- »h\* lja’ 

d- ! ••* >.' I- (.1 rr> * - (2 -r d- 12.1 - " 0. (/•) 

The eight root** of thii equation nui he put in the form 

hi n i *-* i 1 7 ; i i b), o- t r.t •* ±(tr: i fa’:). W 


•v<“ 
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CHAPTER XII 


SHELLS HAVING THE FORM OF A SURFACE OF 
REVOLUTION AND LOADED SYMMETRICALLY WITH 
RESPECT TO THEIR AXIS 

92. Equations of Equilibrium.— Let us consider the conditions 
of equilibrium of an element cut from a shell by two adjacent 
meridian planes and two sections perpendicular to the meridians 
(Fit?. ISO) . 1 It can be concluded from the condition of symmetry 



that only normal stresses will act on the sides of the element lying 
in t h>* meridian planes. The s*rr--es ran In* reduced to the 
resultant force ,Y* rg/y and the resultant moment .W»rjdy, .V# 
and M» being independent of the angle 11 which defines the posi- 
tion of the meridians. The side of the element perpendicular 
to the meridians which is defined by the angle y (Pig. ISO) 
is acted upon by normal strr--.es which result in the force 
A,. r~ sin v - do and the moment M, r : sin y dO and by shearing 

’■ We u-’e for radii *>f t-urvutnre ami fur angles the same notation as i» l >tt. 

13S. 
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force- which reduce the force- O r r* sin <v df normal to the shell. 
The external load acting upon the element can he resolved, as 
before, into two components Yr-j* sin d«- d£ and Zr-sT* sin cr d«r dAJ 
tangent to the meridians and normal to the shell, respectively. 
Assuming that the membrane forces 37 ? and 37* do not approach 
their critical values. 1 we neglect the change of curvature in 
deriving the equations o: equilibrium and proceed as was shown 
in Art. 73. In Eq. (/' } of that article, which was obtained by 
projecting the forces on the tangent to the meridian, the term 
— 0,r« must now be added to the left side. Also, in Eq. (f). which 
was obtain.ed by projecting the forces on the normal to the shell, 
an additional term d/Q*rrj [d<s must he added to the left side. The 
third equation Is obtained by considering the equilibrium of the 
moments with respect to the tangent to the parallel circle of all 

This gives 1 


the forces acting on the element. 


-r -r - 37*r c df - discos «rd« d5 

— Qs'i sin c; ri dy d5 = 


0 . 


After simplification this equation, together with, the two equations 
of Art. 73, modified as explained above, give us the following 
system of three equations of equilibrium; 


— -AV^rrj — AVi cos <s — wO* -r rr.rtF = 0,| 

«7iJ ' i 

m Zry, = Of. 


d<c 


'5 -r AVt sin «r -f- 

— 3/?r t cos v — Qw : r c = 0. , 


f258) 


Tt 




three equations of equilibrium are five unknown 
quantities, three resultant forces 37*, 37 ? and 0* and two resultant 
moments 37? and 37*. The number of unknowns can be reduced 
to three if we express the membrane forces 37* and 37 ? and the 
moments 37* and 37? in terms of the components r and wr of the 
displacement. In the discussion in Art. 7S of the deformation 
produced by membrane stresses, we obtained for the strain 

1 TLe tkw of baoklrag of spherical sbalk k diseased in the authors 
^Thsorrof ELar.k SrabiErr/ 7 p.*4Gi, 102S. 

' In thk csrfratkn ~e observe that the angle between tbs planes in which 
tae moments tf? act k ecrua! to- cos df. 
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components of the middle surface the expressions 


1 dv w 

Tl (lip Vi 


V . 7t) 

ie — — cot i? — — > 

r; r 2 


from which, by using Hooke’s law, we obtain 


A r r = 

N, = 


Eh 


1 - 
Eh 


1 - v- 


- -) 


-f* — ft' cot tp 

Tz 


v) 


(,. „„ , - „.) + - .«■) 


' 


(250) 


To gel similar expressions for the moments and M e let us 
consider the changes of curvature of the element DA IiC shown in 
Fig. 180. Considering the upper and the lower sides of that 
element, we see that the initial angle between these two sides is 
dip. Because of the displacement r along the meridian, the upper 
side of the element rotates with re-pert to the perpendicular to 
the meridian plane by the amount r/r t . As a result of the dis- 
placement ?;*, the same side further rotate- with respect to the 
same axis by the amount dir/r t dp. lienee the total rotation of 
the upper side of the element is 


V , dir 
r ■ ' r j dp 

For the lower side of the element tie* rotation is 


(«) 



Hence the change of curvature of tin* meridian is ! 



To find the change <*f curvature in the plane perpendicular to the 
meridian, ue observe that b**enu>- of symmetry of deforma- 
tion the lateral side- of the element DA EC each rotate in its 
meridian plane by :tn angle given by expression (ft). Since 
the normal to the lateral side AH of the clement makes an angle 
(r/2) — cos p ilO with the tangent to the meridian DC (j/-axis), 

1 The st rails <>f th«* miitiih- * uri"m*<- i- neglected, niul the change in curvature 
i" obtained by dividing tl.c angular change by the length r s <?»- of tlic arc. 
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rhe rotation of the side .4 B in if.-, ovm plane has a component rrith 
respect to trio t/-a%is eoyjas to 

j* 

\ r : r : 

This results in a change of curvature 

/ r , c/tr W/s «? / r , «f«r V:of. ^ . . 

?rsjur - Is ~ fra/ar ' fe > 

Using expressions and Oc;, v/e then obtain 

-X l d.( t , dm \ , y(i: , dm \ 1 \ 

L nde\r-. nd's) r*\r : rtrfj?/ Jr /wr .. 


17* 

, d.m \cot «r 

n- A 

1/ 

1 ( 

6 - ' - 

' r : <f«f/ r« 

"t 

dqS 

n ‘ r : #yj } 


StmetitPiring fixpr**-,-: ions (2?/j) and f260; into Eos. f25h) ; v/e 
obtain three eouations vrith throe nr- known quantities r, and 
Ob- Discussion of these ep cations rdll be loft to the nezfe article. 

vfe cam also ttse expressions f260) to est abllsh an important 
conclusion regarding the accuracy of the membrane theory' dis- 
cussed in Chap. X. In Art. 70 the conations for calculating the 
displacements r and rr v/e re established. By substituting the 
displacements given by these conation-, in expressions 4266), the 
trending moments and bending stresses can ire calculated. These 
stresses v/ere neglected in the membrane theory. By comparing 
their magnitude- v/ith those of the membrane •itrctc-:. a con- 
clusion can be drav/n regarding the accuracy' of the membrane 
theory. 

vhe take as a particular example a spherical shelf under the 
action of its own weight C page 352>. If the supports are as .shown 
in Hg. 140c. the displacements as given by the membrane theory' 
from Eos. ( f > and ^ 4Art. 76; are 

cA/1 -f- v) ( l l \ 

r Eh 1 1 ~ cos a I -r cos; c? I 


'V = /' cot «■ 


, T 1 cos rev . ( . 

1 ' 0? i -r cos a) -Y ^ 

Ac/ I ~ v \ } 

B/rilri-cos^ V / 
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moments, we obtain 

Me = M<- 


qlr 2 + v 

vi i - 


COS tp. 


if) 


Tlio corresponding bonding stress at the surface of t he shell is 
numerically 04101! to 


q 2 + 1 ' 

2 1 -T’ 


('OS y. 


Taking tin* ratio of this stress to the compressive stress a Riven 
by the membrane theory [see Kqs. (211)1, we find 


q 2 + c nq 

2 T — !■ ,,,,S ■"'/,( I + e<7-'y) 


o -!- 


2(1 


>■) « 


(1 + cos v*) cos 


The maximum value of this ratio is found at the top of the, shell 
where y = 0 and has a magnitude, for ;• 0„'J, of 



n 


if) 


It is seen that in the ca-e of a thin shell the ratio (f) of bending 
stresses to membrane sin— os i- small. an«l the membrane theory 
gives satisfactory result" provided that the conditions at the 
supports are such that tin* -hell can freely expand, as shown in 
Fig. 1 40a. Substituting expre-don <>; tor the landing moments 
in K(|s. (2’>S). e 1 « > - < - r approximation- for the membrane forces A"«. 
and .\\> can be obtained. These re-nlts will differ from solutions 
(21 1) only by -mail quant it i*— having the ratio h-/a- as a factor. 

From t hi- di.-eu— ion it follows that in the calculation of the 
stres-'e- m -ymni'-tneally loaded -hell- we can take ns a first 
approximation the -»!uri*>n given by the membrane theory and 
calculate ( •;.• correction- by mean- of Kqs. »2.Vs). Such corrected 
value.- of the stro.--e~ will !»• accurate enough if the edges of t ho 
shell are free to expand. If the edges are not free, such forces 
must he -o applied along tin* edge a- to satisfy the boundary condi- 
tions. The calculation of the stresses produced bv these latter 
forces will . e di-en--ed in the next article. 

93. Reduction of the Equations of Equilibrium to Two Differ- 
ential Equations of the Second Order. - From the discussion of 
the previous article, it is seen that by using expressions (259) and 
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(260) we can obtain from Eqs. (258) three equations with the 
three unkn owns r, w and Q?. By using the third of these equa- 
tions the shearing force Q c can be readily eliminated, and the 
three equations reduced to two equations with the unknowns v 
and w. The resulting equations were used by the first investiga- 
tors of the bending of shells. 1 Considerable simplification of the 
equations can be obtained by introducing new variables. 2 As 
the first of the new variables we shall take the angle of rotation 
of a tangent to a meridian. Denoting this angle by V, we obtain 
from Eq. (a) of the previous article 

^ + £)• « 

As the second variable we take the quantity 


U = r ; Q e . 


( 6 ) 


To simplify the transformation of the equations to the new 
variables we replace the first of the equations (258) by one similar 
to Eq. (209) (see page 358), which can be obtained by considering 
the equilibrium of the portion of the shell above the parallel circle 
defined by the angle <p (Fig. 180). Assuming that there is no load 
applied to the shell, this equation gives 

2cToA% sin 07 -f 2 irnQp COS a — 0, 


from which 


N 9 — — Q* cot v 


U cot is. 

r-> 


GO 


Substituting in the second of the equations (258), we find, for 
Z = 0, 


riNe sin <s 


— A>o — 


d(Q c r 0 ) 

dlS ' 


1 See A. Stodola, “Die Dampfiurbinen,” 4th ed., p. 597, 1910; H. Keller, 
Mitt. Forschungsarbeiteti, vol. 124, 1912; E. Fankhauser, Dissertation, 
Zurich, 1913, and V.D.I., vol. 58, p. 840, 1914. 

' This method of analyzing stresses in shells was developed for the case of 
a spherical shell by H. Eeissner, “Muller-Breslau-Festschrift,” p. 181, 
Leipzig, 1912; it was generalized and applied to particular cases by E. Meiss- 
ner, Physih. Zeitzchr., vol. 14, p. 343, 1913; and Vierteljahrsschr. d. Natur- 
forsck.Ges. Zurich, voL 60, p. 23, 1915. 
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and, observing that ro = r*_ sin p, we obtain 


No 


±d_ 

r i dp 


(Q*r«) 


uru 

T\ dip' 


(d) 


Thus both of the membrane forces. and Nt are represented in 
terms of the quantity U which is, as we see from notation {b), 
dependent on the shearing force Q ( . 

To establish the first equation connecting V and U we use 
Eqs. (250), from which we readily obtain 


dr 

dip 


— It' 



V cot Ip — It’ — 



•A',). 


(e) 

(/) 


Eliminating tc from these equations, we find 


-j~ — C cot ip y.yj(r i -}* *Tj)A f — (r; -f- if i)A’«]. (g) 


Differentiation of Kq. (/) gives* 


dr 

dip 


cot ip 


r 

sin 1 p 


dir 

dp <M Eh 


_ « II . V _ V 'i 


(A) 


The derivative dr /(ip can be readily eliminated from Eqs. (g) and 
( h ) to obtain 

dw 


-u 

‘ dip 


r,r 


“/Jr 1(r ' + ,T:)iN% - (ri + «•«>*'] 


d 

dp 


B (lV# “ 


Substituting expressions (c) and (d) for A"* and A’#, wc finally 
obtain the following equation relating to U and V: 


rj d-U 
r] dp- 


, r* . , r : (//; 
dp\rj r t * ° v r./. t/v 


rf(/ 

f‘V 


ri rdh 

cot- v* ~ — y -r- cot v* 


. . ,u - ar. (2C1) 

r ; Adv J 

The second equation for i' and I* is obtained by substituting 
expressions (2G0) for M f and Mo in the third of the equations 

1 UV consider a cnernt cns.- |*y tie-tuning in this derivation t!mt the tliick- 
nes-, A of tin* Midi is variable. 
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E zrA c-fag eotatfoea T, &nd T}- In tble '"ay ~e find 


r«. C' V 
T~ C" 


h-L (\ b j - T ± « 4- ?A ~ 

r -f ' - 


t r 

pi ' 


! r^. dfc\d's 

If - co* c- c 7 


— — — 00 1 ' ,» 


/. ^ 1 r- 


V = 


£ 

7/ 


7252) 


Th::.* the probfear of headfeg of a shell harfag the forra of a 
t'trfaoe of rerolvtfoa by force- and moments rtnrforraly dl 4 > 
treated. along the parallel efrele representing the edge is reduced 
to the Integration of tb.e r.-ro Ploy, A 2oIj and f2o2j of the second 
order. 

If the t.blchr.ave of the shell £- constant, the feme containing 
cr-Jc's a- a factor vanish. and the derivatives of the Tmkno->'T;S 
7' arc T fa bote eoyiatlor-s have the same ecedrcierte, By 
fatrocrofag the rotation 


j r , . . z — ‘J~‘ 


57 -/?) 

/ '\_C'£\t r/ 


, i. r & 


Cv~ 


7 . . 

- 7 — cot « — 

Tr c«? 


r F-JZ£LAj 

~i ' Tt 


),- (*> 


the ecttstlors oar. bo- represented fa too fo I:or.f ag simp ; :£ed forra: 


//to -f Jr = jk 7 .j 

_£( 

/> j 


777, - -7 


1255} 


Tr r- 


Cg 7 »& 

77 . , 


this system of t~o- sirnriltareotts differential eoriatlons of 
;oaa order ve readily obtain for each-. urdrr.ovm aa egnatlor 
foerth order. To accomplish tide v/c- perform oa the first 
eegatlon* ('2o5> the operation Indicated by the symbol 
, }. odder gives 

7777b 7 *7-{^j = EhUV). 
tererg frora the second of the egrratlons f 255 > 


777s = -7 




777'; 7-7' 

r c 


7' 

V 



458 


THEORY OF PLATES AND SHELLS 


we obtain 


JJj(lJ) + vL 




- rP u) - : a u - ~ d 


Eh u. 


(264) 


In the same manner we also find the second equation 

JMV) 


VIA - 1 + —L(V) - « -~Y 


1 1 


1) 


If the radius of curvature r t is constant, as is the case of a 
spherical or a conical shell or in a ring shell such os is shown in 
Fig. 145, a further simplification of Kqs. (2G4) and (2G5) is 
possible. Since in this case 


'•CD • 


by using the notation 


, Eh i- 

(J) 

fl 77 ~ r; 

both equations can be reduced to tie- form 


LUC) ,:T •- 0, 

(2GG) 


which can be written in one of the two following forms; 


/„{/<( V) + itri 1 -- tY-ir.iC) -i- m-r| a 0 

or 

L[L(l') — i/rf) — iu'l 'j — 0. 

These equations indicate that tin* solutions of the second-order 
equal ions 


I A l ') : : h;'-r ~ () (267) 

are also the solutions of Kq. (266). Ily proceeding as was 
explained in Art. 85, it can be shown that the complete solution 
of Kq. (2GG) can be obtained from the solution of one of Kqs. 
(2G7). The application of Kq-. 1267) to particular cases will be 
discussed in the two following articles. 

94. Spherical Shell of Constant Thickness. — In the case of a 
spherical -hell of eon-taut thickness n — r : ~ a, and the symbol 
(f) of the preceding article is 



t* ro 
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d. d~ ' } ' C ° ' C d* 


— cot- c( ■'*}!. r«r) 


Oonsiderins rue cnantitv cQ r . instead of if. as one o: the 
unknorrus in the further discussion and introducing. instead of the 


_ Cp s _ 3 s*' 1 — 7 -J F 2 

p "~ 2 \ 4 r 




-f- cot o-^ - cor* -f 2i> 2 & r = 


o. f2t 


A further simnlifi cation is obtained tor introducing the netr 


c; _ t 

- - =-- Frj 

-*■! 

Vjith these tradables r.q. • 26-Sj becomes 

, _. dh . / 5 _\dz r 1 — 2fc- 

^ ^ -t- ( r - 2j s - — = 0. w, 

This equation belongs to s knorm type of differential equation, of 

zi - rjt/ r -f [7 - f 'ef-Sr L}~h/ - efy = 0. :>,) 

Equations bf/ and fe} coincide if rre put 


*0 = 2. 


3 ± V 5 -r Sfp- 


s _ 3 - V5 -f dtp 1 , „ 

M ffj 


A. solution of Eor. (*zj can be taken in the form of a oorrer sc 


y _f f » ~ r S „ _L- J_ 


mstitutins this series in icq. fie) and equating the coeSeients 
each porter of r ter zero, tre obtain the foUorriiig: relations 

■ TiSs solrtEon of the ecu.' ton fra? gfrea Lr E. Jlelsmsq he. czh r p_ 45-5. 
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between the coefficients: 


i'll 


A A _ (« + i 'K/ 3 + 1) A 

Ao, Ai oTr-r—n A 1 


i*l n i*l n— 


«/? 

F7" 0 ’ ”2(7 + 1) 

(« + « - l)(/5 + ?! - 1) 


?((7 + 71 — I ) 


With tiieso relations series (g) becomes 



. . ad . ct(<x + + 1 ) » 

+ t 7 ^ 1 + ~r ~2 • 7(7 + if 

<*(nr + 1)(« + 2)$(d + I)(j9 + 2) , 

+ 1 - 2 ; 3 •"7(7 -r' l ) (7 + 2 ) 



(h) 


This is the so-called hyporgeomet rieal series. It is convergent 
for all values of x less than unity and can be used to represent one 
of the integrals of F.q. (c/). Substituting for «, d and 7 their 
values (/) and using the notation 


o + S ip* 5 + *h 


j]‘2n'( 1 - :•*)' 


V 


(0 


we obtain as the solution of Kq. (»/) : 



.t- - o- — 0 ■ } 1 1 ■ — 0-) . , 

10 1-2 • ] 0 : • 1 *2 • 2 -3 * 


O’) 


which contains one arbitrary constant 
The derivation of the second integral of Kq. (</) is more 
complicated . 1 This integral can be written in the form 


r, log x + 



(/-•) 


where yfx) is a power series that F convergent for \x\ < 1 . This 
second solution becomes infinite for x ~ 0 . i.r., at the top of the 
sphere (Fig. 170), and should not be considered in those cases 
in which there is no hole at the top of the sphere. 

If we limit our investigation to these latter eases, wc need 
consider only solution (j). Substituting for o : its value ( 1 ) and 

1 Differentia! equntioni that nrv odved by hyperReomctrical “erics are 
i!i“eu“-n>cl in the book " ItiVinami-WVber, die pnrtieHea DitTcreutial-GIoich- 
ungi'ti," vol. 2, pp. 1 ‘*01. 
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,, nfdv , . T A 

= -«w + " ” 1 } 

,, /)/ rfF , . t A (7) 

iir c = 4-cot.^Tj. ) 

In calculating the components v and tn of displacement we use 
the expressions for the strain in the middle surface: 


1 

Eh 


OV, ~ 


7i/j 


(Ne - wV r ). 


Substituting for A',, and A’n their expressions in 11 and I', we 
obtain expressions for and <« which can be used for calculating 
r and re as was explained in Art. 76. 

In practical applications the displacement o in the planes of 
the parallel circles is usually important. It can be obtained by 
projecting the components r and tr on that plane. This gives 
(Fig. ISO) 

6 ~ v cos v' — tr sin c. 


The expression for this displacement in terms of the functions V 
and F is readily obtained if we observe that 6 represents the 
increase in the radius r* of the parallel circle. Thus 


a sin c>f 


« MU v- .. 

Eh ' * 


e-VA 


sin v/ >1 1 ' 

Eh v-V 



Thus all the quantities that define the bending of a spherical 
shell by forces and couples uniformly distributed along the edge 
can be represented in terms of the two series /. and /;. 

Tin* ea-e with which practical application of this analysis can 
he made depends on the rapidity of convergence of the serif's 7i 
and / ; . This convergence depends principally upon the magni- 
tude of the quantity 


P : 




•f 


(*) 


which, if r 5 is neglected in comparison with unity, becomes 


p ~ 
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Calculations show 1 that for p < 10 the convergence of the series 
is satisfactory, and all necessary quantities can he found without 
much difficulty for various edge conditions. 



As an example we shall take the ease of a spherical shell submitted to the 
action of uniform normal pressure p (Fig. 181). The membrane stresses 
in this case are 


” ~Th il) 

and the corresponding membrane forces that keep the shell in equilibrium are 

(N v ) v -a = 2 ** (a) 

By superposing on the membrane forces horizontal forces 

rr J’ a 
// = — cos a 

2 

uniformly distributed along the edge of the shell, we obtain the ease, repre- 
sented in Fig. 181a, in which the loaded shell is supported by vertical reac- 
tions of a horizontal plane. The stresses in this ease are obtained by 

1 Such calculations were made by L. Bolle, Schweiz. Buuzeilung, vol. 60, 
p. 105, 1915. 
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4G4 


superposing on the membrane stresses (!) the stresses produced by the hori- 
zontal forces H. These hitter stresses can he obtained by using the general 
solutions (n) and (/>) and determining the constants .1 and B in these solu- 
tions so as to satisfy the boundary conditions 

- // cos (A/c),— - 0. 

'i'he stresses obtained in this way for a particular case in which a «* iiC.3 in., 
h ra 2.30 in., or 3i)deg.,;> n 2S1 lb. per square inch and >■ 0.2 are shown 

in Fig. 1S2. 



is.-. 


By MsperpoMtig on the tm-mbrwti** tV (*,•) tie* hTiroutnl forces Hi and 
lending moment* M„ uniformly distributed along the edge, we can al**' 
obtain the rree of a shell v. ith built-in edge- ills. lSUd. The stresses in 
tbi* c:\"‘ an- obtain'd by -uperjeeitig on tie* membrane Stn— >es (!) the 
stres-/-^ produced in the -h> !l bv tie* fore*.- Hi and the moments .V*. These 
latter *-tre---*’. an* oblmied a- before from tin* general solutions (n) and (p), 
the constant- .1 and It being ?«> determined as* to sati-fy the boundary 
conditions 


<«/v* 


{V) e ~, 


^ 0. 
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For (lie case represented in F'ig. 1S16 the formulas nre: 



It was assumed in the foregoing discussion that thesliell has no hole nt the 
top. If there is such a hole, we must satisfy the boundary conditions on 
both the lower and the upper edges of the shell. This requires a considera- 
tion of both integrals (j) and (/:) of lap < </ j se<- p. -lfiO and finally results in a 
solution of I’.q. (200) which contains four constants which must be adjusted 
in each particular case so ns to satisfy the boundary eonditionson both edges - . 
Calculations of this kind show' that, if the angle a is not small, the forces 
distributed along the upper edge have only a very small influence on the 
magnitude of stresses at the lower edge. Thus, sine- tlw-e latter stresses 
nre usually the most important, we can obtain the re ces-ary information 
for the design of a shell with a hole by u-ing for the calculation of the maxi- 
mum stre-'ses the formulas derived for shell-, without hoh>. 

The method of calculating stre— in spherical shells di-cu.-.'-d in this 
article can nl-o he applied in calculating thermal sf rc.-.-es. V-mne that the 
temperatures at the outer and at tie- inner surface-, of a spherical shell arc 
constant hut that there b a linear variation of temperature in the radial 
direction. If t b tie- difference in tie- t»-mj»-r.«tnr« •> at the outer and inner 
surfaces, n-peetively, the bending of the shell produrid by the temperature 
difference is entirely nrrt-ted by om-tant bendmg moments bee Art. M) 


In the ca i; e of a complete sphere the— tnoim-nt-- actually e\bt and produce 
bending stre-.-es the ma\imuni value-, of which are 


I-,,.*/)- l 


ail: 

2'T-s)' 


If wc have only a portion of a 'ple-re, »up;e>fti-d a- •ds-m n in Fig. ISla, the 
edge i - . free to rotate, and the total thermal site--,-, are obtaitsed by super* 
po-mg on rtri-ft-s (tc) the *ta— -■ that are produc’ d in the shell by the 
moments 


uniformly distributed al-mg the ,dge. Tlo -e latter stre-o's are obtained 
by li-ong the tiietln-1 ih- -i!*'. -I i:i the- article : In the case shown in Fig. 

1 See paper by Itotle, h-e, cil., p. -list. 

’Thermal ‘Urw--- in shell- have been dbeu-sed by 0. Kichelberg, / o-tch- 
ungtarbtitrr., no. 2nd, ltl2«h 
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181b the thermal stresses are given by formula (to), if the temperature of the 
middle surface always remains the same. Otherwise on the stresses (to) 
must be superposed stresses produced by forces II and moments M a which 
must be determined in each particular case so as to satisfy the boundary 
conditions. 

95. Approximate Methods of Analyzing Stresses in Spherical 
Shells. — In. the previous article it has already been indicated that 
the application of the rigorous solution for the stresses in spherical 
shells depends on the rapidity of convergence of the series entering 
into the solution. The convergence becomes slower, and more 
and more terms of the series must be calculated, as the ratio a/h 
increases, i.e., as the thickness of the shell becomes smaller and 
smaller in comparison with its radius. 1 For such shells approxi- 
mate methods of solution have been developed which give very 
good accuracy for large values of a/h. 

One of the approximate methods for the solution of the problem 
is the method of asymptotic integration. 2 Starting with Eq. 
(266) and introducing, instead of the shearing force Q v , the 
quantity 

z = Q^sin ip, (a) 


we obtain the equation 


z IV -f- a-tz 11 + aiz 1 -f (/3 4 a 0 )z — 0, 


GO 


in which 
a 0 = 

a 2 = 


63 


4 * 


9 


16 sin 4 <p 8 sin 2 tp ' 16 


9 3 cos <p 


3 5 

2 sin 2 ip ' 2’ 


sin" <p 

ip - a - i + if!). 


(<0 


It can be seen that for thin shells, in which a/h is a large number, 
the quantity 4/3 4 is very large in comparison with the coefficients 
ao, a i and a 2 provided the angle <p is not small. Since in our 
further discussion we shall be interested in stresses near the edge 
where <p — a (Fig. 181) and a is not small, we can neglect the 
terms with the coefficients an, cq and a 2 in Eq. ( h ). In this way 

1 Calculations by J. E. Ekstrom in Ing. Vetensk. Akad., vol. 121, Stock- 
holm, 1933, show that for a/h = 62.5 it is necessary to consider not less 
than 18 terms of the series. 

2 See 0. Blumenthal’s paper in Repts. 5 lit Intern. Cong. Math., Cambridge, 
1912; see also his paper in Z. Math. Physik, vol. 62, p. 343, 1914. 
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we obtain the equation 

r ,v + 4f)*z = 0. (d) 

This equation is similar to Eq. (230) which we used in the 
investigation of the symmetrical deformation of circular cylindri- 
cal shells. Using the general solution of Eq. (d) together with 
notation (a), we obtain 

Qe ~ S ''(C 1 COS C; sill /fy") + C~ Sf (Cs COS fiifi 

\/sin 

-f Ct sin &<;)]. (e) 

From the previous investigation of the bending of cylindrical 
shells we know that tin; bending stresses produced by forces 
uniformly distributed along the edge decrease rapidly as the 
distance from the edge increases. A similar condition also exists 
in the case of thin spherical shells. Observing that the first two 
terms in solution 0) decrease while the second two increase as the 
angle y decreases, we conclude that in the case of a sphere without 
a hole at the top it is permissible to take only the first two terms 
in solution (c) and assume 

0, " /'*" iCx COS fix- -1- c. sin d v -). (/) 

V SIM v‘ 

Having this expression for CU and using the relations (6), ( c ) and 
(tl) of Art. 93 and the relations (p), (e) and (r) of Art. 91, all the 
quantities defining the bending of the '■hell can be calculated, and 
the constants C\ and can be determined from the conditions at 
the edge. This method can be applied without any difficulty to 
particular cases and gives good accuraey for thin shells. 1 

hetead of working with the differential equation (2GG) of the 
fourth order, we can take, as a basis for an approximate investiga- 
tion of the bending of a sple-rieal .shell, the two Kqs. (2G3). : In 
our case these equations can !>•■ written as follows: 

1 An example of Application <>: tie- method of asymptotic integration is 
riven in tin- author's p:\p--r; .* lh.ll, Er. <y. Ttch., Ft. Petersburg, 1913. 
In t tie papers by Bhimentlml, previously mentioned, means are given for 
t fie improvement of tin- approximate .solution !>y the calculation of a further 
approximation. 

1 This method was prupo~ed by J. W. (ieekeb-r, EorfthungiarbcUen, no. 
‘270, Berlin, 1920. 
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rj ^k -4- cot J4 1 - tot 1 « ~ = EhV, ) 

d<£ ~ ' \ f 

d-V , v dF , ^ , - T/ 

_ _ «,t * -r »)F - -TT-) 

where is the shearing force, fend V is the rotation of & tangent 
to £ meridian as defined by Eq. f a) of Art. 93. In the ease of very 
thin shells, if the angle <s is: not small, the quantities ^ and F are 
damped out rapidly a.? the distance from the edge increa.se? and 
have the same oscillatory character a? ha.? the function (/), 
Since & is large in the case of thin shell?, the derivative of the 
function (f 1 i.? large in comparison vdth the function itself, and the 
second derivative i.? large in comparison vdth the first. This 
indicates that a satisfactory' approximation can be obtained by 
neglecting the terms containing the functions Q f and F and their 
first derivatives in the left side of Eos. 67), In this way Eos. Of) 
can he replaced by the following simplified system of equations 1 : 


^- Esr . j 

s - ->j 


By eliminating F from these equations, we obtain 

where 

= za - oj 

The general solution of this equation is 

= Chv ' cos X«s -r Cbv * sin X<? -f- C r-.fr’' f cos X« 

-f- CtfT'f sin X<2. (7r) 

Considering the case in which there is no hole at the top (Fig. 
F4vj and the shell is bent by forces and moments uniformly 

1 This sfrr.pllfioatrnn of the problem k eerrtvalent to the replacement- <nf 
the portion of t be shell near the edsre by a tar.g*nt eon rear shell and applrea. 
tror. to this cor. real sf.ell of the eonratlor. that was developed for a circular 
eyi.:r.d.er (Act. SI j ; see E, Meissner, “A. Stodola Festschrift,” p, 403, Zurich. 
1C-S0. 
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distributed along the edge, we need consider from the general 
solution (I:) only the first two terms, which decrease as the angle 

y decreases. Thus 

Q,. — C iC Xv cos Xy -f C : c y '~ sin Xy. (/) 

The two constants C t and C» are to 
he determined in each particular case 
from the conditions at the edge 
(y = a). In discussing the edge 
conditions it is advantageous to in- 
troduce the angle ^ = a — y (Fig. 
184). Substituting a — ^ for y in 
expression (/) and using the new con- 
stants C and y, we can represent solu- 
tion (/) in (he* form 

Q, - CV-H' sin (Xy'- + 7 ). (m) 

Now, employing Kqs. (6), (c) and (d) 
of Art. t*d, we find 

COt lit — r )f ' sitl (Xy *f- */)f| 



(2G9) 


-V,. ~ rot y 

V . 

•'( - — , ' ~ 

'V 

From tlie first of the equations ;/.) we obtain the expression for 
the angle of rotation 


•X\/2C. -in ^Xv -f 7 ~ j 


r 


~FI ^ 1 + 


( 270 ) 


1 

Eh </y- 

The bending moment- can be determined from F<i-\ (</) of the 
preceding article. Neglecting the terms remaining F in these 
equations, we find 

M % . - - 1),lV - - n (L-'i -in fx-J +7 + -\) 

't'/v* X \ 2 \ 4/ _ 


df. 




( 271 ) 


Finally, from Kq. (r) of tie- previous article we find the horizontal 
component of displacement to he 

sin ir ill" 


0 .'= 


Kh <K- 


sin ill - v')X\/2Cc-^ sin (x v ' d-y- fj- 


( 272 ) 
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With the aid of formulas <'262) to (272) various particular cases 
can readily bo treated. 

Take as an example the case shornn in Fig. 1845. The bound- 
ary conditions are 

(M*)^ = M c . = 0. fn) 

By substituting -4 = 0 in the first, of the equations 5269} . it can be 
concluded that the second of the boundary conditions 5n) is 
satisfied by taking the constant 7 equal to zero. Substituting 
7 = 0 £! xd 4 = 0 in the first of the equations 7 271) r me find that 
to satisfy the first of the conditions ( n) me must have 

a n 
2 }/' 

MJ2\ 
a 


mmcn gives 


/? 


Substituting values thus determined for the constants 7 and C 
in expressions 5270) and 5272) and taking 4 = 0. me obtain the 
rotation and the horizontal displacement of the edge as folloms: 




4}hJfr 
Eak ' 


55 )?=.-, = 


2>* sin a 
Eh, 


M s 


(273) 


In the ease represented in Fig. 184c. the boundary conditions 
sxe 


(Me )*~~z — 0.. (Mejxr^z — — H cos a . 63} 

To satisfy the first of these conditions r me must take 7 = — ~/4. 
To satisfy the second boundary condition, me use the first of the 
equations (269) mhich gives 

—H cos <z = C cot a sin 4. 

4 

from mhich me determine 


2ff sin a 


Substituting the values of the constants 
(212). me find 


7 and C in (270) and 


2?. i sina Er 
( )?=* - ^ H, 


&*-* = (274) 


It can be seen that the coefficient of 3F C in the second of the 
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formulas (273) is the same; as <hr; coefficient of // in the first of the 
formulas (274). This should follow at once from the reciprocity 
theorem. 


Formulas (273) and (274) ran readily he applied in solving particular 
problems. Take as an example the ease of a aplieriral shell with a built-in 
edge and submitted to the action of a uniform normal pro-sure p (Fig. lS5n). 
Considering first the corresponding membrane problem (Fig. lSot), we find a 

uniform compression of the shell 



N< 


Nf — 


pa 


The edge of thi- shell experiences no 
rotation and undergoes a horizontal 
displacement 



a sm fr 

& “ — 7,™c A f — *vi «.} 


P -'f l - y) 

" 2 Eh 


sin o. (p) 


To obtain the solution of the given prob- 
lem weniperpfeeon the membrane forces 
of Fig. 1 S.'it force-, and moments uni- 
formly di-trihute-d along the edge ns in 
Fig. 1 S V. These forces and moments 
ar<- of roch magnitude that the corre- 
• jeweling horizontal displacement is equal 
and oppo-iie to the displacement (p), 
and the corn-ponding rotation of tie- edge i- iqual to zejo. In this way, 
by u-mg formula-, >'27.'i > and t27-> i, v. c obtain the follow ing equations for the 
determination of M„ and // ; 


IV.. is.',. 


4.V 2v» sin «, 

-irr.W- ---//» 0, 
hah hr. 

2\* sin n 2/s.v *in* « 1 — »} . 

— r.r — -•'<• - — — H *» -«"#• 

/. r. /. r. 2 f. o 


from which 


Mn 

H 


po’tl — ►) yah ( 1 

2\ 


.t/„ - - 

o *■ in o 2\ ‘•to o 


poc. l ~ r ; 
poll — e) 


(r) 


The negative i igus indicate that .U„ and // have directions opposite to those 
shown in Fig. IM. 

The approximate equation- if.) were obtained by neglecting the tmknown 
function*! (.V and F and the r fir-t derivatives in the exact equations (g). 
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L better approximation is obtained if ve introduce the nev variables 1 
(?i -= sin «r. Ft = F V5^ 


Substituting 


0= = 


■\Zslric; 


V = 


Ft 


ysn 45 


in Eos. (p), vc- fed that the terms containing the first derivatives of <?t and 
Ft vanish - Hence, to obtain a simplified system of equations similar to 
Eos. (E), ve have to neglect only the terms containing the quantities Qt and 
Ft in comparison vith the terms containing the second derivatives of the 
same quantities. This gives 




= EhV t) 


d*F: 

dv 1 



The solution of these equations can be obtained in the same manner as in 
the case of Eqs. (/.). Returning to the original variables and F, ve then 
obtain, instead of expressions Cm) and (270), the following solutions: 1 

e~H 

Cm ~ €——=========. sin 01 -i 

Vsm (a. — 

„ 2/* e' J * 

F = — —C - .. — COS 

Eh -yy jiu _ ti) 


" 77» 

(?4 V '/}. 


(275) 


Proceeding nov in exactly the same vay as in our previous discussion, ve 
obtain the following expressions in place of formulas (255), (271 > and (272) : 


ii«c = — cot (a — &}C 


-H 


■\/<r.n (a — S) 


sin (>1 -f '(), 


1 

Hi = c [2 cos 01 -r 7 ) — (fct 4- £j) sin (X4 4- -/)], J 


7f« 


Jfs 


2\/ sin (a — 7) 
e _> 4 


-h sir; (a — -7) 
c _ e^ J * 


s / sin < a. — <1 


eo-s (?4 -f- - 7 ) -f- sin (X4 f- 7 j I, 

‘,[(1 i- ri)(/: t 4- /rj) - cos O .4 4- 7 )! 


(276) 


v> 


4 - 2 F sin O.4 4-7)1, 

csinfa — 

l = - . — C ■ ■ ■ =[cos (X4 4- 7 ) - ktsin Ol 4- 7)1, J 

- tA "V sm (a — 1) 

1 This is the same transformation as vas u-xd by O. Blumenthal; see Eq. 


(c), p. 407. 

: This closer approximation vas obtained by M. Hetenyi, Pub, Intern . 
Aztec, Bridge Strv.d. Eng., vol. 5, p. 173, 1038; the numerical example used 
in the further discussion is taken from this paper. 
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where 


1 - 2 »> 

hi ”1 — — cot (or — <}■■), 


hi *» 1 — 


2X 

1 2t- 

2.\ 


cot (n — ^). 


Applying formula.* (270) to the particular ease* previously discussed 
and represented in Fig. 1810 mid 181 c, we obtain, instead of formula.** (273) 
uml (27-1), the following Fetter approximation.*: 


(YU., ~ 

* Eahkx 

2X : .‘•in a 




2X 5 .till ct 
~~EhhT‘ 


Ho 


(277) 


2X ; j-in n ,, , , Xu *>ifi* ttf l\ 

+ J -)n. m> 


Hy applying these formula*' to the particular ca «• shown in Fig. IS5a, 
second approximations for the reactive momenta M„ and reactive forces H 
are readily obtained. 

To compare tin* ftr-t and .-*Tond approximations with the exact .volution, 
•vo .shall consider a numerical example in which n ** 90 in., /; =* 3 in., 
ct c flu deg., p ■» 1 lb. p> r square inch anil > •** {, The fu>t and second 
approximation'! for .1/,. have b' .-n calculated by tt-ing the first of the equa- 
tion* (271) nnd the third of th<- equations (27b' ami are represented by the 
dotted lines in Fig. ISO. For comparison the n,w! volution' has abo been 
calculated by u*ing the •eri. * of tlie previous article. Tbi J exact solution is 
represented by the full line in Fig. t s '>. In Fig. 1S7 the force ,V» a* calcu- 
lated for the same numerical example i~ ,-hie.rn. From tin *e two figures it 
can he eoncludi-d that the fc-otid approximation has very satisfactory 
accuracy. Observing that in our t xamph- the ratio a f; i* only 30 nnd the 
angle a "* 35 deg. is comparatively small, it rati he concluded that the 
second approximation can h<- applied with sufficient accuracy in most cases 
encountered in present structural practice. 5 


'■ It wa~ n ee,-s-iry to take 1(> term- in the »/-ries to obtain S'tiffiricnt accu- 
racy in this case. 

: The ea“e in which the angle <« {s small and the svihition (275) is not 
sufficiently accurate is di'<*u*->-,t by J. \V. th-okeb-r, l r.Qcv.uur-Archir, voh 1, 
p. 255, 1030. Application "f the equation* of finite differences to tin* same 
problem has been made by p. l'.t-t>rn:ik. ixaprtr. Mail.. Mcch., xml. 0, 
p. 1, 1020, "I he case of non-tsotrojiic shell- i- considered by K. Stcucrnmnn, 
Uf.ffctr. Math. Mrfh , voh 5, p. 1, 1025, One particular case of a spherical 
shell of variable thickne— i- dt“eu—»d bv M. F. Spoils, J. .4pp. Meek., Trans. 
A .S.M.E., voh (11, If '30. The problem of non-symmctrical deformation of 
Spherical shells is considered by A. Havers, f r.grr.trur- Archif, vol. G, p. 282, 
1035. Further di seif shut of the same problem in connection with the stress 
analysis of it spherical dome supported by columns is given by A. Aas Jnkob- 
K en, Ingenirur-Arcf.ir, vol. S, p. 275, 11*37. 
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. Conical Shells. — To apply the- general equations of Art. 93 to the 
ralzr ease of s conies! shell (Fig. IS&i), vre introduce m place of the 


\ vs 0 / ic=?a 


Meridional bending morr.errb inch Ibc./nch 


V Appro/A I f-f } 


Fro. 


Membrane hoop force Ug-AS.O l be p er inch 


ng It e [bs/inch 


Appra/.. i 


Fro. 1ST. 

variable y a new variable jr which defines the distance from the apex of 
the cone. The length of an infinitesimal element of a meridian is novr dy. 
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instead of r, tl<r ns was previously used. As n result of sueli changes in the. 
variables, the following transformations of the derivatives with respect 
to v arc necessary: 

d d d* <1 ( d\ ,tP Ar t d 
ilif T \hj dy* d v -y 'iljj 'dy' ' dy fly 

With these transformations, the symbol (t; in Art. {>3 becomes 

. . d*( . . . ) ( dr, r, \li . . . ) 1 

o— 3 — - 7, • • • )• 

M 

Observing that for a cone the angle v* i* constant and using notation a for 

r/2 — v" (Fig. 1SS), we obtain 



r ; *■> v tan a. 


dy 


** tan a 


^ Substituting the expressions into 
(o' 1 and putting r t «* a--, the symbol 
L[ ... > becomes 


Id 


) « tan « 


. <H . . . ) 


dr 



d _ i 

dy ~~y 


iciuntion* (2A7) of Art. 03 are then 


df (\ . .. 

• — " ) lu'l «=• 0 , 

dy y ) 


d-SiQo . di'.O,-. iu'yQ, 

y , , , - ~ V» A , , 

«y t:\ti « 


or, with r “ e, y tan «<?,,* 

0. 


r-mg the notation ij) of Art. to and introducing the new notation 




Eh 


last 5 o l) 


cot - rt 


12(1 - t*) 


h* 


- cot* <*, 


we futallv obtain 


GO 


/"/<•> + - «. i *<*, . o. 

dy* dy 


(c) 


* The subscript y is u-ed instead of *- in the further discussion of conical 

shells. 
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Considering the first of these equations, we transform it to the known 
Bessel equation hy introducing, instead of y, a new variable 


which gives 


y = 2 \\fi^/y. 


d'-(yQ.j) , I diyQ.,) 
dy- * y dy 



0, 


to 


(e) 


A similar equation has already been discussed in the treatment of a cylindri- 
cal shell of non-uniform thickness (Art. 85). The functions In, . . . , -It 
which were introduced at that time and whose numerical values are given 
in Table 47 can also be applied in this case. The general solution for yQ v 
which satisfies both of Eqs. (c) can then be represented in the following 
form: 1 


VQy = Cx 




-f Ci 


Mi) — ~Piii) 


+ O2 


r'j(i) 4- jl't ({) 


C4 


MO ~ \MO 


if) 


where £ = 2\\/y, and the primes denote derivatives with respect to £. 
From our previous discussion and from the values of Table 47 we know that 
the functions ■■pi and Pi and their derivatives p\ and p' 2 have an oscillatory 
character such that the oscillations are damped out rapidly as the distance 
y decreases. These functions should be used in investigating the bending 
of a conical shell produced by forces and moments distributed uniformly 
along the edge y = l. The functions Pi and pt with their derivatives also 
have an oscillatory character, but their oscillations increase as the distance 
y decreases. Hence the third and fourth terms in solution if), which con- 
tain these functions and their derivatives, should be omitted if we are dealing 
with a complete cone. The two constants Ci and Ci, which then remain, 
will be determined in each particular case from the boundary conditions 
along the edge y — l. 

In the case of a truncated conical shell there will be an upper and a lower 
edge, and all four constants Ci, . . . , C< in the general solution if) must 
be considered to satisfy all the conditions at the two edges. Calculations 
show that for thin shells such as are commonly used in engineering and for 
angles a which are not close to xr/2, the forces and moments applied at one 
edge have only a small effect on the stresses and displacements at the other 
edge. 1 This fact simplifies the problem, since we can use a solution with 


1 A very complete discussion of conical shells is given in F. Dubois’ 
doctorate dissertation “t)ber die Festigkeit der Kegelschale,” Zurich, 1917; 
this paper also contains a series of numerical examples with curves illustrat- 
ing the stress distribution in conical shells having various angles at the apex. 

* For a =* 84 deg., F. Dubois found that the stress distribution in a trun- 
cated conical shell has the same character as that in a circular plate with a 
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only two constants. Wo use the terms of the integral (f) with the constants 
Ci and Cj when dealing with the lower edge of the shell and the terms with 
constants C j arid C\ when considering the conditions at the upper edge. 

To calculate these constants in each particular case we need the expressions 
for the angle of rotation 1', for tin- forces .V, and Ne and for the moments 
and Me. From Kq«. (c) and (<!) of Art. 03 we have 

Ny ~Qy tan or, 

lie tl(r.Qy) ‘KyQy) 

A fi — —■ ” — - ■ «-» — - - tan n. 

<!’j «y 'I’j 

From the first of the equations (2* >3} we obtain the rotation 



.. I , ... tan- « 

1 „ ) », - - 
r.h U- 


. 'LyQx) n 
v ■ - r- - - Qy 

dy- lb) 


W 


The henditig tnotin-nts sis found from lay. (2*>0.i are 



l$y substituting y tan «i fore in Fq. t; of Art. OSue find 


y *•«!; <i t-Ui it 

El. 


<! vV,‘ 


•t- 


(0 


O') 


Thus all the quantities that define the le nding of a conical sh'-Il are expressed 
in ternis of the -hearing force v.luch given by the genera! solution if). 
The functions , and ti.<-ir fir- ! derivatives are given in Table -17 

for i < 1 ’of larger Value- of ■ ! i.*- rnptoti-'ctpfe.— <i.»rt.s (2-”> 0) /page -120) 

of the-e function'- cats (>•- u-e,! with »i|f!!cient accuracy. 

A- an example we take the repr>-**-nte<i in Fig. t$S.r. We assume that 
the i -hell j-, loaded only by its weight and that the edge (y *» I) of the -hell 
can rotate freely |uit cannot move laterally. ( \»usid*:ring first the corrv- 
.•qtotitiitlg tm-mbratse prohlem fFig. Iss.'.}, v.'e find 


-V# 

A\ 


-<;•/ *m « tan <t. 


m 


where <j is the weight per unit area of the -h'-tt. As a rc»ult of these forces 


hole at the renter . 'Fhi- indicates that for *-m-h angles the forces and the 
moments applied at both <algv* must be considered simultaneously. 
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there trill be a circumferential compression of the shell along the edge of 
the amount 


e = -=v(A r 5 — riV y ) = — 
Eh 


$ 


2 cos a Eh 


(2 sin ; a — v). 


(0 


To satisfy the boundary conditions of the actual problem (Fig. 188a) 
we must superpose on the membrane stresses given by Eqs. (/;) the stresses 
produced in the shell by horizontal forces H (Fig. 183c) the magnitude of 
which is determined so as to eliminate the compression (Z). To solve this 
latter problem vre use the first two terms of solution (f) and take 


yQv = 



sh(?) 



C. 


=(?) 


2 ,, 


(?) 


(m) 


The constants Ci and C* vrill now be determined from the boundary 
conditions 


(-^y)j= 2 xVf ~ ^£=2XVT — sin a 


gZ : tan 
_____ 


-(2 sin 1 a 


r), (") 


in which expressions (j) and (j) must be substituted for M„ and 5. After 
the introduction of expression (m) for yQ-j, expressions (?) and (j) become 


M, 




4(1 — y) 

(?) -f 2(1 — v)^:!?) — ^ t (|) 


-f Cl 


&[(£) ~ 2(1 - *)<M?) - — ■ V V ((?) 

v 


}■ 


(») 


y sin a,,. sm a tan a 

o = — — — (Afl — wV y ) = ■ 


Eh " 2Eh 

T C: 

r sin o: tan a 


{c. 


- 2^(?) - ^4(?) 


?y';(?) ~ 2^5(5) + -pJ-J(J) 


} 


FA 


14 


^i(?) + ^s(?) 




v^i(?) — ~£i(?) 


(p) 

}• 


Substituting 2 N\/l for | in expressions ( 0 ) and (p) and using Table 47 
or expressions (250), we obtain the left-hand sides of Eqs. (n). We can 
then calculate Ci and C- from these equations if the load q and the dimen- 
sions of the shell are given. Calculations show that for shells of the propor- 
tions usually applied in engineering practice the quantity £ is larger than 6, 
and the asymptotical expressions (250) for the functions entering in Eqs. 
( 0 ) and (p) must be used. An approximate solution for conical shells, simi- 
lar to that given in the previous article for spherical shells, can also readily 
be developed. 
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The* ruse of n ronicrnl shell the thickness of which is proporlionnl (o the 
distance y from the apex cun also he rigorously treated. The solution is 
simpler tlmn tlmt for the cn-e of uniform thickness . 1 

97. General Case of Shells Having the Form of a Surface of 
Revolution.-— The general method of solution of thin shell prob- 
lems ns developed in Art. 93 can also be applied to ring shells such 
as shown in Fig. Mo. In this way the deformation of a ring such 
as shown in Fig. 1S9« can be discussed. 5 Combining several rings 
of this kind, the problem of compression of corrugated pipes such 
as shown in Fig. ISOh can be treated. 5 Combining several conical 



I'm. t*e>. 


sheik we obtain a corrugated pipe shown in Fig. 189c. The 
eompre-sion of such a pipe can b>* investigated by using the solu- 
tion developed for conical shells in the previous article. The 
method of Art. 93 is nk> applicable to more general surfaces of 
revolution provided the thickness of the wall varies in a specific 

1 K., VirrL! j'-.K r * "hr. ,Ye In-fo-ir}.. f»Vt. Zurich, vol. CO, p. 

23, IP 1 5; aK-> K. Hum-gier, ** IV-tiKkeitilwreohnunR von Kocehchnlcn 
rnit liie-ur vemndi-rlieher Wond-turke," doctoral thesis, Ztirich, 1010. 

5 Problem* of tliit kind are riiVTuudy treated in tin- paper by If. Wisslcr, 
“r<"<lii;k<-it.»b<-rt cbmmf’ von Itie.cth'u-hen-ehnlrii,” doctoral thc*d«, Zitrieh, 
10 10 . 

1 Snrh corrugated pipes were considered by K. Stunps Inycr.irur-Arehif, 
vol. 2, p. IT, 1031. 
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manner. that the general equations (261 ) and (262) obtain the 
form (233).'- The solution of these equations, provided it can be 
obtained, is usually of a complicated nature and cannot readily 
be applied in solving practical problems. 

At the same time, ail the existing solutions indicate that for 
thin shells for which the angle a is not small, the stresses produced 
by forces and moments uniformly distributed along the edge are 
of a local character and die out rapidly as the distance from the 
edge increases. This fact- suggests the use in more general cases 
of the same kind of approximate solutions as were discussed in the 
case of spherical shells. Starting with the general equations (261) 
and (262) f page 457). we neglect on the left sides of these equations 
the functions 77 and F and their first derivatives in comparison 
with the second derivatives. 2 This results in the following 
simplified system of equations: 


r» d 2 77 
n dcr- 
r.rF-r 
r\ ,I<s- 


mr t ) 

_u 

D 


(a) 


DiSerenriating the first of these equations twice, we obtain 



(&) 


If after differentiation we again retain on each side only one term 
containing the derivative of the highest order of the functions 77 
and V. we obtain 

uddU ttUT-V Ehr\U 

t\ dS th d<c- ~ r 2 D (c) 

After the introduction of the notation 


y 4 _ 1 

4 r«D 


5(1 - F) 


ji 

iW 


(d) 


'-See Meissner paper, fcr dir., p. 435. 

- in is method o: obtaining an app rozrmate solution in a general case is 
due to -I. Vr. GeckeLer, Fr/rirf.unqit:rbeiter. t no. 276, p. 21, Berlin, 1926. 
~~ vrtensvjn of ^BlurneuthaFs method of asymptotic integration on the 
general case of shells in form of a surface of revolution was given by E. 
Steuermann, Free. 2d Znfem. Con<?. Zpph Med., voL 2, p. 60, 1930. 
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Eq. (c) becomes 

(HU 

7 $ + = °* W 

'J’Jiis is of the same form as Eq. (/) in Art. 95, which was obtained 
for spherical shells. The difference between the two equations 
consists only in the fact, that the factor A, given by expression (d), 
is no longer constant in the general case but varies with the angle 
V. Since the function U dies out rapidly as the distance from the 
edge increases, we can obtain a satisfactory approximate solution 
of Eq. (r) by replacing A by a certain constant average value. 
The approximate solution previously obtained for a sphere can 
then be directly applied here. 

To obtain a more satisfactory result the shell can be divided 
bj’ parallel circles into several zones for each of which a certain 
constant average value of A is used. Beginning with the first 
zone at the edge of the shell, the two constants of the general 
solution (275) are obtained from the conditions at the edge in the 
same manner ti« was illustrated for a spherical shell. Then all 
quantities defining the deformations and stresses in this zone are 
obtained from Kqs. (270). The values of the.se quantities at the 
end of the first zone give the initial values of the same quantities 
for the second zone. Thus, after changing the numerical value 
of for the second zone, we can continue the calculations by 
again using the general solution (275). ! 

If tin- factor A can he rt-pre- <nted by the expression 


in which a and h arc constants, a rigorous solution of Eq. (r) can 
he obtained,* However, since Eq. (r) is only an approximate 
relation, such a rigorous solution apparently has little advantage 
over th»* previously described approximate calculation. 

1 All npptirnlion of t tits method to the I'nimkttion of stfes.-es ill full heads 
of jin-. -lire vr*-‘t‘P i-, given in th>- jrtp<-r hv \\\ M. Ponte-., Tran *. .to. Sac. 
Mreh. I'.r.i) , Vo!. .V.’. p, 117, ll>:so. 

5 Fee t ork.hrV paper, /<><-. (-s'., p, -JKl; nil application of this solution to 
the catmint ion of «t tv in a - 1*-«- j»*»- ole, 1 dome t-t given in Flilggo’s hook, 

“Stat'd: und liynnmik d<t Schah-n," p. 172, lhulin, 1035. 
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for curvilinear boundary, 93 
for elastically supported edges, 92 
for free edges, 89 
KirchhofFs derivation of, 95 
for simply supported edges, 89 


Buckling, approximate calculation 
of forces producing, 313 
of circular plates, 322 
of compressed angle sections, 317 
of elliptical plates, 325 
of rectangular plates with built-in 
edges. 320 

of rectangular plates with two 
opposite edges simply sup- 
ported, 314 

Buckling load face Critical load) 
Built-in edge, boundary conditions 
for, 89 

(Set aho Clamped edges) 

C 

Circular hole, in circular plate, 63 
Circular membrane, corrugated, 337 
deflection of, 337 
Circular plates, central hole in, 63 
concentrically loaded, 63 
corrections to theory of bending 
of, 78 

differential equation for, 58 
eccentrically loaded, 266 
on elastic foundation, 275 
large deflections of, 333, 338 
under linearly varying load, 260 
loaded at center, 73 
supported at several points, 270 
symmetrical bending of, 5-5 
symmetrically loaded, 57 
table for deflections of, 68 
uniformly loaded, 58 
of variable thickness, 282 
Clamped edges, boundary condi- 
tions for, 89 

rectangular plates with, 222 
Columns, bending of plates sup- 
ported by rows of eeiuidistant, 
239 
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Combined action, of lateral load and Cylindrical shells, approximate in- 
forcer, in middle plane of pinto, 

290 


Concentrated load, circular plate, 
under centrally applied, 73 
under eccentrically applied, 
200 

local stre.f'es under, 7a 
on plate on elastic foundation, 232 
rectangular plate, with clamped 
edges under, 229 
with simply supjmrted raise i 
umb r, J30, 17! 

Conical shell-, bending of, 475 
membrane stre-.e-- jn, 392, 377 
Con-taut strength, -hi lts of, 3GG 
(’o:itimtou ,: rectangular plat*--. 232 
Corrugated circular plates 337 
Corrugated pip*--, under axial cons- 
pr> •• ion, •! v >9 

Critical load, for circular plate, 322 
for elliptical plate, 323 
moth's! < of determination of, 311 
for re--tangular plate with built-in 
edge-, 32tl 

for uniformly cutup:*--*- 1 r*--- 

f-.ng’tl -.r plate with 
,*:{>• • *!g, * ► imply Mipp'rted, 


Curvature. nv> rag*-, 37 

b'-ndii-.g of plat- li-.virtf.; initial, 
27. 32'* 


of shghtly :,t 

plat* 5! 

.* mah initial. 32 


Curvatur*-, prim:; 

* *!. 37 

Curv. d pint*--, h- 

miti.g of initidly. 

( ’urvdim-ar !*<>*.!! 


for, f>3 


Cylindrical 1*. sol 



plat* - in hull t-f -hip, 2! 
of j>! 1 

w rtli built-in e-.K-e ,, 111 
differential r<pinli->n for, l 
with *-!:*• ti-ally built-in edge*, 
17 

with simply rllpjvorted edges, -1 
of plates, on elastic foundation, 311 


ve.stigatiou of bending of, -MG 
bent by forces distributed along 
edges, -102 

deflection rtf uniformly loaded 
portion of, -1-13 

general equations for deflection of, 
-{JO 

general theory of, 3S9 
ine\t<-n--ion:>.! deformation t>f. -127 
membrane thetuy of, 3 C 2J 
reinforced by ring--, -!03 
supjsjrted at ends, under hydro- 
static prw-ure, -HI 
tymmetri'-ally load's!, 3S9 
th'-rma! strr.-.-'M in, -522 
under uniform internal pressure, 
39s 

Cylindrical tank", with non-uniform 

wall thi.-kr: 413 

with uniform wall thickness, 410 

I) 

Deflection, r ,f elliptical plates (t<re 
Iflhptiea! plates) 
of late rally loaded plates, S3 
differential equation for, S-S 
large. 329 

bmitatmn-t regarding, 51 

-mall, S3 

of plate--, tinder combined lateral 
!•■ -.ding ami toad in middle 
plan*', 299 

of jv-*rti->n of cylindrical shell, 443 
of r* --tang-d.-.r plat*--', with simply 
Ml pp**r!<’d (slges, 113 
of ani-otroplc material. ISS 
under concentrated load, 1 -Vi, 
174 

title to temperature gradient, 

!7l> 

under hydro-tatic load, 13! 
of infinite length, 107 
partially loaded. 140 
tinder sinusoidal load, 113 
umb-r triangular load, 143 
uniformly loaded, 123 
of variable thickness, HU 
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Deflection, of rectangular plates, 
vrith various edge condi- 
tions, 199 

vrith all edges built-in, 222 
vrith three edges simply sup- 
ported and one damped, 
211 

vrith two opposite edges sim- 
ply supported and other 
two, clamped, 201 
vrith two opposite edge's sim- 
ply supported, third edge 
free, and fourth edge built- 
in or simply supported, 
215 

of triangular plates simply sup- 
ported, bent by moments 
uniformly distributed along 
boundary, 102 

under concentrated load, 294 
due to temperature gradient, 
104 

uniformly loaded, 293 

Developable surface, bending of 
plate to, 51 

Diaphragms, conical, under uniform 
pressure, 475 

spherical, under uniform pressure, 
403 

Differential equation, for bending 
of plates, anisotropic, 188 
under combined lateral loads 
and loads in middle plane 
of plate, 301 
to cylindrical surface, 1 
vrith large deflections, 343 
under lateral loads, 88 
for bending of spherical shells, 
459 

for deflection of membranes, 344 
for symmetrical bending of cylin- 
drical shells, 391 

Discontinuity stresses, in ellipsoidal 
boiler ends, 409 
in pressure vessels, 407 
Displacements in symmetrically 
loaded shells, 370 


E 

Ellipsoidal ends, of boiler, 409 
Ellipsoidal shells, 304 
Elliptical plates, uniformly loaded, 
vrith clamped edges, 290 
vrith simply supported edges, 
292 

Elongations, due to bending of 
plates, 40, 304 

Energy method, applied in bending 
of plates, 120, .303, 307 
in calculating large deflections, 
333, 345 ' 

Exact theory, of plates, 105 
F 

Finite difference equation, for deflec- 
tion of rectangular plates, 1 80 
for large deflections, 344 
Flexural rigidity, of plate, 3 
Free edge, boundary' conditions 
for, 89 

G 

Gridwork system, bending of, 190 
II 

Hull of ship, bending of bottom 
plates of, 21 

I 

Images, method of, 174, 294 
Inextensional deformation, of cylin- 
drical shells, 427 

Initial curvature, bending of plates 
with, 27, 320 

L 

Large deflections, 329 
approximate formulas for, 333, 349 
differential equations for, 331 , 343 
of rectangular plates, 347 
of uniformly loaded circular plates, 
338 
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Local stresses, under concentrated 
load, 75 

Ixing rectangular plates, 1, 107 
hemline of, to cylindrical sur- 
face, 1 

with built-in edges, 10 
on elastic foundation, ."SO 
with elastically Iniilt-in edges, 17 
with simply supported edges, -J 
small initial cylindrical curvature 
in, 27 

M 

Membrane equation, application of, 
in bending of plates, 99 
Membrane forces, in shells, 350 
Membrane theory, of cylindrical 
shells, 383 
of shell'. 351 

Membranes, deflection of circular, 
337 

deflection of square, 315 
differential equation, for deflec- 
tion of, 3 i t 

Middle plane, of plate, 111 
Middle surface, of plate, 3} 
of shell, 351 

Mohr's circle, for determining rttrvn* 
lure*, 3s 

for determining moments, >2 

N" 

Navier solution, for }x<rtir»n of 
cylindrical shell, -l (3 
for 'imply — Jpporteal plates, 17 
Neutral surface. |0 

N'on-hnetr problems, in le nding of 
circular plate-., fls7 

P 

Plates, circular, 55, 200, 270. 275, 
282, 333, 358 

under combined lateral load and 
force- m middle plane, 299 


Plates, on clastic foundation, 30, 218 
on equidistant columns, 239 
with large deflections, 329 
rectangular, simnlv supported, 
113 

with various edge conditions, 199 
of various shapes, 257 
Polar coordinates, in bending of 
plates, 257 

bending and twisting moments 
expressed in, 259 
differential equation for deflec- 
tions in, 2.53 
Pressure ve-'i-ls, 400 

di-continnity stresses in, -107 
Principal curvature, 37 
plan's of, 37 

Pure bending of plates, nntidnstie 
surface in, -57 

limitation of deflection in, 51 
particular case,,- of, -55 
relation b-tui-en betiding mo- 
ment'' and curvature in. 39 
ship- ami curvature in, 3t 
strain energy in, -59 

K 

Hcaciiojis, at I'Otmdary of simply 
supported nrtangular plate, 
(ind'-r hydrostatic load, 139 
under triangular load, 1-15 
under uniform load, 131 
Rectangular plate-', application of 
energy method in calculating 

deflections of, 12t) 
bending, of ani'otropic, 18.5 

bv moments distributed along 
edge' of, 199 
of variable thickness, 19! 
fb-fleefjon of, by finite difference 
method, 180 

under hydro-tatie pressure, 134 
of infinite length. lf>7 
loaded by concentrated load, 150, 
17! 

partially loaded, 140 

with simply supported edges, 113 
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Rectangular plates, under sinusoidal 
load. 113 

thermal stresses in, 176 
under triangular load, 143 
Tinder uniform load, 117, 125 
with various edge conditions, 1G9 
with all edges built-in, 222 
with three edges simply sup- 
ported and one edge built-in, 
211 

with. two edges simply sup- 
ported and other two 
damped, 204 

with two opposite edges simply 
supported and other two 
supported elastically, 210 
with two opposite edges simply 
supported, third edge free, 
and fourth edge built-in or 
simply supported, 215 
Rigidity, flexural. 3 
Rigorous theory, of plates, 105 

S 

Sector, plates in form of, 272 
Shear, due to bending of plate, 44, 
IS! 

Shearing strain, in plate, 44 
Shearing stress, in plate, 44 
Shells, conical, 362, 377 
of constant strength, 366 
deformation of, without bending, 
351 

displacements in symmetrically 
loaded, 370 
ellipsoidal, 364 
in form of torus, 365 
membrane forces in symmetrically 
loaded, 355 

non-symmetrically loaded, 373 
spherical, 361, 379 
wind pressure on spherical, 374 
Simply supported edges, boundary 
conditions for, 89 
rectangular plates with, 113 
Spherical dome, under action of 
its weight, 453 


Spherical dome, approximate analy- 
sis of bending of, 467 
example of bending stress calcu- 
lation for, 474 
membrane forces in. 359 
supported at isolated points, 379 
wind pressure on, 374 

Strain energy, in pure bending of 
plates, 49 

Strain energy method, in calculating 
critical loads, 312 
in calculating deflections, 120, 
303, 307 ^ 

Stress function, in calculating mem- 
brane forces, 375 

in equation for large deflections, 
343 

Stresses in plate, normal, 45 
shearing, 45 

Successive approximations, in calcu- 
lating bending stresses in shells, 
452 

Surface of revolution, bending 
stresses in shells haring form 
of, 480 

shells haring form of, 356, 450 

Symmetrically loaded cylindrical 
shells, 389 

particular cases of, 395 

Symmetrically loaded shells, having 
form of surface of revolution, 
356, 450 

displacements in, 370 
equations for determining mem- 
brane forces in, 358 
particular cases of, 359 

Symmetrically loaded spherical 
shells, 458 

Synclastic surface, 39 
T 

Tanks, of constant strength, 366 
cylindrical, with non-uniform wall 
thickness, 413 

with uniform wall thickness, 410 
spherical, 361 
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Thcrmnl stresses, in cylindrical 
shells, -122 

in plates with damped edges, o3 
in simply supported rectangular 

plates, 170 

in spherical shells, -ltd 
in triangular plates, 101 
Triangular load, rectangular plates 
under, MO 

Triangular plate, simply supported, 
bending by momenta uni- 
formly distributed along 
boundary of, 102 
loaded by concentrated load, 275 
thermal strew* iit, 10 1 
uniformly loaded, 2 03 
Twist, of surface, 30 


l\visti»g moment, -12 
expressed in terms of deflections, 44 

U 

1 ’niform load, circular plate under, 09 
damjvd rectangular plate under, 
222 

continuous rectangular plates un- 
der, 232 

portion of cylindrical shell under, 
443 

simply supported rectangular 
plate under. 117, 123 
on spherical did!, 403 

\V 

Wind pre pare, on spherical dome, 37 ! 



